FINITE TIME BLOWUP FOR NAVIER-STOKES

OPENAI

ABSTRACT. For every positive viscosity, we construct a solution of the three-dimensional
incompressible Navier-Stokes equations that starts from rest and develops unbounded velocity
in finite time while maintaining uniformly bounded kinetic energy.
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1. INTRODUCTION

We consider the three-dimensional incompressible Navier—Stokes equations. A funda-
mental question about the nature of these equations is whether a solution starting from
smooth data can develop unbounded velocity in finite time while its kinetic energy remains
bounded. We construct such a flow with zero initial velocity and a smooth force compactly
supported in space and time.

Theorem 1.1. For every v > 0 there exist a force f € CZ(IR® x (0,00);R?), a compact set K C R?,
and smooth velocity and pressure fields u, p on R x [0,1) satisfying

o+ (u-Vu—vAu+Vp=f, V-u=0, u(-,0) =0, (1.1)
such that supp u(-,t) Usupp p(-,t) C K forevery 0 < t < 1,

sup [[u(t) |l 2y < oo, lim sup [[u ()| o (r3) = 0.

0<t<1 1
Consequently, there is no smooth solution (u, P) on R3 x [0,00) with the same force and initial
datum whose kinetic energy is uniformly bounded sup,, 1 Jge lu(x, t) 2 dx < oo,

This establishes alternative (C) in the Millennium problem statement for Navier-Stokes as
stated by Fefferman in [8]. Compact support also yields the corresponding construction on
T3 = R3/Z3, establishing alternative (D) in [8]; see Corollary 10.6.
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1.1. Historical context and previous work. Incompressible and inviscid flows are described
by the classical Euler equations [7]:

D :=omu+ (u-Viu=-Vp+f, V-u=0. (1.2)

The material acceleration D;u describes the acceleration of a parcel of fluