FINITE TIME BLOWUP FOR THE EULER EQUATION

OPENAI

ABSTRACT. We exhibit finite-time blowup for the three-dimensional incompressible, unforced
Euler equations from smooth, compactly supported, divergence-free initial data.
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1. INTRODUCTION

We study the unforced incompressible Euler equations on RR>:
ou+ (u-Viu+Vp =0, V-u=0, u(-,0) = uop. (1.1)

Here u(t,x) € R is the velocity and p(t,x) € R is the pressure. Spatial norms below are
over R?, unless a different domain is specified. We prove that a smooth initial velocity can
develop a singularity in finite time. We take the initial datum in

CZ(R?) = {up € C*(R;R?) : V- up = 0} (1.2)

and write T, (1) for the maximal lifespan of its smooth Euler solution. Local existence gives
T, (1) > 0 [24].

Theorem 1.1. There exists ug € C%, (R?) such that 0 < T, (ug) < co. Its smooth Euler solution
satisfies

T,
lim sup || V(8| = oo, / | curl u(t)|| ~ dt = co.
AT, 0

1.1. Historical context. The Beale-Kato-Majda criterion [1] states that a smooth three-

dimensional Euler solution continues past time T if fOT || curl u(t)|| = dt < co. Finite-time
breakdown therefore requires this integral to diverge.

Elgindi [15] proved finite-time blowup on R® for axisymmetric velocities without swirl
in C1*, for sufficiently small « > 0. Elgindi, Ghoul, and Masmoudi [16] proved stability
of this blowup and obtained finite-energy examples with the same regularity. Cérdoba,
Martinez-Zoroa, and Zheng [13] proved blowup from finite-energy C* initial velocities
that are smooth away from the origin. Their construction places vorticity in infinitely many
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regions approaching the origin, separated by regions where the vorticity vanishes. Elgindi
and Pasqualotto [19] proved blowup from finite-energy C* initial velocities that are smooth
away from a circle. Recent preprints of Chen and Shkoller [5, 29] prove blowup on R® for
finite-energy axisymmetric velocities without swirl in C1*, for every 0 < a < 1/3.

For each fixed 0 < ¢ < 1/2, Cérdoba and Martinez-Zoroa [10, Theorem 1.1] constructed
finite-energy solutions to the forced Euler equations on R3, with velocity in C>!/2 before
blowup and an external force uniformly bounded in C1/2=¢ N L2, For these solutions,

fot IVu(s)||=ds diverges as t T T < oo. For the incompressible porous media equation,
Coérdoba and Martinez-Zoroa [11] constructed singularities from smooth initial data by
successive amplification of oscillatory layers, using approximations of increasing order to
keep every spatial derivative of the source uniformly bounded.

For smooth initial data, Chen and Hou [6, 7] proved blowup in an axially periodic
cylinder with an impermeable wall, combining analysis with rigorous numerical estimates.
Theorem 1.1 treats smooth, compactly supported initial velocities on R>.

Growth of derivatives also underlies strong ill-posedness at critical regularity. Bourgain
and Li [2] used large deformation of the particle flow to prove norm inflation for two-
dimensional Euler in the critical velocity space H2. Elgindi and Jeong [17] gave a construction
in which localized vorticity generates a hyperbolic flow that stretches the vorticity gradient.
Elgindi and Masmoudi [18] proved strong ill-posedness in the velocity spaces C¥ N L2 for
integers k > 1, by estimating singular integral terms along the particle flow.

A related approach starts from oscillatory approximate solutions, estimates their difference
from exact solutions, and combines spatially separated examples. Cérdoba and Martinez-
Zoroa [9] used this approach to prove ill-posedness and loss of regularity for the inviscid
surface quasi-geostrophic equation. For two-dimensional Euler, Cérdoba, Martinez-Zoroa,
and Ozanski [12] constructed global solutions with initial velocity in H", 1 < r < 2, that lose
a positive amount of Sobolev regularity at every positive time. Their approximate solutions
use a radial background flow to shear an angularly oscillating perturbation and amplify its
vorticity derivatives. Jeong, Martinez-Zoroa, and Ozanski [23] constructed three-dimensional
Euler solutions with a continuously decreasing Sobolev regularity threshold, starting from
vorticity in H*, 0 < s < 3/2. Their mechanism combines hyperbolic deformation with vortex
stretching.

For weak solutions, which satisfy Euler’s equations in the sense of distributions, unique-
ness and conservation of kinetic energy can fail. De Lellis and Székelyhidi [26] constructed
nonunique bounded weak solutions. They later constructed continuous solutions on the
three-dimensional torus with decreasing kinetic energy [27]. On the same periodic domain,
Isett [22] proved that, for every 0 < B < 1/3, there are solutions with spatial CP regularity
whose kinetic energy is not constant. Buckmaster, De Lellis, Székelyhidi, and Vicol [4]
constructed solutions in this regularity range whose kinetic energy equals any prescribed
smooth positive function of time.

Craik and Criminale [14] constructed exact finite-amplitude waves on affine background
flows, exploiting the cancellation of the wave’s quadratic self-interaction. Fabijonas and
Holm [20] proposed iterated superpositions of such waves. Le Dizes and Leblanc [25]
showed that their construction generally satisfies the equations only along a single trajectory,
preventing its use as the background for the next iteration.

The linearized Euler equation describes the evolution of a small perturbation of a given
flow. For perturbations with a rapidly varying phase, Lifschitz and Hameiri and Friedlander
and Vishik [28, 21] studied the leading equations for the phase gradient and the velocity
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amplitude perpendicular to it. At the nonlinear level, Cheverry [8] constructed oscillatory
approximate solutions of incompressible Euler and analyzed the additional phase corrections
required by their nonlinear evolution. We write the leading linear system in (2.4) and use it
to select oscillations whose velocity gradients grow along particle trajectories. Proposition 3.1
corrects these oscillations to exact smooth Euler solutions; Proposition 4.1 shows that their
new gradients can amplify subsequent oscillations.

2. THE AMPLIFICATION MECHANISM AND PROOF ORDER

We now outline the iteration used to prove Theorem 1.1. The construction in Sections 3
to 5 will produce exact smooth odd Euler solutions U/, with pressures pj, on nested time
intervals. At stage j, we add a localized oscillation and corrections to U/~! to obtain U/. We
call U/~ the parent flow and U/ the child flow of this stage. The child becomes the parent at
stage j + 1. Their initial data have support in a fixed ball. We choose times t; 1 Teo < o0, with
U’/ defined through ¢}, such that

VU (t;,0)] — o, YW (0) — W(0)||gm < oo for every fixed m. (2.1)
i

Throughout the construction we also maintain Vzp]-(t,x) < K. I, with a constant K for
all stages. We choose the initial perturbations by solving displacement boundary value
problems. This upper bound is used in proving those problems uniquely solvable; see (3.11).

2.1. Flow deformation and wave amplification. Fix a stage and write u = U/~! for the
parent velocity and p = p;_1 for its pressure. We follow the oscillations in particle coordinates,
where their phase remains fixed. A particle starting at 2 has trajectory X(t,a) given by

i X(t,a) = u(t,X(t,a)), X(0,a) = a.
Along this trajectory, set
F=V,X, M(ta)=Vu(t,X(ta)), H(ta)=V?p(t,X(ta)). (2.2)

Incompressibility gives detF = 1. Differentiating the trajectory equation and dyX =
—Vp(t, X) gives

F, = MF, Fy = —HF. (2.3)
Thus the pressure Hessian controls the acceleration of the deformation. The corresponding
vorticity equation is

(O 4+u-V)iw=(w-V)u, w = curl u.

This equation describes vorticity stretching along a particle trajectory. For a localized
oscillation, we also track its phase and velocity amplitude. We call such an oscillation a
packet.

Write a2 = ly, where ¢ > 0 is the localization length, and choose a unit vector mjg
and a large frequency k. The phase is kmyg - y. Its physical gradient is (k/¢)m, where
m(t,y) = F(t,¢y)~Tmo. The principal velocity coefficient v(t,y) satisfies
m - Mo

my = —MTm, vy = —Mv 4+ 2m ,
|m|?

m-v =0, (24)

with M evaluated at (¢, fy). The last term in the velocity equation preserves m -v =0, s0 v
remains orthogonal to the phase normal m. For an amplitude & > 0, a nonnegative compactly
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supported cutoff x1(y), and a smooth zero-mean periodic profile f; with sufficiently small
0 > 0, the leading velocity increment is

Wit X(1,09)) = S (y)o( ) folhomo -y). 25)

Differentiating the phase produces the leading gradient ax1v ® m f}. Increasing k reduces
the velocity by a factor k~!, while leaving this leading gradient unchanged.

We choose all parent flows to be odd, u(t, —x) = —u(t, x), so X(t,0) = 0. Along this
fixed central trajectory, the parent gradient contains a rank-one shear hqp”, with scalar
amplitude & and orthogonal unit vectors p,q. This matrix sends p to hg and vanishes on
vectors perpendicular to p. The shear acts together with the rest of the parent gradient to
rotate m and amplify v. At the target time ti, when the new shear reaches its prescribed size,
the directions m/|m| and v/|v| define the normal and transverse velocity of the next frame.
Choosing a« makes the new leading rank-one gradient the parent shear for the next packet;
Proposition 4.1 quantifies both the growth and the transfer of directions.

Coérdoba and Martinez-Zoroa also use a vorticity layer to amplify a more localized layer
in their forced Euler construction [10, §1.2].

Products of zero-mean periodic functions need not have zero mean. The nonlinear
corrections therefore include a phase-independent part as well as an oscillatory part. To
construct both, we first regard the phase as an independent variable § € T = R/ (27wZ) and
write

27
(A)g = 217[/0 Alt,y,0) de. 2.6)

The mean is this phase average; the oscillatory part has zero average. The linear mean and
transverse problems in (3.19) and (3.27) determine their successive coefficients, including the
spatially nonlocal mean pressure. After enough coefficients have been added, the error left
in Euler’s equation is small. Lemma 3.3 constructs a further correction that cancels this error.
We then evaluate the resulting fields at 6 = kmy - y. This evaluation is the restriction to the
physical phase graph.

2.2. Initial smallness and control of pressure. At an amplification stage j, the activation
time is to = ;_1: it separates the boundary value problem used to choose the wave from its
forward evolution toward the target ;. The auxiliary displacement coefficient 77 determines
the velocity coefficient by v = 7, — Mn along a parent trajectory. To obtain the initial
increment bounds (3.17) and the Sobolev summability in (2.1), we prescribe this displacement
at activation. If fp > 0, we solve a displacement boundary value problem on [0, ], with zero
displacement at time zero and a prescribed endpoint at fy. We call this interval the packet’s
history. The endpoint is chosen to select the growing transverse solution after activation,
while the history estimates control the initial velocity increment. At ty = 0, the transverse
velocity is prescribed directly.
In particle coordinates, the uniform upper bound on the pressure Hessians is

H<K,I, thatis, 5 Hn <K, |y

Together with the initial gradient bounds and the short time interval, it gives coercivity of
the displacement form whose interior term is [ (|n:|*> — nT Hy) dt; see (3.11). Large negative
eigenvalues of H increase this form. We consequently control the positive eigenvalue
contribution of each new packet, using the leading increment

mem
AHieaq = —2a)1(m - Mv)ng(G). (2.7)
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After a short initial part of the amplification interval, the geometric construction gives
m - Mo > 0. The profile is chosen with f}(0) = 6! and f} > —C. Its large positive derivative
produces the desired gradient and a negative semidefinite leading pressure increment;
the uniformly bounded negative derivative limits the positive pressure increment. The
scale choices make these positive contributions and the errors in (3.14) summable. On the
history interval and the short initial part of amplification, the full pressure increments satisfy
summable bounds.

The mean displacement boundary condition enforces compact support of the initial mean
correction; the initial oscillatory correction is localized by the cutoff. Thus all initial data have
a common compact support. Together with (2.1), this gives convergence to uy € C,(R3). If
its Euler solution were smooth past T, stability would compare it with every U/ up to t,
contradicting the growing gradients. This gives T, (1) < Te.

2.3. The stages of the proof. Amplification separates the packet’s initial size from the shear
it later produces. At the central target point, its leading gradient is a6 ~'v ® m. We choose
a so that a8~ 1v||m| = hag, the desired size of the next shear; see (4.13). The history
comparison (4.12) in Proposition 4.1 contains an exponentially decaying factor. We choose
the scales so that this factor outweighs the parent coefficient bounds and the derivatives
introduced by high frequency, making the initial increments summable in every fixed Sobolev
norm.

The target directions m/|m| and v/|v| must also form a frame in which the new shear can
amplify the next packet. Proposition 4.1 establishes this transfer and the sign m - Mo > 0 after
the short initial part of amplification. The sign makes the large positive part of f; contribute
a negative semidefinite leading pressure increment. The scale choices make the positive
pressure contributions and correction errors summable, preserving the common upper
Hessian bound. Proposition 3.1 realizes the growing wave as an exact Euler perturbation: it
constructs the nonlinear corrections and bounds their effect on the gradient, pressure, and
initial data. We prove this packet estimate first under growth assumptions, then establish
those assumptions and the frame transfer for the parent shear. The resulting exact flow
supplies the parent for the next stage. Figure 1 shows where these results enter the iteration.

1. Construct the mean and oscillatory corrections. In Section 3, a smooth parent flow
supplies the coefficients of two linear inverses. Lemma 3.2 controls their derivatives, hence
the expansion in inverse frequency and the cancellation of successive coefficients.

2. Obtain an exact Euler solution. Section 3.6 removes the remaining error and restricts
the solution to the physical phase graph. Proposition 3.1 collects the resulting gradient,
pressure, initial-data, and particle-map estimates used in the iteration.

3. Prove amplification and transfer of the frame. Proposition 4.1 supplies the growing
transverse solution and propagator bound required by the packet construction. It also
shows that the frame at the target time satisfies the geometric conditions for another
application.

4. Choose the scales and iterate. Sections 5.2, 5.3 and 5.5 choose and verify the amplitudes,
frequencies, localization lengths, and time intervals. The seed and inductive step in
Sections 5.6 and 5.7 produce the solutions U/ with the bounds in (2.1).

5. Pass to the limiting initial datum. Section 6 proves smooth convergence of the initial
data, applies Euler stability under the assumption of continuation past Tw,, and proves
the divergence assertions in Theorem 1.1: unboundedness of || Vu(t)|/« as t T Ts, and

fOT* || curl u(t) || dt = oo.
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Amplify a wave in the parent U/~!
At tj, set a5_1|m||v| = Nehild-
Proposition 4.1

Construct the exact child U/
Add the packet; bound the gradient and pressure errors.
Proposition 3.1

Use W/ as the next parent

Verify the hypotheses for the next packet
Transfer the frame and preserve the
pressure and particle-map bounds.
Section 5.7

jroo

. Take the limit of the initial velocities
w(0) — wuginevery H™, while |[VU/(t;,0)] — oo.
Section 6

FIGURE 1. Construction of U/ from the smooth parent U/~!. Proposition 4.1
supplies a growing wave with the target shear and directions needed for
repetition; Proposition 3.1 adds the wave and its corrections to obtain an exact
Euler solution. The return arrow means that, after the checks in Section 5.7,
U/ becomes the parent at stage j + 1. The downward limit uses the initial-data
summability and gradient growth in (2.1), with ¢; 1 Tw. Euler stability in
Section 6 then gives T, (1) < Teo.

2.4. Notation and conventions. Particle labels and components. We write a for a physical
particle label and y = a// for its normalization, where 0 < ¢ < 1. In §4, the physical label is
written a, since a = By,(tg) denotes the scalar in (4.4). For a coefficient b(t,a), the normalized
coefficient by(t,y) = b(t, ly) satisfies oyb, = ¢M1(31b)(t, £y); thus normalization does not
increase supremum derivative bounds. A dot on a quantity in particle coordinates denotes
differentiation in physical time at a fixed label. For an orthonormal frame (p,q,n), we write
Bij=i-Bjand v; =i-v, forijec {p,q,n}.

Derivative norms. The packet estimates use s = 6 and T = R/(271Z) with normalized
measure. An ordered word I of length n is an ordered sequence of n coordinate derivatives,
and 9! is their composition. For functions on R3 or R3 x T, set

flo= Y2 10" fllr, alneo = ) 10"allwses. (2.8)

[|=n [I|=n

Here a denotes a coefficient, which need not decay at infinity. On a time interval, a norm with
a supremum in time means the sum of the supremum for each word; the same wordwise
convention applies to L? in time. The sum of wordwise suprema is at most d" times the
supremum of the word sum in dimension d, which only changes a fixed growth constant in
a factorial estimate.
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Gevrey bounds. An order-two Gevrey bound for f means
[fln < CR*(nt)*  (n>0),

with C,R independent of n; coefficient bounds use |a|, instead. Such bounds allow
nonzero compactly supported cutoffs. The product rules in §3.1 and the linear estimates
in Lemma 3.2 preserve this form after fixed enlargements of R, allowing us to control the
successive coefficients of the oscillatory expansion. For pR < 1, the weighted derivative

norm (3.43) satisfies
Il = X 2k < -
=0 (n1)? 1 PR
We use this norm in Lemma 3.3 to control the correction simultaneously at all spatial
derivative orders. Constants in estimates stated only at a fixed derivative order may depend
on that order.

Polynomial constants. The parameter P > 2 collects finitely many coefficient and scale
bounds. In the packet estimates, P¢ denotes a fixed power that may be enlarged finitely
many times. Its exponent may depend on s, the dimension, and the fixed exponent ¢ in the
packet data bounds of §3.2, but is independent of the frequency, the number of expansion
terms, and the derivative order. In §4, K, controls factorial Sobolev bounds for X — id, X;,
and X, as in (3.15). Powers Kj may also be enlarged a fixed finite number of times. Their
exponents depend on the fixed low-order bounds, not on the stage or the exponent in the
preceding stage’s estimate. Constants described as fixed in §5 are independent of the stage
index; §5.2 specifies their order of choice.
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Notation index. The entries below locate the definitions used in each construction. Symbols
attached to a packet or a stage retain the scope of that construction.

Notation Meaning Definition

Flow, phase, and primary oscillation

Ce%, Ti(ug) Smooth compactly supported divergence-free data on IR?, (1.2)
and the maximal smooth lifespan of the solution from uy.

X, F, M, H Particle map, deformation F = VX, velocity gradient (2.2)
M = Vu, and pressure Hessian H = V?p, with the last two
evaluated along the parent trajectory.

a, a Physical particle label; a is used in §4, where a is a scalar §2.4
coefficient.

ly & Localization length, rescaled label a = ¢y, and (3.5)
E(ty) = £71X(t,Ly); also F = V,E.

0, (g Independent angle in T = R/ (27Z), with average (2.6)
(2m)~! Ozn -d6. Physical evaluation uses 6 = kmy - y.

k, x Packet frequency in the rescaled label and its inverse x = k1, (3.7)
the physical phase gradient is (k/¢)m.

mg, m, Dy, v Fixed unit phase normal, transported normal m = F Ty, (2.4), (3.7)
Dy, = |m|?, and primary transverse velocity coefficient
m-v=0.

«, fs, 0 Amplitude, odd zero-mean periodic profile, and its (2.5), (3.4)
concentration parameter; f;(0) = 6. The leading velocity is

) (ta/Oxiofs.
d;, d;, D; di = ¥;(F 1) ji9y;, di = d; + km;0g, and D; = kdy, + (mg)id.  (3.7); (3.46)

Physical graph derivatives are ¢ -4,

Norms and packet corrections

S L |l la

1,00

P, P¢, P,

R, d, h(t) in shift

bounds

o I flle
X1, Xo

R,, K, G, Kg

Ky, g(t)

K"r/ BE/ BC/ L

s = 6; I is an ordered derivative word. Sum ||0! f|| s,
respectively ||d'al|ys«, over |I| = n, on R® or R® x T as
specified.

Data-size bound P > 2, fixed powers of P, and the bound
chosen at stage j. The exponent ¢ in P is independent of
frequency, expansion length, and derivative order.
Derivative growth constant, nonnegative integer shift, and
positive time profile; the derivative bound is
h(t)R"™4((n +d)!)2. This & is a general profile.

Radius and weighted derivative norm },,~ 0" |f]./(n!)*.
Fixed even cutoffs: supp x1 C {|y| <1/2}, x1(0) =1, xo =1
on |y| <1, supported in |y| < 2.

Orthonormal basis matrix for mol, K=FTF,G=K1, and
Kg = RTKR,

Factorial Sobolev bound K}, for X — id, X;, Xy; positive profile
¢(to) = 1 weighting the transverse propagator on |y| < 1/2
by ¢(t)/g(s"), to <s' <t <S.

Upper pressure-Hessian bound H < K. I, lower initial
symmetric gradient bounds —B,I for |{y| > r and —B_I for
|¢y| < r, and coefficient L of the initial boundary operator.

2

(2.8)

§2.4; (5.10)

(3.1)

(3.43)

§3.1

(3.10)

(3.15); §3.2 (iii)

(3.11)
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Notation Meaning Definition

N, A Newton operator (—A,)~! and initial-support operator (3.20)
curl, N x curly, where x(y) = xo(¢y).

Ap, Bp, Qp, Cp Zero-angle-mean transverse and angle-independent velocity (3.33)

coefficients at inverse-frequency order p; vector potential
Qp = —agl(m x Ap)/ Dy and curl remainder C, = d x Q.
The angle primitive has zero mean.
N, W4, ¢° Expansion length Ni = |k?], @ = 107, and approximate (3.34)
normalized velocity and pressure increments; physical
increments carry factors £ and /2.

Amplification geometry
p. 4, n, Bjj Orthonormal frame of an older flow: normalized ray, (4.2)
normalized transverse velocity, and n = p x q; B;; = i - Bj for

i,j€{p.qn}

B, h, hy, E Older central gradient, current shear amplitude, its activation (4.3)
value, and error in M(t,0) = B + hqp" + E, with h(ty) = h..
a, B, € Frozen coefficients a = By,(to), B = Bug(to)/a, and 4.4
€ = v/a/h.. The physical label in §4 is a.
T, X, Xprev, Xtar Rescaled times T = a(t —tg) /e, x = \/B T, comparison scale  (4.4)
Xprev = ﬁ’l/ 2 and target value x,r. Here x is not spatial
position.
P2, 92, 12, Atar Child frame p, = m/|m|, g2 = v/|v|, np = pa X qp, and Proposition 4.1

central target magnitude A¢r = | (tar, 0)||0(tar, 0)].

Iteration and limiting datum
ui, pj, M;, H; Exact stage solution and its pressure, with M; = vu/, §5, 854
Hj = Vzp]-. At stage j > ], the parent is U/~! and the older
solution is U/=2; U/~2 = Uy is the base.
Xj, h]-, k]-, Ej, d;, aj  Stage scale parameter, target shear, frequency, localization (5.3), (5.18)
length, profile concentration, and amplitude
i Wi Target time, retained horizon, and available width. Stage (5.7), (5.8)
j = ] activates at fp = tj_1, with ;1 = 0, and retains
S] = t]' + 2Wj+1.
Too Finite accumulation time 1imj t
T* (Mo) S Too.

t;, S

j’

j; the limiting datum satisfies  (6.4), (6.6)

3. A LOCALIZED OSCILLATION OVER A SMOOTH EULER FLOW

In this section we prove Proposition 3.1, the packet estimate used in the iteration outlined
in §2. We work under the hypotheses in §3.2; the next section will establish the required
wave growth and propagator bounds for a parent shear. Starting from the given smooth
Euler solution u, we construct another exact solution #"*" by adding the leading oscillation
(2.5) and correction terms. The resulting gradient and pressure-Hessian differences are (3.13)
and (3.14) in Claim 1 of Proposition 3.1.

Two linear problems supply the correction terms. Equation (3.19) constructs angle-
independent velocities; its boundary condition (3.25) imposes compact support at time zero.
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Equation (3.29) constructs transverse velocity coefficients with zero angle mean and retains
the spatial support of its forcing.

We first seek approximate velocity and pressure increments as finite series in k=1, with 6
independent of y; these are (W*, g%) in (3.34). Substitution into Euler’s equation leaves an
error, called the residual. Its normalized form is bounded in (3.45). Under (3.12), Lemma 3.3
constructs correction fields on R x T with zero initial velocity. Restricting to 8 = kmy -y
then gives the physical velocity and pressure in (3.47)—(3.48).

3.1. Norms, cutoffs, and factorial estimates. We first fix the derivative bounds and cutoff
functions used to control all orders of the oscillatory expansion with a common growth
constant. We use the derivative norms |f|, and |a|,,« of §2.4, which sum the H® and W
norms over ordered derivative words. The data bound P > 2 and fixed powers P¢ follow the
conventions in the same section. For R > 1 and an integer 4 > 0, we say that a function has
shift d with profile h(t) > 0 if
Y, suph(t) o' f ()|l < R™((n+d)1)?  (n>0). 3.1)
[=n 1
In the linear estimates we also use the version of (3.1) obtained by replacing each
sup, h(t) "Y[oLf ()| ms by [l f|| 12p+- Here Ris the constant controlling derivative growth:
a larger R gives a weaker bound. Later we sum these derivatives with weights involving a
small radius p, chosen proportional to R~!. The shift d records the losses from differentiation,
products, and inverse operators while R remains fixed across the expansion.

Here are the two elementary rules used to keep a common growth constant for the entire
construction. The Sobolev product inequality in dimension at most four and Leibniz’s rule

show that, if f; has shift d; and profile ; for i = 1,2, with the same R, then f; f, satisfies the
bound for shift d; + d, and profile h1hy, up to a fixed multiplicative constant, because

(D +d))(n=1+d))* () ! n g
l ((n+dy +dx)!)? o (nJ?i];LdZ)Z = (l) ’ §)<Z> <3. (3.2)

The same proof applies to multiplication W** x H® — H?®. A derivative in y or 6 raises the
shift by 1 and preserves the profile. Multiplication by a coefficient a satisfying

Y sup[|o’a(t)||wse < PRI(n!)?,  Rc.=P",

[l=n 1

costs an additional shift when R is a sufficiently large fixed power of P.
The second rule estimates an unknown sequence of derivative bounds Z, from a prescribed
sequence F,. Suppose these sequences are nonnegative and satisfy the triangular estimate

Zy < P° <Fn LY <’;> Rlc(l!)2Zn_l) . (3.3)
=1

For an integer d > 1, suppose F, < R”*dﬁl((n +d— 1)!)2 for every n > 0. Induction then
gives Z, < R""((n + d)!)? for every n > 0. Indeed, division by R"*¢((n + d)!)? bounds the
data term by P¢/R and the remaining sum by P¢Y;~;(R./R)' times the largest previous
normalized bound. We choose R so that their sum is at most one. This choice depends on
the estimate at the fixed Sobolev index producing (3.3), and never on the expansion length.

The cutoff x; localizes the oscillatory velocity in the rescaled label y. The cutoff yx,,
evaluated later at /y, will impose support of the initial mean velocity in the physical label.
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We fix even smooth cutoffs x1, x, on lRi with

0<x1<1, suppxi C{ly| <1/2}, x:i(0)=1,
Xo=Tlon {|y| <1}, suppyx, C {[y| <2},

and derivative bounds C"*!(n!)2. Such cutoffs follow, for example, from the extension
by zero of exp(—1/z) for z > 0. Cauchy’s estimate on the complex circle of radius z/2
gives n!(2/z)" exp(—c/z) < C"*1(n!)?; integration, products, and fixed rescalings give the
asserted cutoffs. The leading gradient and pressure-Hessian increments depend on f}, as
in (3.13) and (3.14). For sufficiently small 6 > 0, we therefore fix a smooth odd periodic
function f; of mean zero such that

f350)=6",  —C<f;<5l, G fallgsam) < 6(CS )" (n!)? (3.4)

To see this explicitly, take an even nonnegative bump ¢ < 1 constructed as above, with
derivative bounds C"*1(n!)?, supported in a small subinterval of (—7, 7r), with ¢(0) = 1,
and put ¢g = (67'¢(6/6))p. This number is independent of 6. The even function

671¢(6/5) —cq
1—cg6
has mean zero, maximum 6! at zero, and a uniform lower bound. Its odd periodic primitive

is f5. The derivative estimates follow from the cutoff estimates and the bounded mean-zero
integration operator.

hs(0) =

3.2. Coordinates and hypotheses. We write the velocity increment as {W(t,y,0) in the
particle coordinates x = X(t, fy), where X is the parent particle map, ¢ is the localization
length, and vy is the rescaled particle label. The angle § € T is initially an independent
variable. To obtain the physical increment we restrict to 6 = kmy - y, where k is the frequency
and my is a fixed unit phase normal. The coefficient and propagation assumptions below are
the inputs to Proposition 3.1.
Fix the hypothesis exponent cy. Let u be a smooth odd Euler velocity on R? x [0, S], where
0 < S <1, with pressure p, and let X(t,a) be its particle map:
Xi(t,a) = u(t,X(t,a)), X(0,a) = a.
The map X(t, -) preserves volume and X(t,0) = 0. Fix 0 < £ < 1 and define
E(ty)='X(t,ly), F=V,E M= (Vu)(t,X(t,ly)), H=(Vp)(tX(tLly)). (35)
Differentiation of the particle equation and of Euler’s equation gives
detF =1, F(0)=1, Fy = MF, Fy = —HF. (3.6)
Setd; = Zj(F -1 jiay].. These are the commuting derivatives in the coordinates =; the Jacobian
identity gives d - W = div, (F~!W).
Fix a constant unit vector my and a frequency k > 0, and put
m=F"Tmy,  Dy=mP? d=d+kmdy, rx=Fk" (3.7)
We first regard 6 as an independent periodic variable. The graph restriction of a function
a(t,y,0)is a(t,y, kmp - y). Its derivative with respect to the normalized physical coordinate
E = x/{ is the graph restriction of da. Its physical derivative is the graph restriction of
¢~'da. In particular the components of d commute. Adding the physical velocity /W and
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pressure ¢2g, evaluated on this graph at x = X(t, fy), preserves Euler’s equation whenever
W, g satisfy, on R® x T,

Wi+ MW+ W-dW+dg=0, d-W=0. (3.8)

Fix tp € [0,S) and a constant 3 X 2 matrix R; whose columns are an orthonormal basis
of mOL. Also fix & > 0. The time f( separates the history interval [0, to], when ¢ty > 0, from
forward evolution on [t, S]. We first prescribe the primary velocity coefficient v. If t5 > 0,
choose a constant ¢ € R? with |¢7| < P%. For each fixed y, choose ¢ = ¢(t,y) with
¢(0,y) = 0and ¢(to,y) = &t so that the following action, with # = FR §, is stationary under
variations ¢ +— ¢ + eb satisfying b(0) = b(tp) = 0:

to »
|l = Fy )
L

Set v = FR {; on this interval. If fo = 0, prescribe v(0) to be a constant unit vector in 1y .
In either case, continue v from ¢y by
-M
0 = —MU+2mmD v (3.9)

m

Under (3.11), this fixed-endpoint variational problem has a unique solution; the argument is
given with (3.27). Thus the endpoint data determine v on [0, fo].

For vectors z € R3 and b € R?, the squared lengths |Fz|? and |FR b|? are quadratic forms
with matrices K and K, respectively. Introduce these matrices and the inverse G:

K =FTF, G=K'!'=F1'FT,  Kgp=RIKR,. (3.10)
The following assumptions concern these coefficients, the time interval, and the forward
propagation of the primary equation.
(i) Coefficient and scale bounds. For each coefficient A € {F,F -1 F,Fy, M,H }, assume
Y sup [DLAW) ooy < PUPO) () (1> 0).
|I]=n 0<t<S
The matrices K, G, Kg have eigenvalues bounded below by P~%, and the scalar D,
satisfies D,, > P~. The inverses K~1,G71, Klgl, D,, 1 satisfy coefficient bounds of the
same form. The inverses of S and, when positive, ty are at most P©. Also (71,671 < poo,
(ii) Quadratic-form bounds and coercivity. For nonnegative K, B,, B, the quadratic-form
bounds
H < K41, symM(0) > —B.I if [ty| >, symM(0) > —B.I if [fy| <r

hold, where 0 < r < 1/4. Choose a scalar L > 0 for the displacement boundary term in
(3.21). This term compensates for the possible negative initial gradient inside |fy| < r.
With the dimensional constants Cq, C; in (3.23), assume

K, S2

1
+ B,S 4 C2B.1°S < 5 L>GB, 0<L< pe, (3.11)

Alternatively, if sym M(0) > —B,I everywhere, the interior bound may be omitted and
B, = 0 used in (3.11).

(iii) Transverse propagation and amplitude. For each y with |y| < 1/2, express a transverse
solution of (3.9) as A(t,y) = F(t,y)R a(t,y), where a(t,y) € R? is its vector of
transverse coefficients. For tp < s’ <t < S, assume that the linear map a(s’,y) — a(t,y)



FINITE TIME BLOWUP FOR THE EULER EQUATION 13

has operator norm at most Pg(t)/g(s"), where g : [to, S] — (0,c0) and g(tp) = 1. The
amplitude satisfies «, supy, o &8 < P*o,

All the data are smooth.
For the packet estimate, retain these smooth data and assume §3.2 (i)—(iii).

Proposition 3.1. There is a finite exponent Q = Q(co), uniform over the smooth packet data
satisfying §3.2 (i)—(iii), such that for every k > ko(co) satisfying

PR < k9100 9 —=107°, (3.12)
there is a smooth odd exact Euler solution u™" on [0, S|, with pressure p"™.
1. Gradient and pressure increments. At x = X(t,ly), with 6 = kmy -y, its increments satisfy

Vi — Vi = axi0 @ m fi(6) + O(k/*), (3:13)
V2pnew _ VZP = —2ax; (ﬂ’l ) MU) mg mfo,(e) + O(k71/4). (314)

The errors are uniform globally in space and on [0, S].
2. Particle-map bounds. Suppose in addition that, for every integer n > 0, the parent particle map
obeys
Y sup [|05(X —id, X, Xut) || < K TH(n!)?, 1 < K, < P%. (3.15)
|[[=n 0<t<S
Then, for every integer n > 0, the particle map X"V of u"*" obeys
Y sup [jog(X™Y —id, XV, X[ || < (K<) (nh)?,  C.=10(s+2).  (3.16)
|I|=n 0<t<S
3. Initial increment. The initial increment splits as unig,0 + tmean,0, With supports in {|a| < £/2}
and {|a| < 2}, respectively. For each fixed integer m > 0,

||uhigh,0||H’" < g—makacm, Humean,()HHm < g_mk_ZPC"’. (317)

Ifto =0and L = 0, then tmeano = 0. Let ¢5 be the mean-zero periodic primitive of fs. In this
case, the initial oscillatory increment is

2
Unigho(a) = _Ekzoc curl, [x1(a/€)(mo x v(0))ps(kmg - a/f)]. (3.18)

Proof strategy for Proposition 3.1. We first solve the linear equation for the angle-
independent correction, imposing compact support of its initial velocity through a
displacement boundary condition. We then solve the linear equation for the zero-mean
correction subject to m - A = 0. The estimates in Lemma 3.2 allow these two corrections to be
constructed successively at each power of k~!. After truncation, the remaining error satisfies
(3.45). Finally, Lemma 3.3 removes that error with a correction having zero initial velocity, so
the initial support is preserved.

3.3. A linear inverse with compactly supported initial velocity. To construct the mean part
of the packet in Proposition 3.1, let f € L?((0,S); L*(IR%;IR®)) be angle independent. We seek
an angle-independent velocity B and pressure J satisfying

Bi+MB+dj=f, d-B=0, suppB(0)C {|ty| <2}. (3.19)

Only B(0) is required to have compact support; the pressure and the mean velocity at positive
times may be nonlocal. Introduce an auxiliary displacement 77 = Fz, where div, z = 0 and
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z(S) = 0. The terminal condition fixes the additive constant in z. Since F; = MF, its
associated velocity is

B=1mn— Mny = Fz, d-B=div,z = 0.

We will impose z;(0) = L.Az(0), with A chosen to have compactly supported output.
Introduce the Newton operator N = (—A,) 1, the cutoff x(y) = xo(fy), and the nonnegative
operator

A = curl, xNx curl,. (3.20)
The outer curl makes Av divergence free, and the outer cutoff gives supp Av C {|ly| < 2}.
For smooth v,

(Av,v) = [N 2x curl, v[|3 > 0.

On the Hilbert space

V={ze H((0,5);L5(R%) :2(S) =0}, lzllv = l|z¢l 215,

where L2 denotes distributionally divergence-free fields, define the bilinear form in the first
line below. We seek z € V satisfying the second line for every b € V:

a(z,b) = /O'S/RB ((Fz); - (Fb), — HFz - Fb) dydt + (M(0)z(0), b(0)) + L({Az(0), b(0)),

S
a(zb) =~ [(f,F0)dt (pev) (3.21)
0
We first prove that A is bounded on L?, then prove a(z,z) > P~°||z||3. For a scalar
multiplier ¥ with |||l + || V||3 < oo,
[ curlzl| g < C([[9llow + [ Vll3) I2]]2- (322)
Indeed, pairing with ¢ and integrating by parts gives (z, i curl 9 + Vi x ¢). Holder’s
inequality and ||¢|¢ < C||V¢|2 prove (3.22). For two scalar multipliers 1, i satisfying
these bounds, use
(v, curl py Ny, curl z) = (N 2y curl v, N2, curl z).
Applying (3.22) to both factors proves that curl N9, curl is bounded on L2. For our cutoff,
1°xlleo + IV xlls < C™1(mt)?  (J1] = n).
Here the factor " in the second term is multiplied by the L3 scaling factor /~!. By Leibniz’s
rule, [9!, A]z is a sum of terms
curl (@ )N (3¥x)curl 8"z, |J|+ K|+ |I'| = |I|, |J| + |K] >1.

The pairing estimate bounds each operator on L?. Applying up to s further derivatives gives

| curl(@x)N (%7 curl e < CIFIR (1] + K1)
These bounds control the boundary terms when we differentiate (3.21).

The boundary contribution from M(0) can be negative on {|fy| < r}. To absorb it into
L{Az(0),z(0)), we bound the L? mass of z(0) in this region by the boundary form and a
small multiple of ||z(0)|3. Put Z = |[N'V2xcurlz(0)| and w = N curl(x curlz(0)). The
Fourier multiplier of A'1/2 curl has norm at most one, so ||w||, < Z. Since div, z(0) = 0 and
x=lonly| <7,

~A(z(0)—w)=0 only| <L
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The harmonic interior estimate on the concentric ball |y| < (2¢)~! gives

sup  [2(0) — w]? < CYIz(0) — w][2y vy
lyl<(20)~

On |y| < r/¢, use |z(0)|> < 2|w|? 4+ 2|z(0) — w|? and ||w|, < Z. Integrating the supremum
bound over this ball, whose volume is Cr3¢/~3, and using r < 1/4 gives dimensional constants
C1, G, such that

1200) 22 <) < C1Z2+ CoP*|12(0) 3 (3.23)

Let E = fos || (Fz)||5 dt. Since z(S) =0,

Cauchy-Schwarz and F(0) = I give

S G2
| IEzl3de < SE, |1z0)] < SE,
0
The quadratic-form assumptions give

(M(0)z(0),2(0)) > —Belz(0)[1 = Bellz(0) 172 gy <)
Using H < K, I and (3.23), we obtain

a(z,z) > (1 _Kks

The final inequality is (3.11). Moreover z; = F~1(Fz); — F"'F;z and terminal integration
imply ”ZtH%ZLZ < P°E. Thus the bounded bilinear form is coercive on V, whether or not
t

E.

— B.S — Cchr3S> E+(L—CiB.)Z* >

N =

M(0) is symmetric. The Lax-Milgram theorem gives a unique solution of (3.21).

We now show that the variational solution produces a velocity satisfying (3.19), including
its initial support condition. Let P, be the L? orthogonal projection onto the divergence-free
fields L2. Testing with compact support in time first gives

(PoF'Fzy), = Py [FTf + ((F'F); — 2FTFy)z).

The terms containing z cancel because F;; = —HF. On L2, the operator T(t) = P,FTF is
positive with inverse norm P¢. The identity T(t)~! — T(s)~! = T(t)"Y(T(s) — T(¢))T(s)*
shows that its inverse is continuously differentiable in time. The displayed differential
equation gives Tz; € H'((0,S); L2). Multiplication by the continuously differentiable inverse
T(t)~! therefore gives z; € H'((0,S); L2), and

P, (FTFzy) = P, (FTf — 2FTFz;). (3.24)
Integrating (3.21) by parts now gives

(—z+(0) + LAz(0),b(0)) =0 (beV).

Here F(0) = I and F;(0) = M(0) cancel the two terms containing M(0)z(0). The trace b(0)
ranges over L2, and both z;(0) and Az(0) belong to this space. Hence

z(0) = LAz(0). (3.25)

Set
B=Fz, dj=f— B — MB. (3.26)
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By (3.24), there is a distribution § with V,j = FT(f — B — MB) € L? hence dj = f — B; —
MB. Moreover d - B = div, z; = 0. Finally B(0) = L.4z(0) has the required compact support.
Only the initial mean velocity is localized; the mean field at positive times is allowed to be
nonlocal.

3.4. The transverse inverse and its derivative bounds. Let R | be the constant 3 x 2 matrix
whose orthonormal columns span mOL, and set m = F~Tmy. For a force f(t,y,0) with zero
angle mean, we seek A, 7t satisfying

At+MA+m897r:f, m-A=0.
This inverse constructs corrections generated by the force f. Their displacement endpoints
vanish when ty > 0, and their initial velocity vanishes when ¢y = 0. The primary coefficient
v in (3.9) instead solves the homogeneous equation with prescribed terminal displacement
or initial velocity. When t; > 0, we first construct A on [0, to]. At each fixed (y,0), seek ¢ €
H((0,t0); R?) and set 7 = FR . Require the following identity for every b € H}((0,t); R?):

[ c-mpgar=- ["fca c=rrb, b0)=b)=0. G2

The equation contains no derivatives in y or 6. Since #(ty) =0,

fo Ky t3\ [to 1 ffo
2 Hy- dt><1— +0)/ 2dt>—/ 2dt.
=y yar = (1= =52 ) [Fiparz 5 [

Together with the coefficient bounds, this proves coercivity in ||G||;2(o4,). The use of an
upper bound on the pressure Hessian to control this quadratic action has a precedent in
Brenier’s short-time action-minimization criterion for Euler flows [3, Section 2]. Integrating
(3.27) by parts and using F; = —HF gives, with Kg = REFTFRL,

K& = RUFT(f —2FR &), A=FR, (. (3.28)

For zero endpoint data, uniqueness gives {(-,y,0) = 0 whenever f(-,y,60) = 0. The coeffi-
cients are independent of 6, so averaging the variational equation gives (&) = 0 whenever
(f)e = 0. Thus A preserves spatial support and zero angle mean.

Equation (3.28) gives (FR,)T(f — Ay — MA) = 0. The columns of FR, span m', so
this residual is parallel to m. Differentiating m - A = 0 and using m; = —M'm gives
m- Ay = m- MA. The coefficient of m in the residual is therefore (m - f —2m - MA)/D,,, and

m-f—2m-MA
Dy, '

A+ MA +mogmt = f, 7'[:8;1 < (3.29)

Here 9, is defined on zero-mean functions by 9, 'h(j) = (i 7)1h(j) for j # 0, with zero
coefficient at j = 0. For t > to, write A = FR a and solve the following first-order equation.
Use a(to) = §i(to) when tp > 0, and a(0) = 0 when ty = 0:
Kra; +2RTFTRR a = RTFTf. (3.30)
The following estimate collects the inverses (3.19) and (3.29), with the shift bounds defined
in (3.1). The constraint m - A = 0 removes the leading phase divergence, but A need
not satisfy d - A = 0. The lemma therefore also bounds the vector potential Q4 and curl
correction C4 defined below; A + k~!C4 will be exactly divergence free. The integer shift
index d is distinct from the differential operator in dj and drr.

For these estimates, retain the parent flow u, its pressure p and particle map X, and
the data P, S, ¢, k, tg, mo, R, F, M, H from §3.2. Assume all data are smooth and satisfy the
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coefficient, inverse, time, and scale bounds in §3.2 (i), the quadratic-form and coercivity
conditions in §3.2 (ii), and the propagator and amplitude bounds with profile g in §3.2 (iii).
Use the cutoff x, fixed in §3.1 and the shift convention (3.1).

Lemma 3.2. For the mean inverse (3.21) and transverse inverse (3.29), with smooth data satisfying
§3.2 (i)—(iii), there exists a choice R = P° with the following properties for every integer d > 10 and
every hy > 0.

(a) Mean inverse. An angle-independent smooth force f of shift d — 10 with constant profile hg
gives, through (3.21), the fields B, B;, dq of shift d with the same profile, where B, dq are defined
by (3.26). These fields satisfy (3.19); the initial trace is B(0) = L.Az(0).

(b) Transverse inverse. Let a smooth force f have zero angle mean and spatial support in |y| < 1/2.
Use zero displacement at both ends of the history interval when ty > 0, and zero initial velocity
when ty = 0, followed by (3.30). Write A, it for the resulting velocity and pressure coefficients
in (3.29). Suppose the force has shift d — 10, separately on these intervals, with profile

<t<
h(t) = ho, 0<t<ty,
hog(t>, to <t< S.
Define the vector-potential coefficient Q o and its curl correction C, by
A
Qi=-9;""25,  Ca=dxQa
Dy,

Then A, At, 71, Qa, Ca, Ca s, d7t have shift d with profile h. The solution is transverse, m - A = 0,
and these fields retain zero angle mean. Any fixed closed spatial set containing the support of the
force at every time also contains the support of these fields.

The choice of R is independent of the shift and the number of expansion terms.

When ty > 0, prescribed terminal displacement ¢(tp) = ¢t is handled by writing ¢ =
&o + t&r/to, where &y(0) = go(to) = 0. Then §y satisfies (3.28) with force f — 2F,R, &1/ to,

and
A=FR, (éo,t + ?) |
0
The displacement and velocity bounds include the derivative bounds of {r/tp, and the
preserved support set must also contain supp {t. If (¢1)¢ = 0, the pressure construction and
zero-angle-mean conclusions also apply. Taking f = 0 and the terminal data prescribed in
§3.2 recovers the history displacement and velocity of the primary coefficient v.

Proof. We first obtain the estimates at the fixed Sobolev order s, then control additional
derivatives by (3.3). Time traces and the forward propagator give the stated time suprema.
For the mean form, consider

a(eb) = [ (g b + (g0, b))t + (o b(O),  beY,

where ¢1,80 € L?((0,5); L>(R3%;R%)) and g; € L?(IR%;R3). The original forcing corresponds
tog1 =0,90 = —F'f,and g, = 0. Since b(S) =0,

1Bl 202 < Sllbellizie, 1B(0)[l2 < S2 bl 312
Coercivity therefore yields

Zell 22 < PE(llgalli22 + 180l 22 + 8o ll2)-
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Spatial difference quotients preserve L2 and the terminal condition. Subtracting the translated
form puts every coefficient difference on the right side. At derivative level j, those terms
contain coefficient derivatives in W/ and previously controlled derivatives of zt of order at
most j — 1. Derivatives of z and their initial values are controlled by BI = — ft o! 2t (T) dT.
For the boundary commutators, apply (3.22) with derivatives of x as the multiphers Takmg
weak limits of difference quotients proves the next derivative bound. Induction through the
fixed orders j =0, ...,s gives

1zl 2 < PGl z2pss + N80l zess + 180 l1ess)-

For the general weak data above, set

= Z HaéthL%Hs/

|T|=n
Fo= Y (l19y81llizrs + 19ygoll iz + 1103801 1:)
|I|=n
Apply the fixed-s estimate to each differentiated equation. Every commutator places a
nonempty subset of the additional derivatives on a coefficient, giving (3.3). For the original
forcing go = —F' f, Leibniz’s rule gives

DICHGHTINES S ol W K0 o Y
|I|l=n 1=0 [J|=n—1
After normalization by the claimed factorial bound, the terms with / > 1 contain the
geometric factors (R./R)! used in the commutator estimate. They are included in the choice
R = P°. The product rule (3.2) also gives a bound with an additional shift. Finite higher
regularity is first obtained by difference quotients, so the factorial induction does not assume
the existence of the derivatives it estimates.
To estimate T(t)~!, write T(t)v = h with v, h € L2. For a spatial multi-index S,

T(taho =h—Py Y (5 )a;(PTF) b 7o,
0<y<p \7T

The projection commutes with spatial derivatives. The L? coercivity of T(t) starts the

induction, and this identity gives its fixed-s and factorial estimates. Consequently (3.24)

yields zy € L?H®. For w € H'((0,S); H®), use the following trace inequality, with all

unmarked norms taken in H*:

sup lo(t)ll < C(872[[wll gz + 82|l 2) (3.31)

Apply this inequality to w = B;Zt for each derivative word I. The strong equation also gives

llzet (8) e < PE(ILF ()1 + llze(B)[]1),

and its differentiated equations give the corresponding factorial bounds in the time supre-
mum when f is bounded in time. For every spatial derivative word I, the bounds
Bézt € H((0,S); H*) give continuity in H® and a well-defined initial trace.

For the transverse history problem, apply the coercivity and difference-quotient arguments
to & on [0,ty]. Its strong equation is (3.28), with Kz' replacing T(t)~!, and there is no
boundary operator to commute. Angle derivatives commute with the equation because its
coefficients are independent of 6. Apply (3.31) with S replaced by t; the factors involving
ty! are bounded by P*.
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Write (3.30) as a; + Ca = Df, where
C=2Kx'RIF'FER,, D=K;'RTF.
The assumed propagator bound and g(tp) = 1 give

sup HLZ(t)Hz < P¢ (Ha(tO)HZ +/: Hj;((tt))’b dt) )

n<t<s 8(t)
For a spatial multi-index ,

@fa) +Cfa=a5(Df) — ¥ <5 > CHOE P
0<y<p \7T

Thus each differentiated equation has the original propagator, with lower derivatives of
a added to its forcing. Apply the Duhamel estimate successively through order s. After
division by g, each time integral is bounded by the corresponding weighted supremum
because S < 1. These finitely many steps cost P°. Additional derivative words give (3.3)
with profile g. Angle derivatives commute with the coefficients. All these fields remain
supported in |y| < 1/2, where the propagator estimate is assumed. In particular we never
use a Gronwall factor exponential in the undifferentiated matrix norm.

The inverse coefficient bounds can also be recovered from the coefficient bounds and
l] 7 lee < PC. For a coefficient matrix | being inverted and |B| > 1, differentiating JJ~! = I
gives

R W
0<y<B T
Induction through the fixed W orders gives a bound P¢. Further derivative words give the
convolution in (3.3); choosing a sufficiently large fixed power R = P proves the factorial
bounds for J~!.

To make the derivative accounting explicit, an input force of shift d — 10 gives successively

the following available shifts:

quantity ‘ z; In L% z In L% z¢in LY zy in LY B, B, dg
shift \ d—9 d—38 d—7 d—6 <d-—4

The first column follows from the weak estimate and (3.3); the second follows from (3.24).
The trace inequality gives the third column, and the strong equation in the time supremum
gives the fourth. For the last column, use B = Fz;, B; = Fiz; + Fzy, and dj = f — By — MB.
For the transverse history interval, replace z, zy+ by ¢, ¢+ and use (3.28). At ty, its forward
data a(tp) = i(to) have shift d — 7. The forward inverse gives d — 6, multiplication to obtain
A costs a shift, and (3.29) gives A; with at most one more. Hence 71, Q4 have shift at most
d—4,Qasatmostd —3, Cyq,dr at most d — 2, and Cu at most d — 1. Adding the bounds
from the history and forward intervals costs a fixed factor, which the final shift absorbs. For
the mean velocity, the initial support follows from B(0) = L.Az(0). For the transverse fields,
the equations act separately at each y, and their coefficients are independent of 6. Spatial
support and zero angle mean are therefore preserved by the inverse and by the formulas
for 1,Qa,Cx. Finally, A = FR a gives m- A = my- R a = 0, with a = ¢; on the history
interval. (]

(3.32)
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3.5. Cancelling the coefficients of the oscillatory expansion. We construct the finite ap-
proximation (3.34) and prove (3.44) and (3.45). The quadratic term can have nonzero angle
mean even when the leading oscillation has zero mean. At each power of x = k™!, we
therefore solve the mean equation before the oscillatory equation, using Lemma 3.2 for
the required support and growth bounds. The next subsection removes the remaining
momentum residual with a correction whose initial velocity is zero.

Let Ny = |k?|. The index p below denotes a power of x, not a derivative order. For
1 < p < Ni, we seek zero-mean transverse fields Ap and angle-independent fields B,
satisftying m- A, = 0 and d - B, = 0. For each A, define a vector potential Q, and its curl
remainder C,. We also define V), which collects the terms multiplying x? in the velocity
expansion:

am XAy
QP = _ag Dm s

The role of C, is exact incompressibility. Indeed m x dpQ, = A, so

P A, +1PHC, = kP x Qp.

Cp=dxQp  Vy=A,+B,+Cpy, Co=0.  (333)

The approximation is

Ni Ni
W =Y (kP(A,+Bp) +x"Cp), g =Y (Pq, + "), (3.34)
p=1 p=1

and d-W* = 0 identically. We set By = 0, §1 = 0, and A; = ax1vfs. Define m; =
—29, ((m - MA1)/Dy) by (3.29) with zero forcing. When t; > 0, multiply the primary
displacement coordinate ¢ by a1 fs. This factor is independent of time, and (3.28) contains
no label or angle derivatives. The multiplied displacement therefore solves the history
equation and gives the velocity coefficient A;.

Here is the precise coefficient extraction. Extend the notation by Vy, 1 = Cy,and V), =0
outside 1 < p < N + 1. The coefficient of x” in the quadratic term with label derivatives
is Yitj—p Vi - dVj; in the term with a phase derivative it is Y ;. 1(V; - m)dgV}. Thus for
2 < p < N the forcing for A, + B, is

fo=-Cp1p—MCpy —dmy1— Y Vi-dVi— Y (Vi-m)dpV;. (3.35)

i+j=p i+j=p+1

There is no phase-derivative term of order zero, since the positive indices i, j cannot satisfy
i+ j = 1. The term of order one vanishes because V; = A; and m - A; = 0. In the label-
derivative sum, both indices are at most p — 1, so all coefficients are already known. In the
phase-derivative sum, order-p coefficients can occur only when (i,j) = (1, p) or (p,1). The
first term vanishes because V; - m = 0. In the second, V), - m = By, - m + C,_1 - m, so the only
undetermined nonzero term is — (B, - m)dgA;. Separate it by writing

fp — rljnown . (Bp X m)aeAlr ]Ep _ < ;nown>9. (3.36)

Here f},‘nown depends only on coefficients already constructed, and (h)s = (277) ! fozn hdé.
The undetermined term has zero angle mean. We first solve
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using (3.21), with displacement zero at S and initial trace (3.25). With this B, fixed, we solve
Ap,t + MAP + magﬂ'p = f;;nown — f_p — (Bp . m)agAl,
m-Ap, =0.

using the transverse inverse. When ty > 0, its displacement coordinate vanishes at both 0
and tg. When ty = 0, impose A,(0) = 0. Forward continuation is given by (3.30). Thus each
order is constructed from the preceding orders, with the mean solved before the oscillation.

The leading coefficient A; is supported in |y| < 1/2. At every later order, terms involving
only angle-independent coefficients disappear when the angle mean is subtracted. Every
remaining term in the transverse forcing contains an oscillatory coefficient, or a derivative of
such a coefficient, already supported in this set. This also holds for the term involving the
newly solved By, since it contains dgA;. The transverse inverse and the formulas for Q, and
C, preserve this support. Thus all oscillatory coefficients, including their curl remainders,
are supported in |y| < 1/2.

When ty > 0, the history inverse gives the velocity coefficient A, on [0, ], and the forward
problem uses A, (tg) as its initial value. The history and forward pieces of A, therefore agree
at tgp and satisfy the same first-order velocity equation. Their first derivatives agree there;
induction in time derivatives proves smooth matching. The mean strong equation gives the
same time regularity as its forcing. Thus all coefficients are smooth. The oddness of u makes
F,M, H even in y. Under (y,0) — (—y, —0), both d and 9 reverse parity. Uniqueness of the
linear inverses then proves inductively that Ay, B, C, are odd and Q,, 7, §, are even, the
latter pressure being defined up to a constant.

We prove the following coefficient bounds by induction on p, using a common growth
constant R = P¢ independent of Nj. Set

a, =100p —80 (p >1), b, =100p — 140 (p >2),

(3.38)

e, t<to, B (3.39)
v(t) = {ocg(t), > b, Hp = max(1,a,supag).

With a fixed R = P¢, the fields
Ap/ Ap,t/ 7Tp/ Qp/ Cpr Cp,t/ dﬂp

have shift a, and profile 'yng 72; the fields By, By, dq, have shift b, and constant profile
HZP 2

The shift costs of the two inverses are given in Lemma 3.2 and (3.32). For ty > 0, the
primary endpoint data ax;f;ir, after division by «, have derivative norms bounded by
P¢(P)"(n!)2. The affine extension ta)1 fs&1/to and these linear estimates require fewer than
a1 = 20 shifts. For ¢ty = 0, the same conclusion follows from the corresponding derivative
bounds for the initial data ax1v(0) f5 after division by a.

For the induction step, fix 2 < p < Ni and assume the bounds at lower orders. We
first estimate the mean force and obtain the bound for By; that current-order bound is
then available in the transverse force. To apply Lemma 3.2, the mean force must have shift
b, —10 = 100p — 150, and the zero-mean force must have shift a2, — 10 = 100p — 90. The
table gives shift bounds for the forcing terms and indicates whether their angle mean, their
zero-mean part, or both may be nonzero. The bounds include the displayed derivatives and
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multiplication by the known coefficients.

forcing term at order p shift bound | part of the forcing

Vi-dVi,it+j=p 100p — 158 | mean or oscillatory
(Bi-m)dgAj, i+j=p+1 100p — 118 oscillatory
(Bi-m)0gCj_1, i+j=p+1 < 100p — 118 oscillatory

(Cio1-m)dg(Aj+Cj_1), i+j=p+1| <100p — 158 | mean or oscillatory
Cp1t, MCp_1, drryq <100p — 178 oscillatory.

Every summand of V; has shift at most a;. The first line therefore starts with a; +a; =
100p — 160 and uses two further shifts for differentiation and multiplication by F~! in d. The
second starts with b; +a; = 100p — 120 and uses two further shifts for dy and multiplication
by m. Terms with A; - m vanish, and pure mean terms have smaller shifts. Each displayed
bound lies below its required force shift, including the bound for the term involving the
newly solved B,,.

The target profiles for the mean and oscillatory forces at order p are ng % and fy(t)ng_z,
respectively. For i + j = p, the angle mean of V; - dV; is bounded with the first profile, and

its zero-mean part is bounded with the second. For i +j = p + 1, the product (B; - m)dgA;
has profile 'y(t)Hép -, Replacing B; by C;_; introduces another factor 7 (t) and reduces the

exponent of Hy by two. The resulting profile ,y(t)zng% is bounded by either target profile
because y(f) < Hp and Hy > 1. Terms containing further curl remainders have smaller

exponents of Hp. The linear terms C, 1, MC,_1, and d7, 1 have profile 7(t)H§p_4 and
therefore satisfy the oscillatory target. Angle averaging and subtraction of the average are
bounded operations.

There are O(p) products in each forcing. Let dtarget denote b, — 10 for the mean force and
ap — 10 for the oscillatory force. The table allows every product to be bounded with shift
dtarget — 1. Increasing this shift to diarger multiplies the available bound by R(n + dtarget)z.
Since dtarget > 25p, choosing R = P¢ sufficiently large covers the number of products and
the fixed powers of P from the product estimates. The choice of R needed for (3.3) is also
independent of p. Applying the two inverse estimates now proves the claimed coefficient
bounds with a growth constant independent of the expansion order.

The coefficients are now constructed and bounded at a fixed value of R. It remains to show
that truncating the expansion leaves a residual small enough to correct by exact evolution.
After orders 1, ..., N} have canceled, the residual in (3.8) contains orders N, +1,...,2N; + 2,
including Cy, ¢ and dry,. Their shifts are at most 110(p + 1) at order p. The elementary
inequality

(n4d)! < 2" 14! (3.40)
separates derivative order from expansion order. Uniformly in time, it bounds the derivative
norm | - |, of every such coefficient by

(P°)" ()2 [PE(CN) ).
Indeed, a shift index d < 110(p + 1) and p < 2N; + 2 give
(d1)2 < (CNp) 20+,
There are at most CNj products at each order. Their sum is covered by

(CNe) (CN) PP < (CINg )30,
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fixed powers of P and fixed constants raised to p + 1 are absorbed in the factor (P°)P*1. The
same factorial splitting gives this bound for |V} |,, |Vp,t|n, and [V, gVp|, for 1 < p < Ny +1.

We estimate the first two velocity coefficients separately to obtain bounds independent of
N. The coefficients of k¥ and x> in W*® are A; and A, + By 4+ Cy. In (3.39), their shift indices
are a1 = 20, ap = 120, and by = 60, with C; having shift a;. These indices are independent of
Ng. For each such fixed index d, (3.40) gives

R™((n 4 d)!)? < P°(P°)"(n!)2.

Their profiles are also bounded by fixed powers of P, so the same bound applies to these
first two velocity coefficients. Since 300¢ < 0.01, enlarging Q in (3.12) ensures

P(CN;)?® < k001, (3.41)
Define the lifted approximate velocity and its transport coefficient by
2" =k 'FIwe, b = (xz",mg - 2%). (3.42)

Here z” is the velocity increment in parent label coordinates, rescaled by x . The first three
components of b* transport y, and its last component transports # on R? x T. To sum the
derivative bounds, choose a sufficiently small radius p = P~ ¢ and define

n
Ifll, =Y ° |,f|2”~ (3.43)
=0 (n!)
The growth bounds above are summable when pR is sufficiently small; thus p is the norm
radius corresponding to the growth constant R. After decreasing p by a fixed factor, the
sums over derivative orders n converge. Summing over expansion orders p using (3.41) then
gives

12%llo + llzFllp + 11V y02"llp < P, [[B7]lp < k7P +O(K™). (3.44)

Indeed my - F _lAp = m- A, = 0, so the transverse coefficients do not contribute to the
last component of b*. The mean terms and curl remainders first occur at order x in z”.
Their coefficients at that order have bounds independent of N;. Terms of order p > 3
in W contribute to z a sum bounded by }_,~3 k1-p+001(p+1)  The same calculation gives

|W® — kA1, < k72P°. Define the normalized residual by
=k UFTLH(WE 4+ MW® A+ WO - AW 4 dg”).
The residual coefficient bounds and (3.41) give

2Nj+2
HraHPSPC Z klprr0.0l(erl)‘
p:Nk-‘rl

Since N; = | k%], enlarging the fixed threshold ko(co) if necessary gives
7], < exp(—0.7k% log k) =: Ry. (3.45)

All radius shrinkings and all powers of P used so far are fixed.



24 OPENAI

3.6. Correcting the approximate solution. The normalized residual 7* of the approximation
(3.34) satisfies (3.45). Differentiating along the physical graph introduces a factor of k, which
complicates estimates for the correction. On ]R; x Ty, the transport coefficient b” is small by
(3.44). We solve there for a correction e to the lifted velocity z%, with zero initial value, and
restrict the resulting solution to the physical graph afterward. Throughout this subsection,
s=6k=k1 and

D; = K0y, + (mq);9g, G=F'rT, K=G !'=FTF. (3.46)

The divergence associated with D is divp v := 2;7’:1 D;jv; = xdivy v + mg - dgv. Thus a field
is divergence-free with respect to D precisely when divp v = 0. The notation D x v similarly
denotes the curl obtained by replacing each coordinate derivative with D;. These operators
satisfy

d=x"'FD, d - (kFz) = divp z.
Thus writing W = xFz expresses incompressibility through the constant-coefficient deriva-
tives D;. For a vector field v and an integer » > 0, write

ol =3[90l
Ie{12,34}"
A word I specifies an ordered list of derivatives in (y,6); for n = 0 this is just the H" norm.
Coefficient norms use W in place of H". All constants in the Gevrey energy estimates
below are independent of the cutoff in derivative order and of the auxiliary viscosity.
The preceding estimates give a radius P~¢ at which z? = x " !F~1W*, 9,z%, and the first
derivatives of z” have weighted norm at most P¢. At that radius,

n
b = (kz",mg - 2), ) ﬁ“ﬂms < By <k V2
n>0 :

We decrease the radius by a fixed factor when necessary. The normalized residual r* has
weighted H® norm at most

Ri = exp(—0.7k% log k).
The coefficient bounds, including the fixed number of extra derivatives used below, have the
form P°R?(n!)?, where Ry = P°.

Take the smooth packet data and hypotheses in §3.2, and impose the smallness condition
(3.12), with Q = Q(cp) fixed sufficiently large and k > ko(co) sufficiently large. Let (W?,4?)
be the truncated expansion (3.34) constructed in the preceding subsection, and let z* and 7 be
its lifted velocity and normalized residual, satisfying (3.44) and (3.45). Set Ay = exp(—kW 2).

Lemma 3.3. For the truncated velocity and pressure (W?,q%) in (3.34), there exist a smooth velocity
correction e and a smooth vector pressure correction p, on [0, S] x IRS x Ty satisfying

e(0) =0, divpe =0, D x p. =0,
and, at a fixed radius p, = P~¢,
sup ([le(t)

0<t<S

|p* + [les(t) p*) < PA;.

p. T HPE(t)

There is a smooth scalar q.(t,y) with

Vyqe(t,y) = xpe(t, y, kmo - y).
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The velocity and pressure defined by
u™v(t, X(t,ly)) = u(t, X(t,ly)) (3.47)
+ [W* + «xFe|(t,y, kmg - y). '

and ew
P X (8 ty)) = p(t, X(E y))
+ 19" (t,y, kmo - y) + qe(t,y)]-
form an exact Euler solution on [0, S]. The velocity u™®" is smooth and odd, and its initial increment
is

(3.48)

u™™ (0, ly) — u(0,ly) = LW (0,y, kmg - y).

Proof. We first construct the pressure inverse and estimate the correction on R® x T. We then
remove the auxiliary viscosity and restrict to the physical graph to obtain the asserted Euler
solution.
The pressure equation. Let G be the L? closure of the fields D¢, with ¢ smooth, periodic
in 6, and compactly supported in y. Its orthogonal complement consists exactly of fields
satisfying divp v = }; D;v; = 0 in distributions. The orthogonal projection P; has Fourier
symbol

(kG + jmo) © (kG + jmo)

|kG + jmol?

with an arbitrary value on its measure-zero singular set. Thus it commutes with derivatives
and has norm at most one on every H'. For a given vector field f, we seek p € G such that
f — Gp € G, equivalently

;) eERxZ,

diVD(Gp — f) =0.
Since G is symmetric and G > P~¢I, the operator P3G is invertible on G by coercivity. We
denote its pressure solution operator by

Tf = (PgGlg) ™' Pf.
Here p = T f € G denotes the vector output of the pressure inverse; the physical pressure
is scalar. Translation preserves G. Applying spatial difference quotients to Pg(Gp) = Pgf
therefore proves the inverse bounds through the fixed Sobolev order s. Differentiating a
word of n additional derivatives then gives, forr =s —1,s,

" /n
blus < PF <|f|n,y 3 ( Z)Ré<1!>2|p|nl,r) . (3.49)
=1

Indeed, every commutator places at least one additional derivative on G; the remaining

derivatives fall on p. The same argument at any fixed larger index gives a finite inverse

bound, without a claim that its constant is uniform in that index._

Substitute W = xFz into (3.8) and multiply by x 'F~!. Using d = x"'F~TD gives

zt+2F 'Fz+z-Dz+«xF *(z-VyF)z+ Gp=0, divpz=0. (3.50)

Here p = K*ZDq is a vector pressure variable. In particular, W; + MW = «Fz; 4+ 2xFz,

and W -dW = xF(z- Dz) + «*(z - V,F)z, which verify the factors in this equation. The

approximate vector pressure p? = x~2Dg” belongs to G. Its oscillatory part is a D-derivative

of a Sobolev function. Its angle-independent part is an L? gradient in y, hence belongs to the
j = 0 component of G.
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Write z = z° + e and p = p? + p,, with e(0) = 0. Subtracting the approximate equation,
whose left side is 7%, from (3.50) gives the correction equation. For 0 < v < 1, we regularize
it by adding vA, ge:

er+b-Vyge+Z(e) +Gp. = —1" +vA, e, divpe =0, (3.51)

where
b= (x(z"+e),mp-(z"+e)),

Z(e) = e-Dz" +2F 'Fe
+xF[(z"+e) - V,F](z" +e) —xF ' (z" - V,F)z".

Thus Z contains no derivative of e, and divb = 0. Applying Pg to (3.51) determines p,. We
isolate the derivative of e carried by the transport term by writing p, = po + p1, where

po=—T(Z(e)+1"), pr=—T(b-V,ge).

The viscosity contributes no pressure because divp(Ae) = A(divp e) = 0; the operators D,
have constant coefficients and commute with A.

An estimate with a finite derivative cutoff. We first derive an a priori estimate for smooth
solutions of (3.51) on their interval of existence, uniformly in the derivative cutoff and the
auxiliary viscosity. A slowly decreasing norm radius will absorb the transport and pressure
commutators while remaining positive on [0, S]. For each word I of additional derivatives,
define E; > 0 by the following formula, where A € IN} indexes the base derivatives and the
integral is over R® x T:

Ef=Y /(KaAa’e, o'd'e),  E.= Y EL
ASs =t
The bounds on K give P~“le|,, s < E, < P¢le|,s. For m > 0, a decreasing radius p(t) > 0, and
wy, = "/ (n!)?, set

m m
X = Z wyE,, Y, = Z nwy,E,,.
n=0 n=0
Choose p < (P° Ro)_l. After multiplication by w, and summation in (3.49), its commutator
terms are bounded by P°Y -, (pRo)’ times the corresponding weighted pressure norm.
Absorbing this quantity into the left side and applying the multiplication estimates gives

m
Wn|polns < P(Xm + Xi + Ry), (3.52)
n=0
m

w;/z|p1|n,sfl S PC(BO+Xm)Xm. (3-53)
n=0
In the second line the derivative on e is contained in its base H® norm. At base index s we
instead use the shifted estimate

m—1

Y (G + Dwialpiljs < P°(Bo + Xum) Yo (3.54)
j=0

To check its derivative count explicitly, the term with [ derivatives on b and j — ! on Ve has
weight ratio

<1

wi(j =1+ w141

G+ Dwa) <j +l 1) -1
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For the commutator terms in (3.49), the same ratio compares the weight at pressure order
j with the weight at order j — I. Their sum is bounded by P¢Y ;-1 (oRo)' times the left side
of (3.54), and is absorbed there. Consequently this estimate needs no velocity or pressure
derivative beyond the cutoff m.

For n = |I| and |A| < s, apply 019! to (3.51) and pair in L?(IR® x T) with Kd*d'e. The
highest pressure term vanishes:

(Ka'd'e, Goralp,) = (91d'e,0"d!p,) = 0.

Here KG = I, the differentiated velocity satisfies divp(9'de) = 0, and the differentiated
pressure belongs to G. If all additional derivatives fall on p,, a commutator with a base

derivative on G uses only |pe|s,s—1. Terms with [ > 1 additional derivatives on G use |pe/|;s,
j = n — L. For their p; part, the relevant ratio is

wii(]) :P71]'+1 <p!
w,(j+1)w]-+1 j+l) - )

-

The weighted sum of the derivatives of G with I > 1 is bounded by P¢ Y ;-1 (0Ro)" < P°pR,.
Combining this bound with (3.54) gives the contribution P°Ro(By + X)Yy. The po terms
and the terms with all additional derivatives on p, are controlled by (3.52) and (3.53).

For transport, put i = 9*9’e. Since divb = 0, integration by parts gives

(Kh,b-Vh) = —%/((b-VK)h,h).
For terms with all additional derivatives on e, the base commutators satisfy
I[0%,b- V]a'e|l2 < C[[Vb| -1 [[ VO el 1,

by the product estimate in H*~!. A term with | > 1 additional derivatives on b uses |b|;
and le|i;1,s, where j = n — 1. The preceding weight ratio therefore bounds their sum by

Pcpfl(Bo + Xn)Ym. After summation in the weighted energies, differentiating K in time
contributes at most P°X,,. For the heat term, integration by parts with the same h gives

v(Kh, Ah) = —vY (Kdzh, 0gh) — v Y _((9.K)h,0,h) < —IvP~¢||Vhl|3 + vP*||h|3.
a a
Since Z(e) contains no derivative of ¢, the multiplication estimates give
m
Y walZ(e)|ns < P X+ X5).
n=0

Moreover, differentiating the weights contributes Yo w,E, = (0'/p)Y;. Summing the
energy estimates with these contributions yields

!
X! < PE(Xpy + X2+ Ry) + ’; 4+ P(o1 + Ro) (Bo + Xo) | You- (3.55)

At zeros of an individual energy we first use (E? + €2)1/2, then send € to zero at fixed m. All
constants in this inequality are independent of m and v.
Choose
p(0) = (P°Ro)™",  p' = —CP(By + Ay).
The fixed exponent in this choice is enlarged to cover all preceding constants. The scale
condition PQ < k%190, for a sufficiently large fixed Q, ensures p(t) > p(0)/2 on [0, S].



28 OPENAI

Under the bootstrap assumption X, < Ay, the bracket in (3.55) is nonpositive. Since

X (0) = 0, Gronwall’s inequality then gives
Xi(t) < PSexp(P°S)Ri < 3.
Indeed,
log(P°S exp(P°S)Ry) = log(P*S) + P°S — 0.7k log k.

The scale condition makes the first two terms negligible relative to k® log k. For sufficiently
large k, this expression is less than —k%2 —1log2 = log(A;/2). Continuity closes the
bootstrap uniformly in m and v.
Existence and removal of viscosity. We construct the correction (e, p,) asserted in Lemma 3.3
by solving (3.51) for v > 0 and then passing to v | 0. To eliminate the pressure and construct
a parabolic equation on the divergence-free subspace, set P(t) = I — G7. The identity
PgGT = Pg shows that P(t) takes values in {v : divp v = 0}; it fixes every field in this space.
Moreover, P(t)Gp = 0 for p € G. Apply it to the non-heat terms in (3.51). For each fixed
q = s + m, the projected nonlinearity is locally Lipschitz H? — H7~!. The heat estimate

e flls < C(1+ (WE) )| fllgas

gives a local mild solution by contraction and continuation while its H7 norm remains
bounded. Write ¢V for the viscous solution, and set

b= (k(z"+e"),mp- (2" +¢")),  f'=—-P(t)(b" Ve' +Z(e")+1).
Then
die” —vAe' = fY, e’(0) =0.
No time derivative of P(t) enters this equation. Its range is fixed, and [D;, A] = 0, so the

heat flow preserves divp e’ = 0.
On a compact existence interval I = [t1, f;], heat maximal regularity gives

le* ez + 195 iz pesy < Coar (e () lmm + F 2qimmy ) -

The constant may depend on v; only finiteness is used here. For the inhomogeneous term,
the Fourier kernel satisfies

/0 VIE, j[2e VI g < 1.

Young’s inequality in time gives the two-derivative gain in L2 low frequencies are bounded
on I. Since eV € L*(I; H7) N L2(I; H7*!), product estimates place the unprojected source in
L?(I; H7). The pressure inverse gives the same regularity for p:

b -Ve' +Z(e")+1", pl e L*I;HY).
For derivative words | with |J| < m and |A| < s, the preceding bounds give
rolet € L2(LHY), 090w’ e L2(I;HY).
Multiplication by K preserves H', so the differentiated equation can be tested against Ko'd/e".
This justifies the energy estimate through the H!-H! pairing, or equivalently by smoothing.
The uniform energy bound extends ¢” to S, and uniqueness at g = s identifies the solutions

constructed with different derivative cutoffs.
For every fixed integer j > 0, the energy bounds and pressure inverse give

sup ([le"lligrp + 190" oy + It i) < G-
0<v<1
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Here the two extra derivatives bound the heat term. Local Sobolev compactness and time
equicontinuity give a sequence v; | 0 such that, for every finite j,

e" —e inC([0,S;H] ),
pel —* pe in L*([0,S]; H’),
vAe” — 0 in L®([0,S]; HY).
The pressure limit remains in the closed gradient space G. Passing to the limit in (3.51) gives
et +b-Ve+ Z(e) + Gp, = —1", divpe =0, e(0) =0,

where b = (x(z” +e),mo - (2" +¢)). For each fixed t and finite derivative cutoff m, local
convergence and the uniform global H*"" bound imply weak convergence in H*". Lower
semicontinuity gives
Xm(e(t)) < lilminf X (e (1)) < Ay
—00

Monotone convergence as m — oo proves the full weighted bound. The limit equation and
pressure formula give

ec WrHI (j>0), pe=—T(Z(e)+r"+b-Ve).

Because ¢ € th’oon“, the source in the pressure formula is continuous in Hi. Continuity
of T (t) at this fixed Sobolev index gives p, € C;H/. Repeated differentiation of the inviscid
correction equation and the pressure formula gives smoothness in time.

It remains to bound p, and ¢; in the weighted norm. Their formulas contain V, ge, so we
shrink the radius to control this additional derivative. Let pmin = p(0)/2 < infjy 5 p(¢) and
0« = Pmin/2. The cost of an additional derivative at this smaller radius is bounded by

pil((n + 1)')2 -1 2n—n -1 c
= =p - sup(n+1)27" < Cp_. = P
150 pg{‘l_r‘ll (n')z pmm nz%( ) pmm

The pressure inverse and the limit equation therefore yield

sup ([le(t)llo. + pe(®)llp. + ller(B)lp.) < PA.
0<t<s

The viscous equation is invariant under joint reflection (y, ) — (—y, —0), with the prescribed
odd parity of z%, 7" and even parity of F, G. Uniqueness makes ¢ odd, and this parity passes
to the limit.

Restriction to the physical graph. Put v4%8(y) = v(y, kmg - y). The chain rule gives V,v%%8 =

k1 (Dv)%%8 componentwise. In particular, D X p, = 0 implies V,, x pgiag = 0. Since R? is
simply connected, there is a smooth potential g, satisfying
Vyge = xp‘;“"‘g, dg. = KF’Tpéhag.

Indeed,

K’lF’lqu = Gpgiag,
which is the pressure term in the graph restriction of the correction equation. Adding the
restricted approximate and correction equations therefore gives (3.8) on the physical graph
for W = W? 4 kFe, with scalar pressure (g*)%28 4 g,. Moreover,

d-W=d- -W*+divpe = 0.
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Thus the velocity and pressure in (3.47) and (3.48) solve Euler’s equation in physical coordi-
nates. For every scalar or vector component v,

2 2
/]R3 [0y, kmq - y)[2 dy < C/Rg 1oy, M x) 4y-

Applying this estimate and the chain rule to W* 4 xFe and its derivatives gives finite spatial
Sobolev norms for the graph-restricted velocity increment. The same argument applies to
the gradient of the pressure increment, using the estimated gradients of the mean pressure
potentials. The volume-preserving change of coordinates and the bounded derivatives of
F,F~! transfer these increment bounds to physical space. Higher spatial bounds and the
equation give time continuity and smoothness at every finite order. The correction vanishes
initially, so the prescribed initial perturbation is retained. This proves Lemma 3.3 and
supplies the exact solution asserted in Proposition 3.1. The remaining subsections prove its
derivative, particle-map, and initial-data conclusions. ]

3.7. The leading gradient and pressure Hessian.

Proof of Claim 1 of Proposition 3.1. To prove (3.13) and (3.14), we must control the errors after
differentiating velocity once and pressure twice. Each derivative on the physical graph
can cost a factor of k. For the exact normalized velocity W = W* 4 «Fe, differentiating the
leading term gives

di(xA1;) = axroim;fs + kd;(ax1;) f5.
The second term is at most k=1 P°. The coefficient estimates following (3.44) give |[W® —
KA ||p < k72P¢ at a radius P~¢. A graph derivative, at a smaller radius, therefore contributes
at most k=1 P¢. The correction xFe contributes at most P°A;, where A, = exp(—k%/?) is the
bound obtained in Lemma 3.3. These bounds prove (3.13) by (3.12).
For the pressure, (3.29) gives

m-Mo_ _
T = —2a)1 D % ' fo
m

The term in &;@(KZ 1) with both derivatives on the angle is therefore

mim;
K2k2mimja§7'c1 = —2ax1(m - M) [l) Lf;.
m

Each remaining term has at most one phase derivative km;dy, hence is bounded by k=1pe.
The higher oscillatory pressures begin with x°7, and their second graph derivatives sum
to the same bound. The mean pressures begin with x?7,; using the estimated gradient dg,,
and a further derivative d; bounds their Hessians directly, without estimating the potentials.
The normalized error-pressure gradient is dg. = xF~'p, on the graph. A further graph
derivative costs at most kP¢, giving P°Ay. This proves (3.14). Restoring the physical factors ¢
for velocity and ¢2 for pressure cancels the factors from one and two physical derivatives,
respectively. U

3.8. Factorial bounds for the new particle map.

Proof of Claim 2 of Proposition 3.1. We next prove the particle-map estimate (3.16). Here we
assume the parent particle-map bound (3.15). Estimating the new velocity’s physical Lips-
chitz norm and then exponentiating would lose the required frequency bound. We instead
use the small transport field b on IR? x T defined below. For z = z* + ¢, put

b= (xz,my - z).
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Its derivative word sums in L* and L? have bounds BR} (n!)?, where B < 2k~!/2 and R, = P*.
The corresponding bounds for b; have size and growth constant bounded by fixed powers
of P. By increasing Q, we ensure BR;, < 1. Let ®(t,y,0) be the flow of b on R3 x T, so
0;® = b(t,P) and ®(0,y,0) = (y,0). This flow preserves four-dimensional volume because
div,gb = 0. Use the lift ® to R® x R with ®(0) = id. Its displacement is periodic in the
angular variable and defines ® —id on R® x T.

We give the composition estimate used for ®@. In the ordered derivative formula for a
composition, group a word of length 7 into ¢ nonempty blocks with sizes ji, ..., j; summing
to n. When we sum over the ordered sizes, the combinatorial coefficient is n!/(q!TT; ji!). On
inserting the factorial bounds for the outer gth derivative and the inner j;th derivatives, and
dividing by (n!)?, the remaining factor is

T, 7!
q'H;;l =<, (3.56)

It is one when every j; = 1. Increasing an index j; multiplies the ratioby (j; +1)/(n+1) <1,
proving the inequality for all block sizes. Sums over component directions are controlled by
the word sums themselves.

Fix a derivative cutoff | > 1 and define, for { > 0,

(@(#) —id) [loo
(n!)?

Here ||0"h||« denotes the sum of the L® norms over derivative words of length n. The

notation ||9" k| uses the corresponding sum of L? norms. Choose the dimensional constant

d to bound the first-derivative word sum of the identity. Thus U bounds the derivative series

of @ through order J. The integral equation for ® and (3.56), compared through degree ]|,

give

g".

] Han
Ut,g) =d;+ )
n=1

t Rbu(tllg)
u(g) < dg+ [ Byt

At { = (4dRy) !, the initial right side is 1/(4R;). If R,U < 1/2, the integral increases R,U
by at most BR;,S. The smallness BR;, < 1 closes the bootstrap, giving R,U < 1/2. Returning
to the integral equation gives [|0"(® —id)||c < CBSZ "(n!)? for 1 < n < J; the order-zero
bound follows by direct integration of b. The estimates are uniform in the finite truncation,
so passing to all orders is justified.

For the L? estimate, place (970) o @ in L? and the derivatives of ® in L®. Volume

preservation gives ||(97b) o ®||» = ||97b]|2. Consequently, at the value of { chosen above,
] n o ¢ /
— (n!) o 1—-RyU(¥,Q)
This gives [|0"(® —id)||» < BS{ "(n!)? for 1 < n < ], uniformly in J. At order zero, the
integral equation and volume preservation give ||® —id||2 < BS directly. Finally,
(Dt =bo CI), q)tt = (bt + (b . Vylg)b) o P.

The preceding composition and product estimates at a smaller radius P~ give size and
growth constant bounded by fixed powers of P for these two fields in both L? and L.

dtt fR,U,0) <1for0<t <t (3.57)
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Write ®(t,0,00) = (y(t),6(t)), using the angular lift defined above. Along this trajectory,
d

pn (0(t) —kmg - y(t)) = mo -z —kxmg -z = 0.
Thus 6y = kmy - yo implies 6(t) = kmy - y(t), so the flow preserves the physical phase graph.
Let 77, : R? x T — RR® be projection onto the first three coordinates, and define the rescaled

map
a kmpy-a
A > '

Here the last argument is interpreted in T, and Y(0,a) = a. In the normalized label

coordinate y, the velocity underlying this flow is xz(t,y, kmg - y). Its divergence is

Y(t,a) = L, <t, (3.58)

divy (kz(t,y,kmg -y)) = xdivyz +mg - dpz = divpz = 0.
Thus Y preserves three-dimensional volume. Each derivative of a graph restriction costs at
most Ck; its L? bound uses the one-dimensional trace inequality in 8 and at most one further
derivative on the product space, without an additional graph factor. Rescaling then gives
Y —id, Y4, Yy polynomial size and growth constant k¢—1P¢ in both L? and L.
The new physical particle map is

X"W(t,a) = X(t,Y(t,a)). (3.59)
Sety =Y(t,a)/l and 6 = kmy - y. The definition of Y and graph invariance give Y;(t,a) =
lxz(t,y,0), while (V,X)(t,Y(t,a)) = F(t,y). Hence
EX(t,Y(t,a)) =u(t,X(t,Y(t,a))) + lcF(t,y)z(t,y,0) = u""(t, X(¢,Y(ta))).
The initial value is X(0,Y(0,a)) = a, which verifies (3.59).
For the final composition, write the inner map as ¢ = id + h. Suppose
19"l < ARF ()%, [|0"flleo < AGRG(n1)* (1 >0).

The derivative series of ¢ is bounded by (d + 2A;R;) when { < (2R;)~!. Choose { also to
satisfy R,(d +2A;R;)¢ < 1/2. Then (3.56) gives

19" (f 0 8)llew < CALL ™" (nt)*.
If ¢ is a volume-preserving diffeomorphism and the assumed bounds for f hold in L?, the
conclusion holds in L? as well: place the derivative of f in L? and retain L bounds for the
derivatives of g.
Apply this estimate with ¢ = Y. For the displacement, use

X" —id= (Y —id)+ (X —id)oY.
For its time derivatives, use
X =Xi0Y 4+ (VXoY)Y,,
X5 =Xy oY +2(VXi o Y)Y+ (VEX o Y)[Ys, Yi] + (VX 0 Y)Yy

In the factors VX oY, write VX = [ + V(X —id). The remaining outer functions are spatial
derivatives of X —id, X;, or Xy of order at most two, so the parent hypothesis bounds their
sizes and growth constants by fixed powers of P. For g = Y, the preceding estimates give
A; < P¢ and R; < kP°. The radius in the composition estimate can therefore be chosen
with {71 < kP¢. Applying the product estimate to the displayed time derivatives gives
size P° and growth constant kP° for X" —id, X'V, and XI°V. Passing from L? to H*
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costs s shifts, hence at most C?!P¢(kP°)"*%(n!)2. Condition (3.12), after a further fixed
enlargement of Q, bounds this by (k“*)"*!(n!)? with C. = 10(s + 2). This proves (3.16)
without a frequency-dependent exponential. O

3.9. Initial support and the completion of the packet estimate.

Proof of Claim 3 of Proposition 3.1. It remains to prove the initial-data bounds (3.17) and the
support assertions in Proposition 3.1. The correction e in Lemma 3.3 has ¢(0) = 0. Set
Yo =a/¢and 0, = kmg -a/¢, with 0, interpreted in T, and define

uh1gh0 =/ Z (KPA + Kp+lc )(O/]/zu 911);
p=

umeanO =/ Z Kpo O ya)
p=2
Since X(0,a) = a and By = 0, formula (3.47) gives u"*"(0,a) — u(0,a) = unigno(a) +
umean,O(a)-

At time zero every oscillatory coefficient retains the factor «, including coefficients solved
using a positive history interval. For fixed m, apply (3.40) only at n < m + s 4 1. All depen-
dence on m enters a prefactor P°"; the remaining expansion-order factor is [P°(CNy )30 +1,
with ¢ independent of m. Thus (3.41) sums these bounds with the same choice of Q. For
Tif (y) = f(y, kmo - y), the chain rule and the embedding H!(T) < L*(T) give

T f Nl e rsy < Conk™ || f1] st (3 ) -
The extra derivative is taken before restriction to the graph. Physical rescaling satisfies

1eg(-/ ) lrm < €727 Igllrn < €78 |-

Applying these estimates to the oscillatory sum gives the first bound in (3.17).

The mean initial velocity begins at x?B,(0) and has no angle derivatives. Orders p > 3
sum as }_,>3 k—P+001(p+1); the separate fixed-order estimate bounds k2B, (0) by k=2P¢». This
proves the second initial bound. The oscillatory supports are |a| < ¢/2, and (3.25) gives
the mean supports |a| < 2. The exact correction has zero initial value. If tp = 0 and L =0,
the prescribed forward initial conditions give A,(0) = 0 for every forced p > 2, hence
also C,(0) = 0; the boundary condition gives B,(0) = 0. The initial increment is therefore
{(kA1 +x*C1)(0,Y4,0,): the primary oscillation and its curl correction. Since F(0) = I
and v(0) is constant when ty) = 0, Q1(0,y,60) = —ax1(y)(mo x v(0))¢$s(6). The identity
EKz(ch Q1)(0,v4,0,) = 2k curl,[Q1(0,v4,0,)] at time zero gives (3.18).

Only finitely many polynomial exponents have entered the proof: the fixed-s inverses, the
common growth constant, the separation of derivative and expansion orders, the weighted
error estimate, and the graph and flow estimates. The only factorial growth with the
expansion length was absorbed by (CN;)3°(P+1), with 3008 < 0.01. Thus a single finite
Q(co) ensures every use of (3.12). The constants c¢,, in the initial bounds may depend on
the fixed Sobolev order m; their summation over expansion orders uses the same Q. This
completes the proof of Proposition 3.1. O

(3.60)
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4. AMPLIFICATION AND TRANSFER OF THE WAVE GEOMETRY

The packet construction in Proposition 3.1 is now proved, conditional on bounds for the
primary wave and its transverse propagator. In this section we prove those bounds for a
parent shear of the form (4.3), and prove that the resulting gradient can amplify the next
packet. The scale choices and the verification that the packet and parent hypotheses hold at
every stage remain for §5.

Claim 1 of Proposition 3.1 gives a leading gradient proportional to v ® m in (3.13) and a
pressure-Hessian increment with coefficient m - Mv in (3.14). Here M is the parent velocity
gradient from (3.5), m = F~Tmy is the transported phase normal, and v solves (3.9). We
must control both the size and the directions of m, v so that the new gradient can serve as
the parent shear for the next packet.

The result proved here, Proposition 4.1, supplies the pressure sign, the new frame p, =
m/|m|, g2 = v/|v|, and bounds comparing the gradient amplitude factor |m||v| at earlier
times with its target value. It also bounds the linear map taking arbitrary transverse data
from time s to time ¢, as required by §3.2 (iii). The proof follows m, v in the moving frame of
the parent shear (4.3).

4.1. The parent field and the statement to be proved. We first specify the parent shear and
state the estimates needed for the next packet. We retain the particle map and the matrices
F, M, H from (3.5), with the label and component conventions in §2.4. A ray is a nonzero
vector m satisfying i = —M7Tm; it is the normal to a transported phase surface. A transverse
velocity is a vector v with m - v = 0 satisfying
m - Mo

0= —Mv+2m P 4.1)
The last term enforces transversality: direct differentiation gives % (m-v) =0.

Let the parent be a smooth odd Euler flow on [0,5], 0 < S < 1, with the particle map
and matrices F, M, H in (3.5), localization length 0 < ¢ < 1, and activation time ¢, € [0, S).
Impose the following hypotheses.

(i) Parent shear and frame. Let B(t) be the gradient at the origin of an older Euler

solution. At stage j of the iteration, B is the gradient of U2, while U/ is the parent.
Take orthonormal vectors p(t), g(t) obtained by normalizing, respectively, a ray and a
transverse velocity for B, and put n = p x g. The normalization equations are

p=-—B"p+Byp,  4=—Bg+2Byp+ Byy. (4.2)
Suppose that on an activation interval [y, S| the current parent satisfies
h
M(t,0) = B(t) + h(a()p()" + E(t),  [EM| <E.,  h(to) =h., 3 = —Bpp— Byy.
(4.3)

The scalar & is the shear strength, and E is the remaining gradient error. The rank-one
matrix hgp! sends the old normal p into the old transverse direction 4. We assume
|B|| < CG. and ||B|| < CG?, where G, > 1.

(ii) Particle-map bounds. Let Kj, > 2 bound X —id, X;, Xy in physical particle labels as in
(3.15). Sobolev embedding, finitely many additional derivatives, and F~! = cof(F)”
give bounds K, for F,F~1 F, F4, M, H and their first physical-label derivatives. At
derivative order j > 0, their Gevrey multiplier bounds have the form K¢ (K¢)/(j!)?, with
the exponent convention in §2.4.
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(iii) Scales and error bounds. We freeze the frame coefficients B,; and By, at ty and rescale

(iv)

time using their values. Choose a positive comparison parameter Xprev and set

B, (t 1
a=Bylty) €[1/2,2, p= Wa(O) 3 < P <2, "
e =+/a/h,, T:a(t;to)’ x:f’f.

Thus Xprev is comparable to f71/2, while T and x measure elapsed physical time in
units ¢/a and ¢/ (a/B), respectively. Here 0 < B < By for a sufficiently small absolute
constant By, and the target is x = xior > 2. Its physical time is tur = fo + €Xtar/ (a \/B)
We assume 0 < 7 < O, where ® > 2 + ﬁ_l/ 2 4+ Xtar/ \/B, and require

tar < S < tiar + (5/11)®760-

Thus the interval reaches the target and extends at most @ ~° units of T beyond it. Set

c

(K
e. =C <s@ci +E.+ Sh) ;o e0% <x 0 (4.5)

The three summands account for variation of the older gradient and frame, the central
error E, and the difference between central and neighboring coefficients after rescaling
by e. The smallness condition controls their accumulated effect on the ray and velocity
equations. The fixed constant C in this definition is chosen large enough for the
estimates below. Equivalently, we may use a sufficiently small fixed constant on the
right of the smallness condition.

History and activation conditions (fp > 0). Assume H(t,y) < Ky I on [0, t] for all
labels y, together with the packet coercivity condition (3.11). Also assume, on [0, to],

HMHoo < CMh*/ ||HHoo < CHh*hold/ 1 < hold < h*/ t(;l < h* (46)

Here hyq controls the allowed size of the history pressure Hessian relative to the
current shear scale h,. At activation write B = B(ty) + E(#) and require

By <0,  [B] <h.. 4.7)
The fixed number { > 0 is chosen sufficiently small in terms of Cp;, Cy. Finally

to! < K¢ when to > 0. The conditions on B will allow us to choose a stationary history
displacement whose terminal velocity has v, (t,0) < 0 < v,(to,0).

Choose my = F(to,0)Tn(to)/|F(to,0)Tn(ty)| and m = F~Tmy. Then m(ty,0) is a positive
multiple of n(ty), so the central transverse velocity at activation lies in span{p(to),q(to)}-
Fix a constant 3 x 2 matrix R; whose columns form an orthonormal basis of m;-.

Proposition 4.1. For every parent flow satisfying the four hypotheses in §4.1, there is a primary
transverse velocity v with the following properties. When to > 0, the construction chooses a constant
endpoint ¢t € R, On [0, to], the velocity is v = FR, &, where FR | { is the stationary displacement
with ¢(0) = 0 and ¢(tg) = Cr from §3.2.

1. Activation data and pressure sign. Its central activation data satisfy

vy(to,0) =1, —C < vp(to,0) <0. (4.8)

For ty = 0 we take v(to) = q. On every label |y| <1/2,

m- Mo >0 (t>1). 4.9)



36 OPENAI

2. Frame transfer and compression. At (t,y) = (tar,0) define po = m/|m|, g2 = v/|v|,
Ny = pa X qa and ay = pa - Mo, B2 = (n2 - Mqz)/ay. Then

a
;:1+O<xmf+g+\éﬁ+e*®‘m>,

tar Xtar (410)
Boxty =140 (VB + 2t +2.0Y),
The parent gradient also satisfies
h,
Dy Mpy < — vhe C(G, +E,). (4.11)

xprevxtar

3. Relative sizes. The size estimates below hold for an absolute constant b > 0. Write Aqar =
|m (tar, 0)||0(ttar, 0)|. Uniformly on the packet support, |m||v|/ Awar < C for T > 1, whereas on
the history interval, and after activation for 0 < v <1,

|m][o|

< K, 0% “ exp(—bxprey)- (4.12)
tar
4. Propagator and normalization. There is a positive scalar function g, with ¢(ty) = 1, such
that the following bound holds uniformly at every fixed label |y| < 1/2. Write any transverse
solution of (4.1) as A = FR a,. The solution map a (s) — a_ (t) has operator norm at most
Peg(t)/g(s) for tg < s <t < S. For any prescribed child shear hepyq, the normalization

ONchila
K= — 4.13
Atar ( )

satisfies o < Pfet¥prev gnd supy, o) &8 < P¢. Here P contains Ky, €1, ©, hapig, 6+ and, when
applicable, ty !, or polynomial upper bounds for them.

The bounds on the transverse propagator and on «ag verify §3.2 (iii), which is required to
apply Proposition 3.1. At the central label y = 0, the phase kmy - y vanishes and x1(0) = 1.
Since f;(0) = 571, at t = ty, the leading gradient increment is

hehila
[m||o]

W lom= vRm= hchﬂdqug. (4.14)

Thus (3.13), with its stated error, produces a shear in the new frame. On the interval in
(4.9), the matrix coefficient —2ax;(m - Mv)(m ® m)/|m|* multiplying f} in (3.14) is negative
semidefinite.

4.2. Choosing the velocity at the activation time.

Proof of Proposition 4.1. We first prove the activation-data assertion in Claim 1 of Proposi-
tion 4.1. For ty > 0, we choose the activation velocity through the endpoint of its stationary
history displacement. We seek an endpoint whose terminal velocity has p-component at
most zero and g-component strictly positive, then normalize the latter to 1. The forward
analysis uses (4.8) at the central label and the neighboring-label estimates proved below. Let
so > 0 be defined by m(ty,0) = son. The bounds for F*1 give sg + sal < Kj. Suppose ty > 0.
Until we return to neighboring labels, all coefficients are evaluated at the central label. For
an endpoint Y € n(ty)*, consider paths satisfying m(t) - 7(t) =0, 7(0) =0, and 5(ty) = Y,
with action

E(n) I/Oto(!m\z—Hn-wdt-



FINITE TIME BLOWUP FOR THE EULER EQUATION 37

The constrained variational equation (3.27) constructs the stationary path with these end-
points. Since [ |17|? < (#3/2) [ |:|*, the coercivity condition gives £(y7) > 1 [ |:|? for paths
starting at zero. The stationary path minimizes the action among paths with its endpoints.

Write Y for the stationary path when its endpoint is displayed explicitly. Define the linear
endpoint map A : n(ty)t — n(tg)t by AY = PTOjj; (1)L 1) (to). Integration by parts gives
E(nY) =Y - AY: the stationary action is a quadratic form in the endpoint Y. For stationary
paths with endpoints Y, Z, integration by parts also gives

to
Y.AZ :/ () -7 — Hy¥ -y%)dt = Z - AY.
0
Thus A is symmetric, and the preceding coercive estimate gives A > 0. We next bound its
entries in units of the shear strength h.. Set
Lo =ty + [ Moo+ [1H[| % + 1.

Use a comparison path #amp that is zero until tp — L, and then equals Lo(t — to +
LyY) proj,,;)+ Y. It remains transverse and has the required endpoints. The derivative of this
projection operator is bounded by C||M||co, 50 |€ (#cmp)| is at most

M]|2 H|le
(g WM T o e
Lo Lo

Minimality gives Y - AY < &(#emp ), and consequently 0 < A < Coh. .

Write the trial displacement as # = FR ¢. Its primary velocity is w = #; — My = FR C;.
We use w before its final normalization. Its terminal value lies in n(to)*. Write b = Ay,
d = Ay and u = App — By, > 0. The endpoint map in the (p,q) coordinates is

If b < h,/2, we take Y = —p, obtaining
wy, = —u <0, wg =hy+ Bgy —b > h,/3.
If b > h./2, the positive semidefiniteness of A gives Ay, > b2/ Ngg > hi/(4Cp). We take
Y =q— (b—Byg)p/u. Then w, =0 and
u

P\ — b —(b—h,—By)(b—By)
:<d—>—qu+ qu Pa)

wy =d — Bgg —

The term d — b%/u is nonnegative, since u > A,,. The numerator in the last term is
bhy + b(Bpg + Bgy) — huBpg — BgpBpg > h%/2 — C(Co + 1)Chz.

Together with u < (Co + {)h., this proves w,; > ch, after fixing {. In either case divide 77, Y, w
by the positive number w;(ty), retaining these symbols for the rescaled quantities. The
normalized velocity v = w satisfies (4.8), and the normalized endpoint satisfies |Y| < C/h..
At the central label 7 = FR ¢, so choose {1 = REP(tO,O)_lY. This gives #(to,0) =Y, since
mo - F(to,O)_lY = m(to,O) Y =0.

At each neighboring physical label a, prescribe this same coordinate endpoint 7. Its
physical displacement endpoint is F(ty,a)R; {r. We need bounds polynomial in K}, for
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the history velocity and for its variation between labels; the latter control the neighboring
activation data. Set 5 = ¢ — tlr/to, which has zero endpoints. The coercive estimate
applied to its equation gives ||G;|| 12 < Kj,. Subtracting (3.27) at labels ay, a3 gives 1&e (-, a1) —
&r(-a)|| 2 < K¢ |a1 — a3/, since every coefficient difference has this same bound. Equation

(3.28) supplies the analogous L7 bounds for ¢y and its difference. The time Sobolev inequality
converts these into supremum bounds for {;; multiplication by FR then gives

sup |v| < Kj, sup |v(t,a1) — v(t,a2)| < Kj|ag — az].

[0,£0] [0,£0]
The localized primary coefficient in the packet construction is A; = a)x;vf;. Multiplying
the history displacement by the same time-independent factor ayifs gives a localized
displacement whose primary velocity is A;. This multiplication preserves the stationary
equation (3.27), which contains no spatial or angular derivatives. The activation data are
now fixed. To complete Claim 1 of Proposition 4.1, we must establish the sign condition (4.9)
during forward evolution.

4.3. The rotating frame and the leading equations. Starting from the activation data (4.8),
we express the ray and velocity equations (2.4) in moving, scaled coordinates. This subsection
identifies the ideal system (4.20) and bounds its coefficient error. We prove growth for that
system in §4.4 and compare it with the exact evolution in §4.5. In the frame (p,q,n) of
(4.2), the large shear hgpT in (4.3) occupies a single matrix entry. Because this frame moves
with the older flow, the change of coordinates also contributes a rotation term to the time
derivatives. The scaling h.e? = a from (4.4) normalizes the leading shear coefficient in these
equations.
Let Ry have columns (p,q,7) and set S¢ = R{R. Differentiating (4.2) gives

(Sf)12 = Bpg, (S£)13 = Bpn, (Sf)32 = —Bug, 5} = —5;¢.
We use this central frame at every packet label |y| < 1/2. The corresponding physical label
is a = ly, so the physical-label derivative bound shows that its parent gradient differs from
B + hqp™ by at most E. + (K{. The component columns and the gradient matrix in this
frame are N
i =Rfm,  0=Rfop, M=R{MRy.

Since R} =-S5 fRT, differentiation gives
i - Mo

ml?
We suppress the hats in the component calculations below. Scalar products and norms are
unchanged because the frame is orthonormal. Introduce scaled components by

m/sy = (P,eQ,N), v=(eU,V,eW). (4.16)

In physical vectors these formulas read m = so(Pp 4+ ¢Qq + Nn) and v = elUp + Vg + eWn.
The letters P, Q, N, U, V, W in the scaled equations denote component functions; in particular
this P is distinct from the packet data bound in §3. Transversality is the identity PU + QV +
NW = 0. At T = 0 and the central label, (P,Q,N) = (0,0,1) and (U, V) = (—A,1), where
0 < A < C/e. At neighboring labels, the initial values of these five components differ from
their central values by at most /Kj /«.

= —(M— Sf)Tﬁi, 0= —(A//\I—i-Sf)Z/)\—F 2im (4.15)
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Activation X2p+n
x=0 N V14 xt

Normalized projection onto the mov-
ing (p,n) plane.

Target
X = Xtar 0 < x < 1: growth of the transverse
velocity
p (Equation (4.22)).

X = Xgar > 2: form p; = m/|m| from
the full transported phase normal
(Equation (4.10)).

FIGURE 2. The phase normal in the ideal system (4.17), projected onto the
moving (p,n) plane and normalized to unit length. It turns from n toward
p as the scaled time x increases. The marked values are x = 0 at activation,
x = 1 at the end of the interval used to prove (4.22), and the target at which
the new frame is calculated in (4.10). The target ray is drawn at x; = 2; the
estimates allow any xr > 2. The full vector is xzp — 28\/B xq + n, and the
transverse velocity remains perpendicular to this full vector. The rays have
unit length; the velocity amplitude is not shown.

A prime now denotes d/dt. The leading ray system and its solution are
PP=-Q Q=-28N, N =0; Py=pr>=x>, Qo=-281, No=1  (417)

Figure 2 shows its normalized projection onto the (p,n) plane. We record why the errors
are small despite the large shear. Its scaled coefficient obeys e2h/a = 1+ O(e®G,). The
entries (M — S¢)12 and (M — Sy)3 are respectively O(E, + ¢Kj) and 2B,; + O(E. + (K}).
The moving entries By, By, change by O(e®G?), including frame rotation. All remaining
scaled coefficients contain either an error or a factor ¢O(G.). Thus the exact ray system
differs entrywise from (4.17) by at most Ce.

The triangular ideal propagator has norm C®2. Write Z = (P,Q,N)T and Z, =
(P, Qo,1)T. The error equation has forcing bounded by Ce.(|Z| + |Z — Zo|) and ini-
tial error at most Ce.. Since |Zy| < C®?, Duhamel’s formula bounds sup |Z — Zy| by
Ce.®° + Ce.®3 sup | Z — Zy|. The condition e.® < 1 absorbs the last term and gives

[P —Po| +1Q—Qol + N -1 < Ce®, N>1/2 (4.18)
The lower bound for N now allows us to solve the transversality identity:
PU+QV
W=—-————.
N

It remains to estimate the two independent velocity components U, V. Set D, = |m|*/s3 =
P2+ ¢2Q?+ N? and | = (m - Mv)/(spa). Thus D, is the denominator in the scaled velocity
correction, and the pressure sign is the sign of J. For arbitrary (U, V), with W determined



40 OPENAI

by transversality, we have
W[ < Co*(|ul+VvI),
D, — (14 F5)| < Ce.0, (4.19)
7= [(Po+B)V + QoU]| < Ce.@(|U| + V).
For the last estimate the three leading row contributions are

PB,,C,V/ h—ngU, NByg V-
a a a
Every other term contains an error or éO(G. ), multiplied by a factor bounded by C@*(|U| +
[V|). In (4.15), the term —(M + Ss)v contributes —2V + O(e.®?)(|U| + |V|) to U’, and the
term parallel to m contributes 2P]/D,. The main term in V' is —U; all remaining terms,
including 2¢>QJ /D, are bounded by Ce.®*(|U| + |V|). Using D, > 1/4 in these rational
expressions shows that the exact coefficient matrix for (U, V) differs by at most Ce.®'? from

that of the ideal system

2D[(Po + )V + Qol]

u =-2v
- 1+ P2

.,V =-U. (4.20)

For this ideal system, setting D =1 + Pg and using D' = —2P,Qy gives
(DV"Y =2(1— BPy)V. (4.21)

4.4. Growth of the ideal velocity. For the ideal system (4.20), we first estimate amplification
up to x = 1 and then control the direction ratio U/V up to the target x = xir. Let V), solve
(4.21) with V,(0) = 1 and V;(0) = A > 0. Its companion velocity component is U, = — V.
On 0 < x <1, the right side is positive while V), > 0, so integration preserves positivity and
monotonicity. Since x = /B T, this region lasts for a scaled time /2. The bounds D < 2
and 2(1 — BPy) > 1 turn this long interval of growth into quantitative amplification:

Vi(t) > 1+ %T-i— % /O.T(T —5)Vi(s)ds > cosh(T/V2).

The second inequality follows by iteration of the positive integral kernel. Consequently

Vi(x =1) > exp(bo//B). (4.22)

On this interval I = V; / V) satisfies I’ < 2 — %> and | > 0. The function L(t) = v/2 coth(v/27)
solves L' = 2 — L? and tends to +c0 as T | 0. Scalar comparison therefore gives /(1) <

V2 coth(v/27), uniformly in A, for T > 0.

Beyond x = 1 we need both a lower bound for the amplitude and an estimate for
its direction ratio U/V. A reciprocal variable sends this range to a bounded interval
and keeps the right-hand coefficient of the transformed scalar equation positive. Writing

V(x) = Vi(x/+/B), (421) becomes
(L+xH)Vy) = (2/p—2x*)V.
Set p = 1/x and f(p) = V(1/p)/p. In particular V(x) = pf(p) and Vyx = —p>f — p>f,.

Substitution yields
(1+09f), = 2/~ 207)f.



FINITE TIME BLOWUP FOR THE EULER EQUATION 41

Since f(1) > 0 and f,(1) = —V(1) — V(1) < 0, the identity

(1+phle) = 26(0) - | '/~ 29)f(s) ds

preserves f, < 0 as we integrate backwards, and hence preserves f > 0. Thus xV(x) =
f(1/x) is increasing. The direction ratio satisfies Uy /Vy = —+/B Vx/V. To express it through

f, define
_ 2
z=—Bf/f, u(p)zy/zlfﬁf, c=1-p.

Direct logarithmic differentiation gives

4 3
VB2 =12~ 2+ VB _fp4z. (4.23)

The first two terms on the right cancel at z = y. We compare z with this positive root to

obtain the direction estimate. At p =1,z = /B + I(x = 1) is uniformly bounded. Equation
(4.23) preserves z > 0 and gives a uniform upper bound. For w = z — u it becomes

\/Bwaz—(z-l-y)w-i-\/B( 4" z—],t(,).

14 p*
The bracket is bounded and z + p > ¢ > 0. Multiplication by the integrating factor therefore
gives |w| < Ce—(1-0)/\/B + C\/B. In particular, uniformly in A > 0,

2 u -1 x<1

2 A / <1
z2=—-+0 0<p<1/2), Ty = - = 4.24
14 p* (VB) (0=p<1/2) A Vi {\/B/x—z/xz, x> 1. (424)
For T > 1 these formulas bound |, | by an absolute constant. The ideal solution now has
the required growth and direction estimates. These are the inputs to Section 4.5, where we
prove the sign assertion in Claim 1 of Proposition 4.1 and obtain the propagator estimate
needed for Claim 4 of Proposition 4.1.

4.5. Stability relative to the growing solution. We transfer the ideal estimates from §4.4 to
the exact scaled components (4.16). This proves the pressure sign in Claim 1 of Proposition 4.1
and bounds the propagator for (U, V). The conversion to packet coordinates and the
normalization required by Claim 4 are completed in §4.6. In this subsection Vj is the ideal
solution with zero initial slope. In the propagator calculation, s,t denote scaled times.
A small coefficient error acts throughout an interval on which the ideal solution grows
exponentially. Measuring the propagator in units of Vy(t)/Vo(s) accounts for this growth
and leaves an error controlled by powers of ®. We need this comparison for arbitrary
transverse data to supply the assumption in §3.2 (iii). For any solution Y of (4.21), that
equation implies

(DVE(Y/W)) = 0. (4.25)
Applying this identity to V), whose initial value is 1 and initial slope is A, gives
T du
Vi=W+AD, 1@ = [ g, 1)z e 426
A 0( ) ( ) 0 D(u)Vg(u)2 ( ) ( )

The last bound follows from uniformly bounded ideal coefficients on 0 < 7 < 1. Mono-
tonicity before x = 1, and monotonicity of xV} afterwards, show that Vy(s)/Vy(u) < CO for
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s < u. Its logarithmic derivative [ is uniformly bounded on the whole interval, including
T < 1 since its initial slope is zero.
For arbitrary initial data Y(s), Y’(s), integration of (4.25) from s to ¢ gives

_ V() e rrven [ RS/ Yow)?
= o) [YO FPEOE) ~lo(@)¥(s) [ S| @27)

s
The integral is at most C@% and D(s) < CO*. After extracting the same factor Vy(t)/Vy(s),
differentiation adds a bounded multiple of the bracket and the term

D() ) (s)
b =hEve) (15 )

whose size is at most CO®(|Y(s)| + |Y’(s)]). Since (U, V) = (=Y, Y) for the ideal system, its
two-component propagator @y satisfies
|y (t,5)]| < COPVy(t)/Vip(s).

Let @ be the exact propagator, and let AA be the difference between the exact and ideal
coefficient matrices, so that [|AA|| < Ce.®'2. Define ®(t,s) = Vy(s)®(t,s)/Vo(t), and define
®, similarly. Duhamel’s formula becomes

Y (t)

D(t,s) = Py(t,s) + /t Do (t, u)AA(u)D(u,s) du.

In the supremum norm over scaled times s < t, its integral operator has norm at most
Ce. @312+l = Ce,®?! < 1. Summing the iterated Duhamel terms gives ||®(t,s)| <
2CO8Vy(t)/Vo(s). For the primary data, including their neighbor error, it also gives

U —Up| + |V = V)| < Ce®@(1+A) V(). (4.28)

Indeed, (U — U,,V — V))T solves the exact system with forcing AA(U,, V)" and initial
error of size Ce,. The ideal propagator bound gives |(U,, Vy)| < C@%(1 + A)V,. Thus the
initial error contributes Ce.®%Vj; Duhamel’s formula bounds the forcing contribution by

Ce*®12+8+8+1(1 + /\)VO
For T > 1, (4.26) gives V) > ¢(1+ A)Vp. Hence
V>0, V/Vi\=1+0(.0%), r:=U/V=r)+0(.0%).

Withws = W/V = —(Pr+Q)/N, it follows that w3 = —Pyr) — Qg + O(e.®3!), and therefore

J/V =Py + B+ Qory + O(e.0%). (4.29)
The leading expression is at least f for x < 1 because Qory, > 0. For x > 1 it equals
x> — B+24/Bz/x > 0. Condition (4.5), together with < x3,, makes the error smaller than
half these lower bounds. Since m - Mv = spa], this proves (4.9). Together with the activation

construction, this completes Claim 1 of Proposition 4.1. The relative error estimates also give
the component bounds used in the target comparisons below.

4.6. The next frame and the size comparisons. Claim 1 of Proposition 4.1 is proved, and
a bound for the scaled velocity propagator is available. We now prove the frame and
size conclusions in Claims 2 and 3, then convert that propagator bound and apply the
normalization to finish Claim 4. The calculations use r = U/V and w3 = W/V from §4.5,
together with the bound for J/V in (4.29).
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Frame transfer and compression. At the target, normalizing m and v removes their am-
plitudes from a; and B;. This reduces the transfer calculation to the component estimates
above. With E, = 1+ ¢2(r2 + w3) and T = M(v/V)/a, the definitions of ps, g, give
a _ J/V By [(P,eQ,N) x (er,1,ews)] - T
o VDiE' (J/V)VE
The preceding estimates 1mp1y T, = 1+0(e.0?), T, = B+ 0(e.0?), and €T, = r) +
O(e.®3). The cross product is (—N + €2Qws, e(Nr — ng,), — &2Qr). Its leading dot
product is consequently

—1+ BPy+ (14 P2)ri + PoQory = —1+ (1 + p*)z% + Bp* — 21/Bzp°
=1+0(/B), p=1/x<1/2.
The first equality follows by inserting Py = x%, Qo = —2,/Bx, and ry = \/B/x — z/x%; the
Bx? and /Bxz terms cancel. The accumulated error in this numerator is at most Ce,®,
using |P| < C@?, |Q| < CO, |w;|] < CO? and & < Ce,. Also
J/V =x*—B+2y/Bz/x+0(e.0%), D, =1+x*+0(e.0"), E,=1+0(20%).
Substitution in (4.30) proves (4.10). The compression is calculated directly from the shear:
heQP
D,
At the target, (4.18) gives QP < —c./Bx;,, and D, < Cxi,,, while h < h, and h.e = V/ah..

Since \/B X Xpyey, this proves (4.11).
Relative sizes. We now prove Claim 3 of Proposition 4.1. For T > 1, uniformly on neighbor-

ing labels,
|m||v| < sov'1+ x4 V).

This ideal size is bounded by a fixed multiple of its target value: V) increases up to x =1,
and afterwards x2V) = xf(1/x) increases. The logarithmic derivative of the latter with
respect to T is \/,E /x + z/x2, which is bounded; the allowed extra interval after the target
changes size by a fixed factor. On the history interval |m||v| < K¢, and for T < 1 it is at most
K;©%™°. In contrast,

(4.30)

p2- Mp2 = + O(G« + Ex).

V/\(x = xtar) > VA(X = 1)/xtar > xt;%ebo/\/ﬁ'

These inequalities prove (4.12).
Propagator and normalization. To finish Claim 4 of Proposition 4.1, we convert the prop-
agator bound to the packet coordinates and apply the target normalization. Returning to
physical times s, t, choose g(t) = Vj(a(t —ty)/¢€). Write T = a(s — to) /e and 7, = a(t — to)/e.
Since I is increasing, (4.26) implies

Vo(w) _ Va(m) _ g(t)

Vo() = Valw)  g(s)
The packet coefficient vector corresponding to (U, V) is

PU + QVn)

—~N ")

The inverse map first forms A = FR a, and then takes (U,V) = (e 'p- A,q- A). The
bounds on P, Q, N and F*! therefore show that changing coordinates at the two endpoints

a, =RITF! <£Up—|—Vq—£
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costs at most K{e~!@°. Here P again denotes the packet data bound in Claim 4 of Proposi-
tion 4.1. The propagator estimate therefore has the required form P°g(t)/g(s), even before
T = 1. The target lower bound and (4.13) give a < Pfe by Write Tiar = Xiar/ \/B The
preceding monotonicity and size estimates give

sup g < Cxtarv/\(Ttar)/ Atar > €50 \/ 1+ xélarv/\(Ttar)-

[t0,S]

In (4.13), these common amplitude factors cancel. Using s, ' < K¢ gives supag < P°. This
completes the proof of Proposition 4.1. U

5. CHOOSING THE SCALES AND ITERATING THE CONSTRUCTION

We have proved two conditional construction results. Proposition 3.1 turns a prescribed
growing wave into an exact Euler perturbation, and Proposition 4.1 supplies such a wave
and the next frame under the geometric hypotheses in §4.1. It remains to choose the scales
so that these hypotheses hold at every stage. In this section we make those choices and
construct the exact solutions U/ in (2.1), starting from a smooth base flow.

Repeating the amplification requires each new shear to dominate its predecessor before the
parent’s existence interval ends. Meanwhile, the changes to the initial datum must remain
summable in every fixed Sobolev norm. The exponential separation between initial and
target sizes in (4.12) allows the scales to meet these demands while retaining the pressure,
initial gradient, and particle-map bounds needed for another step. In §6, we will then pass
from these distinct solutions to a limiting initial datum and prove that its solution breaks
down.

For each approximating exact solution Ut with pressure p;, write M; = VU! and H; =
V2p;. Norms of these fields are taken over physical space and the time interval under
discussion.

5.1. A smooth starting flow and local existence. We construct a base solution Up whose
central gradient givesa =1 and B = x,; 2 in the geometric parameters (4.4). Localizing the
vector potential of a linear velocity field gives a compactly supported, divergence-free datum
with the required gradient near the origin.

Fix an oriented orthonormal basis (p,q,1), with n = p x q. A large number xy will be
fixed last. Define the trace-free linear map

Lpg=p—+ xazn, Lgp = Lgn = 0.

Choose a fixed even, compactly supported Gevrey cutoff xp, with xg = 1 near the origin, as
in §3.1, and set

upo(a) = curl (—;XB(LZ) a x LBa> . (5.1)

Since curl(a x Lga) = —3Lpa, this is a divergence-free, odd field equal to Lga near zero. Its
support and all its factorial Sobolev bounds are uniform for xy > 1.

We record the local theory used both here and at the end of the proof. For smooth
divergence-free data, the projected Euler equation has a unique smooth solution on an
interval whose length is bounded below in terms of the initial H> norm. Its energy estimates
are

d
gl < Cul Vu(®) | l[u()l[gm,  m =3, meN. (52)
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For completeness, apply a Fourier projection to || < N to the projected equation. This
gives a locally Lipschitz ordinary differential equation on the band-limited subspace of H™,
with initial datum uy(0) = IIyug. Orthogonality of the projection preserves the transport
cancellation. For a commutator product with derivative orders j and m — j 41, interpolate
between Vu € L® and V"u € L2, using

V70 21y < Conl| Va1 01 g U7 ),

The endpoint j = 1 has exponent co. The two interpolation powers add to one. The
same calculation at each lower differentiated order, together with conservation of the
undifferentiated energy, proves (5.2). The embedding H*(IR?) — C}(IR?®) gives a common
interval for all truncations; (5.2) then bounds every higher norm there. Their residual in the
untruncated equation satisfies

HTNHL? < CNf(mfl)HuN . VMNHqu.

The L? difference energy therefore gives convergence in C;L2. Interpolation with the uniform
higher bounds gives convergence in every fixed Sobolev order for smooth data. Passing to
the projected equation constructs the solution and its continuous time derivatives. The same
difference estimate proves uniqueness. The pressure gradient is the ordinary L? gradient
projection of —u - Vu.

Let Up be the solution with initial datum (5.1), and write Xp for its particle map. The
velocity Up has uniform factorial bounds on a fixed short interval. To see this, letp = p(t) > 0
be a time-dependent radius, with p(0) below a uniform Gevrey radius of up, and put

_ o I _ rp I _
r>0 I[=r r>0 I[=r

The factorial product estimates and the preceding transport cancellation give, at each finite

truncation of these sums,

!/
2 P CXp
X}, < CX2 + (p - p) Y,.

The initial value X,(0) is uniformly finite. Choose p’ < 0 with sufficiently large fixed
absolute value. On a sufficiently short uniform interval, the coefficient of Y, is nonpositive,
X, stays bounded, and p stays positive. At a smaller radius, the projected equation bounds
Upg, and the material acceleration. Applying the flow composition argument based on (3.56)
gives the same kind of factorial bounds for Xz —id, Xp,, and Xp 4, with a fixed constant Kj,.
In particular the velocity gradient Mp and pressure Hessian Hp are uniformly bounded. Fix
Kg with
Amax(HB(t/ x)) < KB

on this interval. The later choice of time widths will place every construction inside this
uniform base interval.

5.2. The scales and their order of choice. We now specify the sizes of the packets to be
constructed, then choose constants that make these sizes compatible with Propositions 3.1
and 4.1. We index the base flow as U/~2 = Up. The first packet produces U/~! with its
prescribed shear already present at time zero. For each j > ], an amplification stage produces
U/ from U/~1; we call these the normal stages. The integer | determines where this indexing
starts and will be chosen below.

At a normal stage j > |, h; is the prescribed central shear size at the target, k; is the
frequency in the scaled label y, and /; is the physical label scale of the packet support. The
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parameter J; sets the peak derivative f, gj (0)=20 ]-_1 of the angular profile. The number x; is

the dimensionless target used in Proposition 4.1; the next stage uses it as Xprev. The following
formulas define these sequences in terms of four constants |, Dy, Dy, xo, whose values we
choose in the order described below. The first line starts the geometric recursion at x;_; = xo.
The next two lines prescribe the first packet, and the last two prescribe the normal stages:

Xj_1 = Xo, Xj = ]'ij—1 G=>1),

hoa=x0° k= xp%,
r=tfi=x",  Ga=x Y, (5.3)
1 Xj—1 Xj-1 )
Ogh]: ]T, logk]:]T,

_ Xj—1 _ Xj—1 .
logéjlz;—s, logﬁjlzj;T (G=D-

Here r is the radius of the fixed ball in which we allow large negative eigenvalues of
the initial symmetric velocity gradient. It equals the first packet’s support scale; all later
oscillatory initial supports will lie in this ball. Real frequencies k; are admissible because the
periodic angle profile is restricted to a graph on R3; spatial periodicity is not imposed.
Bounds needed to apply the geometric proposition again. We will maintain

| M| < Cathi, |Hillte < Cuhihiqa (i >]—1), hj—, =1. (5.4)

These are the gradient and pressure-Hessian bounds required in (4.6) for the next amplifica-
tion stage. To fix their constants, first choose Cy; larger than the base-flow bounds and the
absolute constant C in |m||v|/Agr < C from Claim 3 of Proposition 4.1. After the normaliza-
tion (4.13), this ratio bounds the new leading gradient by a constant times #;. Choose Cy
sufficiently larger than Cy times that constant and the base Hessian bound: the pressure
increment in (3.14) has one additional factor of the parent gradient, of size Cph;_1. The scale
separation verified below allows these bounds also to include the preceding solution and the
packet remainders.

With Cy, Cy fixed, fix Cp in 0 < A < Coh,I. Here A maps the terminal displacement of
a stationary path to the transverse part of its terminal derivative, as defined in §4.2. Then
choose { as in that proof, so that ||B|| < Ch., together with B, < 0, permits the activation
velocity v, < 0 < v,. Thus  specifies how small the older gradient and inherited error must
be relative to the parent shear. The geometric smallness thresholds may depend on Cys, Cy;
once those thresholds hold, the constant C in the size ratio above is absolute. This permits
the stated order of choices.
Bounds needed for the packet inverses. The packet coercivity condition (3.11) uses an
upper bound for the pressure Hessian and lower bounds for the initial symmetric gradient,
separately inside and outside |x| < r. We will maintain

M;(0,x) + M;(0,x)T o =B x| <,
2 | =B, |x|>r.

)\max<Hi(t/ X)) < KB + 1/ (55)
The base Hessian satisfies Amax(Hp) < Kp, so the added 1 allows a total positive pressure-
Hessian increase of less than 1 from all packets. Choose B, one larger than a uniform bound
for ||Vup|r~; this similarly leaves room for the summed initial changes outside the ball.
Inside it, the first packet has shear size h;_1, so set

B.=Cumhj-14+2, ~ L=CB.+1. (5.6)
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Here C; is the constant in (3.11), and L is the coefficient of the displacement boundary term
in the mean inverse. This choice gives L > C;B.. The remaining coercivity inequality will
follow from the short time interval and the small volume r* of the region with the larger
bound B,; it is verified in §5.5. Since hj_; = x(l)) ° these formulas define B, and L as functions
of the still unchosen scale x(. Their polynomial growth in xp will be included in the packet
size estimates.
The exponent required by the packet proposition. The input exponent ¢j in §3.2 controls
the derivative bounds for F, F~1, F;, F;;, M, H, the lower bounds for K, G, Kg, D,,, and the
derivative bounds for their inverses, as well as the time, scale, propagator, and amplitude
bounds. When these quantities are obtained from the parent particle map and Proposition 4.1,
their bounds involve finitely many fixed powers of the packet size parameter P. Choose ¢
larger than all those exponents. The packet proposition then supplies a fixed finite Q = Q(cp)
for (3.12). Also fix & = 10~° from that condition and C, = 10(s + 2) from (3.16). The latter
means that a packet built at frequency k; 1 provides the parent particle-map bound K}, = kf_*l
at the next stage. Neither ¢y nor Q will change when we choose | or x.
Choosing the four constants in the scale formulas. We can now choose Dy, Dy, |, xo in (5.3).
Set

Dy = 1000.

209 and radius r = x; 1000 The base time interval in (5.7)

This gives the first shear h;_1 = x;

has length 6] 2x87D0/ 2, which therefore tends to zero. The first geometric error also decays:

its factor é@°®! is at most C(]J )xézz*DO/ 2, as checked in §5.5. Choose Dy sufficiently large

compared with (Dg 4+ 20)Q/¢ and 1000. Here and below, P; denotes the size parameter P
in the application of the packet proposition that constructs U*. For the first packet, the size

parameter satisfies Pj_1 < C (] )xé) °+20, as verified in §5.5. Once x is sufficiently large, this

choice makes kj_1 = x(? ¥ large enough for P]% 1 < kl;f 1100 and makes its k]:ll/ 4

small for the first amplification stage.
Next choose | large enough for the normal-stage formulas to satisfy three requirements.
The calculations in §5.5 verify them uniformly for j > ] once xy is sufficiently large:

error sufficiently

1. The new frequency must dominate the packet input bounds: P]-Q < k;?/ 100 For this, take J
sufficiently large compared with Q/#¢ and C.Q/%. The second comparison accounts for
the inherited particle-map bound kjcjl.

2. The parent coefficients must vary little across the new packet support. Their contribution
to (4.5) is /;Kj, /e. For every exponent ¢ occurring there, take | sufficiently large compared
with (cC.)2. The exponent j~7/2 in log Ej’l then makes this spatial scale small enough to
offset the factor Kj inherited from the preceding frequency.

3. The exponential reduction before amplification must outweigh the factor Kj®“ ¢ in (4.12).
Take | sufficiently large compared with its fixed exponents divided by b, the constant
in e7%-1. This makes the pressure and initial-gradient changes before amplification
summable, even after multiplying by the shear sizes h;h; 1, as shown in (5.15).

Increasing | by a fixed factor to meet these requirements is allowed. Finally choose x
sufficiently large, depending on all the constants now fixed. This makes the time interval
lie inside the base solution’s existence interval, gives the required small total pressure and
initial changes, and ensures all the scale comparisons in §5.5. Evaluate B, L from (5.6) at this
chosen x(. Their values do not require any new choice of cy, Q, Dy, or J: their dependence
on xo was already included in the polynomial size bounds used above.
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5.3. The time intervals. The scale sequences have now been fixed. The physical target times
also depend on the parent gradients, so they are determined as we construct the solutions.
The first packet over the base flow prepares the parent for stage J. For j > |, the time ¢; 1 is
the activation time, ¢; is the new packet’s target time, and S; is the horizon retained for the
next stage. The first amplification stage j = | has activation time zero; all stages j > | have a
positive history interval. Define the available time widths by

_ 3xi%ia
] /hjfl ’
Set U/72 = Uj, ti-1 = 0, and Sj_1 = Spase. We first construct U/~1 on this interval.
Subsequently U/ will be constructed on [0, Si|, where its predecessor exists at least until
Sj—l =tj1 —|—2V\7j.
At stage j > |, compute a, B after U/~! and its shear frame have been constructed. Use
the older gradient B(t) = M;_»(t,0) in (4.4) at to = t;_1, with i, = hj_q, Xprey = Xxj_1, and
Xtar = Xj. The target time and retained horizon are then defined recursively by

Spase = 2W) = 6]2xP0/2, (5.7)

X
t=ti1+——=—,  Sj=t+2Wj1. 5.8
j j—1 ,Bﬂhjfl j ] j+1 (5.8)
As long as g, ﬁsz_l € [1/2,2], this gives
Mgy, <2 59)
6 = T1="3

5.4. The estimates maintained at each stage. At stage j > ], the packet is built over U/~!,
whose primary shear is measured relative to the older solution U/~2. Both solutions therefore
enter the induction hypothesis, which consists of the following bounds.

(i) Parent shear and frame. The parent U/~! and older solution U/~2 are smooth, odd,
exact Euler solutions on the common interval [0,S;_1]. At the origin on [t;_1,5; 1],

the parent has the form (4.3), with older field B = M;_,, error |E| < k;_ll/ * and
h(t;—1) = hj_1. The normalized frame evolves according to (4.2).

(ii) Activation conditions. At activation, 4, 5’5]2—1 € [1/2,2]. For j > ], the activation
inequalities (4.7) also hold. The first stage j = | instead uses the zero-time prescription
in Proposition 4.1.

(iii) Gradient and pressure bounds. The constructed solutions satisfy the low bounds
(5.4) and the one-sided Hessian and initial gradient bounds (5.5) on their respective
intervals. The base solution U’/~2 = Up has the uniform bounds established above. For
j > ], the parent’s bounds on [0, t;_], together with if]-__l1 < hj_1, give (4.6).

(iv) Particle-map bounds. For i € {j —2,j — 1} with i > ] — 1, the particle map of U’
satisfies (3.16) with k = k;, restricted to [0,5;_1]. For i = ] —2, use the uniform

base-map bound from Section 5.1. In the current packet hypotheses we take Kj, = kf_*l,
and at positive-history stages require t].’_ll <Kj.
The first-packet construction below establishes this state for j = J. The inductive step
constructs U/ on [0, S;] and establishes the same state for j + 1. We first check the scale
inequalities used in both steps.
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5.5. Verifying the scale requirements. As the parent shear grows, its coefficient bounds also
grow. The packet construction remains applicable provided the new frequency dominates
them in the sense of (3.12). Expressing those bounds in terms of the chosen scales makes
this condition explicit.

Packet smallness. At a normal stage, let P; be a sufficiently large fixed constant plus fixed
multiples of

kS

-1 5;1/ (5;1/ h]/ hj—ll h]*ll 771/ Sil

base’

Xj, x]'_l. (510)

The first entry is the physical parent bound K;. We may take ® = C(1 + x;x;_1), and
el <Cy/ hj_1 < Chj_y. For j > ], the recursion for x; gives the exact identities

log k i1 log i1 (5.11)
1= 7 -1 = 7o o .
SRR VR G-y
Consequently, for a fixed C’ also covering the first-stage power Dy,
log P; 2 (log x;j_ "1 '1
OgJSC 1+%+](ogx]1+c og xo + C'log J) ‘ (5.12)
IOg k] ] ] x]‘,1

Choose ] and then xj so that the right side is less than ¢/(100Q). Thus PjQ < k;?/ 100 at every

stage. The same ratio tends to zero as j — co. Uniformity follows directly from x; = j>x;_1:

for each fixed A, the quantities j* log xj—1/xj-1 decrease at least geometrically once | and xo
are sufficiently large. At the first packet stage the parent bound is fixed, and we may take

P <C(J )xé) 0420 without including kj_1; the choice of Dy proves the required smallness
there. Thus the packet condition (3.12) holds at the seed and every normal stage.
Compatible time intervals. The widths satisfy
Wit
W

For j > ], the logarithm of the square-root factor is

2. hj—1
=P+ 5
]

_ X j—1 X ji—1
2 a1
For j = ] the second term is instead (Dy/2) log x¢. In both cases the negative term dominates

all logarithmic factors. In particular, the horizons nest, S; < S;_1, and the extra scaled time
after target satisfies

2y/ahj_1 Wiz < @7, (5.13)

Also t] > Spase/12. At positive-history stages, to = t;_1 > t, so t; 1< 125ga1Se <hj1 <K;.
For the first packet, S = Spaee; for each normal stage, S = S; > t}, so sl < 125galse. For
normal stages, these bounds are covered by the Sgalse entry in (5.10).

Geometric stability and shear separation. The error in (4.5) has three contributions: variation
of the older field, the inherited packet error, and variation across the new packet support.
Take

E, = k]»__11/4, G,=1+ ]/ljfz.

For B(t) = M;_(t,0), the older Euler solution satisfies B = —B* — H;_5(t,0). The bounds
(5.4) therefore give ||B|| < CG, and ||B|| < CG?; when j = ], use the uniform base bounds
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instead. Atj =], wehave G, =2,¢ < Cxa500, and © < C]ZX%. Therefore
e@°1G2 < x; 10
The preceding packet error has arbitrarily strong polynomial decay by the choice of Dy, and

the variation across packet labels, represented by (K /¢ in (4.5), includes exp(—xo/]7/?),
which decays faster than every fixed inverse power of xy. Atj = |+ 1, the older size is

G. =1+ xéjo, while loge = —x0/(2J°) + O(1). At subsequent stages,
Xi 1 2x‘,1
log(eG?) < ——1— )~
B = -1 T -1 -2
PR & e
o517
Thus ¢G? decays faster than every fixed inverse power of ® and x;_1. The contribution from
variation across packet labels has logarithm at most

-+C

x]-,l CC*X]',l ij;l

G- G-
Our choice of | makes this at most —x; 1/ (2j7/2). Finally, the preceding frequency error has

-+C.

logarithm —x;_1/(4(j — 1)*). These comparisons prove (4.5), with any fixed enlargement
of its constants. The additional requirements B < By and x¢r > 2 hold because f < 2x].__21

and x; > J2xo. The same scale comparisons give the following three inequalities. They allow
the new bounds to absorb the preceding gradient and Hessian bounds, preserve the strict
quadratic-form inequality (4.7) at the next activation, and keep the oscillatory initial support

inside |x| < r, respectively:
Vhi-
>, Y641, i<, (5.14)
Xj-1%j
including the first and second normal stages.
Summable pressure and history costs. To preserve the upper Hessian and initial gradient
bounds (5.5), we sum the increments in Claim 1 of Proposition 3.1. Throughout the history

interval, and after activation while 0 < T < 1, the size ratio (4.12), the normalization (4.13),
and the parent bound (5.4) bound both leading increments by

bj = Ch]‘]’l]',lK;Cl®C€_C€_bxj’l. (515)

For j > ], the logarithm of the prefactor Ch;h;_1K;® ¢ is bounded by C(c,C.)xj_1/(j —

1)* + Clog(x;hj—1). Increasing | and then xq gives b; < e~ %i-1/2; the first normal stage j = |
obeys the same conclusion with a possibly smaller fixed exponent.

On 7 > 1, the sign (4.9) and the lower bound f; > —C in (3.4) control the positive part of

the pressure-Hessian increment (3.14). The normalization (4.13) and the size comparison in
Claim 3 of Proposition 4.1 bound this cost by Cé;hjh;_1. The scales (5.3) give

The remaining errors are the k]._l/ % remainders in (3.13) and (3.14). The sums of bj, Sihihj_1,

and k;l/ 4, together with the sums of x;fl for every fixed ¢ > 0 used below, can be made as
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small as prescribed by choosing xg last. Indeed each positive exponent xj_q/j% in these decay
estimates grows at least geometrically after ]. The seed cost is also small: §;_1/j_1 = x5 '°.
Coercivity. Finally, Spase — 0 and /j_17°Spase — 0. Hence, with a strict margin,
(KB + 1)52
2
This verifies the time and initial-data part of (3.11). None of these comparisons requires an

inequality of the form el < k;.

+ B,S + GBS < % (0 < S < Spase)- (5.17)

5.6. The first packet. We construct U/~! over U/~? = Ujp. This seed packet supplies the
parent shear and frame required by Section 5.4 for the first amplification stage j = J. Apply
Proposition 3.1 over Up on [0, Spase] with

= gjfl, k= kjfl, 0= 5],1, Mo = p, ZJ(O) =4, &= (5],1}1],1, L=0.

For this application the base initial bound holds everywhere, so we use the coercivity
condition with B, = 0. The homogeneous propagator is bounded on this short interval, and
we may take ¢ = 1. For sufficiently large xo, the packet support |a| < ¢;_1/2 lies where
xB = 1,0 Mg(0,a) = Lp there. Since m(0) = p and v(0) = g, m - Mpv = p - Lpg = 1 initially.
Along a base particle, Mg = —M% — Hp; the base bounds and the ray and velocity equations
therefore give

1
m - Mgo > 5 on [0, Spase-

The packet hypotheses hold, and we obtain a smooth odd solution U/~!. The output
expansions yield
[IMj-1lle < Cpmhj-1,  [[Hj-1lleo < Crihy-1.

Because the leading Hessian increment is a negative multiple of m ® m where f; > 0, and
f§ > —C everywhere, its upper-eigenvalue cost is at most

Cojahy 1+ k%
At time zero, the mean coefficients B,(0) and the forced oscillatory coefficients A,(0), C,(0)
with p > 2 vanish. By Claim 3 of Proposition 3.1, the remaining primary oscillation and its
curl correction are supported in |x| < £;_1/2 = r/2. Thus the initial exterior bound outside
|x| < ris unchanged; inside that ball, B. = Cathj_1 + 2 leaves a strict margin.

At the fixed origin, the packet expansion gives
- ajm(t)||o(t
My = Mo+ HOaOPOT + (), EOI <k ne) = SR

The normalized ray and velocity form the orthonormal pair p(f),q(t), and h(0) = hj_;. Their
equations give h'/h = —(Mp)pp — (Mp)gq. For the next construction, stage j = J, U/ is
the parent and M is the older gradient. At its activation time t;_; = 0, the prescribed base
matrix gives exactly

a=1, B=x°2
There is no positive-history endpoint condition at stage j = |, since its activation time is
tj—1 = 0. The physical flow bound (3.16) supplies Kj, = k?j1 for the next packet. Together
with the base-flow bounds, these estimates establish the state in Section 5.4 for j = J.
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5.7. The inductive step. Assume the bounds in Section 5.4 at stage j > J. We construct U/
on [0, S;] with central target gradient

Mi(t;,0) = M;_1(t;,0) + hjgapg + O(k; /%),
where py = m(t;,0)/|m(t;,0)| and g2 = v(t;,0)/|v(t;,0)| are the new frame in Claim 2 of
Proposition 4.1. The normalization (4.13) and Claim 1 of Proposition 3.1 give this gradient.
We then verify the bounds of Section 5.4 for j + 1: the summed costs from §5.5 preserve (5.5),
the estimates (4.10) and (4.11) give the next activation parameters, and (3.16) controls the
new particle map.
Constructing U/ from U/~!. We apply the packet construction to U/~!, whose leading shear
is measured relative to U/~2. Write B(t) = M, _5(t,0). The origin is fixed by oddness. The
gradient equation there gives

B=-B*-H;, |B|<CG, [B|<CG, G.,=1+hj,.

For j = ], these bounds follow from the uniform base estimates. Set ty = ti-1, define t, Sj
by (5.8), and restrict /! to [0, Sj]. Apply Proposition 4.1 with h, = hj_1, Xprey = xj_1, and
Xtar = Xj. Its hypotheses follow from Section 5.4 and the estimates in §5.5. This supplies the
ray m and transverse velocity v: for j > | their activation data satisfy (4.8), while for j = | we
use v(0) = g. Choose the amplitude so that the leading gradient increment at ¢; has size h;:

= G

i I

Use /j, kj, 6; and the boundary parameter L = C1B; + 1 in the packet construction. Let X be
the particle map of U/~! and write F(t,y) = D, X(t, {;y), as in (3.5). The bound (3.16), with
Ky, = k].cjl, controls the derivatives of X. Using F~! = cof(F)T and (3.2) gives the coefficient

and inverse multiplier bounds in §3.2 (i), with growth constants that are fixed powers of
Kj,. Coercivity follows from (5.17) and the choice of L. Claim 4 of Proposition 4.1 supplies
a positive function g, with g(tp) = 1, for which the solution map from a, (s) to a (t) in
A = FRa, has norm at most P]-Cg(t)/g(s), uniformly for [y| < 1/2and tp <s <t < Si,
and SUP(, 5] %i8 < Pi. It also gives

(5.18)

o < P;eibxf‘l.
Together with the packet smallness condition verified in §5.5, these bounds verify the
hypotheses of Proposition 3.1. Applying that proposition constructs an exact smooth odd
Euler solution U’ on [0, Si], with particle-map bound (3.16) at frequency k;.
Preserving the global and initial bounds. We next verify (5.4) and (5.5). On the packet
support for T > 1, Claim 3 of Proposition 4.1 and (5.18) give a;|m||v| < Cé;h;. Insert this
bound, |f; | < Co: ', and ||[Mj_1||e < Cahj—1 into (3.13) and (3.14) to obtain

1M} = Mjleo < Chy+k; %,
IH; = Hj 1]l < CCihjhj 1 +K; /%

In (3.14), the matrix m @ m/|m|? is positive semidefinite. Since x; > 0 and 1 - M; 10 >0,
the leading Hessian increment is negative semidefinite wherever f g/_ > 0. Where f, 5]- <0, the
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bound f; > —C gives
]

Amax(H;) < Amax(Hj-1) + CCuéjhihj—1 +k; V%,

For labels with x1(y) = 0, both leading increments vanish, while their remainders retain
the global bound k]-_l/ %. Throughout the history interval, and after activation while 0 <

T < 1, both absolute increments are bounded by C(1 + C M)bj + kj_l/ 4, By §5.5, the sum of

CCpmdihihi 1, C(1 4 Cpp)b;, and k;l/ 4 overi > J, together with the seed Hessian increment,
is less than 1. Adding these upper bounds to Amax(Hp) < Kp gives

Amax(H]') < KB + 1.

The triangle inequality, the preceding bounds for M; 1, H; 1, and these increment estimates
give (5.4), by the choices of Cy;, Cy and h]- > hjz.fl. At time zero, the same estimates give
[M;(0) — M;—1(0)][c < C(1+Cpm)b;+ k]-_l/4 for every j > J, including j = ], for which
to = T = 0. The sum is smaller than the margins left in the exterior and core initial gradient
bounds (5.5), so those bounds persist with a strict margin. These statements use the exact
pressure expansion (3.14); no spatial locality of the pressure is assumed.

Transferring the primary frame and activation conditions. For t € [t;, S;], write m(t) =
m(t,0) and v(t) = v(t,0), and define po(t) = m(t)/|m(t)| and g2(t) = v(t)/|o(t)|. Oddness
of U/~! gives X(t,0) = 0, so the physical origin has label y = 0 and phase 6 = kjmg -y = 0.
Since x1(0) =1 and fgj (0) = (5]-_1, (3.13) gives

M] = M]'_1 + h(t)C]z(f)pz(t)T + E]‘(t), |E]| S k;1/4,

h(t) = ”W”(?W n(t;) = hy.

At stage j + 1, U/ will be the parent solution and U/~! will supply the older field. The
ray and velocity equations for M; 1 imply that p,,q; satisfy (4.2) with B = M; 1, and
W/h = —(Mj-1)pp, — (Mj-1)g,q,- The parameter-transfer formula (4.10) shows that the
relative errors in successive values of a are absolutely summable: they are bounded by a

fixed multiple of
Xt Ez - Lf +¢.0%.
A

Indeed, B < 2x]-__21, xj > xj_1, and e, @% < x]-__llo bound this expression by Cx]-__41. Its sum
can be made arbitrarily small by the final choice of xo, as in §5.5. Starting from a = 1, the
product of the successive ratios dnew/a therefore stays in [1/2,2]. The other transfer estimate
gives directly ﬁnewx]z € [1/2,2]; these errors need not be multiplied across stages.

To verify (4.7) for stage j+ 1, evaluate the following quantities at t = t; and set B =
M;_1(t;,0) + E;(t;). The compression estimate (4.11) and (5.14) give

c/hi_
p2- M 1py < ——YI1 4 C(G, + E.) < —1.
x]'_1X]'
Since |Ej| < k;l/ 4 < 1, this implies Bp,p, < 0, while
||Mj_1 + E]'H < CMh]‘_l +1

h] - h;

<

]
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Thus (4.7) holds at the next activation. The bounds (5.4) on [0, tj], together with iE]._1 < hj,

verify (4.6) for the next stage with tg = t;, h. = hj, and hoq = hj_1. Every part of Section 5.4
now holds with j replaced by j + 1, closing the induction.

6. THE LIMITING INITIAL DATUM AND FINITE-TIME BREAKDOWN

The preceding section constructed exact solutions U/ whose central gradients |V U/ (t;,0)]
grow without bound. These solutions have different initial data. It remains to obtain an
initial datum 1o whose solution breaks down, as required by Theorem 1.1. In this section
we complete that step. First, Section 6.1 uses the initial increment estimates to obtain
convergence in every fixed Sobolev norm. Next, Section 6.2 shows that a smooth solution
from the limiting datum persisting past the accumulation time would inherit the growing
gradients by stability. Finally, Section 6.3 proves that || Vu(t)||« is unbounded as t 1 T (up)

and that f; (o) | curl u(t) || dt = oo.

6.1. Smooth convergence at the initial time. The first packet contributes a fixed smooth
initial increment. To prove summability, it remains to estimate the normal stages. For each
j > ], split U/(0) — U/~1(0) into the oscillatory and mean increments defined in (3.60). For
every fixed integer m, apply (3.17) to these two increments. Substituting the scales (5.3) and
aj < P]?e_bxf'*l bounds the logarithms of their H" norms, respectively, by
mx;_q mx;_q
—bxj1+ ]é ]'7;2

+ Cp log P;, (6.1)

_ZX]',1 mx]-,l
]‘2 ]‘7/2

+ Cy log P;. (6.2)

Since log P; = o(logk;) = o(xj_1/j*), for sufficiently large j depending on m these bounds
are at most —bx;_1/2 and —x; 1/ j2, respectively. Both exponentials are summable. The
mean increment #mean,0 is independent of 6, so differentiating it does not produce the phase
factor kj'. This explains why the derivative contribution mx;_/ j? in (6.1) is absent from
(6.2). .

The sequence U/(0) is therefore Cauchy in every H". By Claim 3 of Proposition 3.1, the
oscillatory initial increments are supported in |a| < ¢;/2, and the mean initial increments
are supported in |a| < 2. Together with the fixed support of the base datum, these supports
lie in a fixed ball. The limit

up = lim W/(0) in every H™(RR®) (6.3)
]—00
is consequently smooth, compactly supported, odd, and divergence-free.

6.2. Non-persistence of the smooth solution. The times ¢; in (5.8) increase and are bounded
by Spase, as verified in §5.5. Consequently their accumulation time

Teo = ]lg?o t; satisfies 0 <t; < Teo < Spage- (6.4)
Let u be the maximal smooth Euler solution with initial datum uy. Local existence gives
T.(ug) > 0. Suppose, for contradiction, that T.(19) > Te. Then all Sobolev norms of u are
bounded on [0, Teo]. Compare U/ with u on [0, t;], where U exists, and write w = U/ — u. Its
equation is

dw+u-Vw+w-Vu+w-Vw+ V(p;—p) =0, divw = 0.
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Since div(u + w) = 0, each derivative word I satisfies (9'w, (u + w) - Vo'w);» = 0. The
pressure term also has zero inner product with d'w. Summing over |I| < 3, Sobolev product
estimates bound the terms containing 1 by C||u| 4 ||w||3;s, and the nonlinear terms containing
only w by C||w||3,. Thus

Y (1) < Cuy(D) +Cy(1),  y(t) = [[w(t) ], (6.5)
where C, depends on supj, | [|u[/y+ and is independent of j. While y < 1, y(f) <
y(0)e(CH+OT>  For sufficiently large j, the right side is less than 1/2, since y(0) — 0.
This excludes a first time at which y = 1, so the bound holds on all of [0, t;], proving

sup ||U/(t) — u(t)||ps — O,
0<t<t;

At tj, the leading increment /g, p] has operator norm h;. The triangle inequality and (5.4)
therefore give

|M;(£,0)|| > b — Caahyy — k; /4 — oo,

But H? — C} and the preceding convergence imply || M;(t;,0) — Vu(t;,0)|| — 0. Since Vu
is bounded on [0, T], this contradicts the lower bound. Hence

0 < T, (Llo) < Too < Sppge < 00. (66)
The maximal lifespan may end before Te; this upper bound is sufficient for finite-time

breakdown. The comparison on the intervals [0, ;] was made under the contradiction
assumption Ty (up) > Te.

6.3. Continuation criteria at the endpoint. Set T = T, (1) < co. We now prove the two
divergence assertions of Theorem 1.1: the velocity gradient satisfies lim sup,;1 || Vu(t)|[e =

oo, and the vorticity satisfies fOT || curl u(t)||co dt = oo.
Suppose, for contradiction, that B := supy, 1 [| Vu(t) ||« < 0. By (5.2),
sup [[1(8)]l < tol5e%T < M 1= ma{1, | eT}.
0<t<T
The local theory in Section 5.1 supplies a time 6y = Jo(M3z) > 0, uniform for smooth
divergence-free data of H3 norm at most M3. For each s € [0,T), let vs be the solution
starting from v;(s) = u(s) on [s,s + &p). Fix an embedding constant Cep, > 0 such that
vaHOO < CembeHH3/ and set

. [do 1
0= — .
mm{Z’ZCaCembM?)} >0

The energy inequality at order three gives

M3
t < <2M <t< o).
o0l < gy S2M (E<t<s+))
For every integer m > 3, apply (5.2) at order m to u on |0, s|, using || Vil < B, and to vs on
y ) pply g
[s,5 4 6], using ||V ¥s||eo < 2CempM3. For s < t < s+ 4, this gives
L e

Thus all higher Sobolev norms remain finite on the interval of length 4, which does not
depend on m or s. Choose s € (max{0,T —¢é/2},T). Uniqueness gives v; = u on [s,T),
while s +6 > T, so vs gives a smooth extension past T. This contradicts maximality. Since u
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is smooth on every compact subinterval of [0, T), a finite limsup of ||[Vu(t)|| at T would
make B finite. It follows that

limsup ||Vu(t) |l = oo.

tTT*(MO)

To prove the vorticity assertion, we first derive a logarithmic bound for || V||« in terms
of ||w|le and ||u| ps. Write w = curlu. The whole-space Biot-Savart identity is u =
curl(—A)~'w. Thus Vu(x) is the sum of a fixed linear function of w(x) and a principal-
value integral against w(x — z), with kernel K(z). This kernel is homogeneous of degree
—3, with smooth angular dependence and zero spherical mean. For 0 < d < 1/2, split this
integral into |z| < d, d < |z| < 2, and a smoothly cut off far region. The zero spherical mean
allows us to subtract w(x) in the inner principal-value integral. The embedding H® — C'"%,
0 <A< 1/2, gives |w(x —z) — w(x)| < C|lul|gs|z|*. Integrating against |[K(z)| < C|z|~3
yields

/|;|<dK<Z)[w<x —2) — w(x)]dz| < Ca[|ul 5.

The middle region contributes C||w||« log(2/d). On the far region, write w = curl u and
integrate by parts, moving the derivative onto the cut-off kernel. The resulting kernel belongs
to L2, so Cauchy-Schwarz bounds this contribution by C||u||2. Choose d = c(e + ||u|| ) /4,
with a fixed ¢ > 0 small enough that d < 1/2. Then d*||ul|;s < ¢* and log(2/d) <
Clog(e + ||u||3). Combining the three region estimates with the local term, and using
conservation of kinetic energy, gives

[Vitllo < C[1+ [luoll2 + [lwl[eo log(e + [[u]| )] - (6.7)

Set Z(t) = log(e + ||u(t)||z). Dividing the m = 3 case of (5.2) by e + ||u| s gives Z' <
C||Vu||eo, since ||u|| g3/ (e + ||u||gz) < 1. Applying (6.7) therefore yields

Z' < C(1+ [luoll2) + Cllwl|eZ-

If [ lw(t) || dt were finite, Gronwall’s inequality would bound Z, hence sup, _; ||u(t)]| .
The embedding H® < C! and the preceding restart argument would then extend u past T,
contradicting maximality. Therefore the datum (6.3) satisfies

T*(llo)
L o) gy = oo

The datum in (6.3), the finite lifespan in (6.6), and the two continuation conclusions above
prove Theorem 1.1.
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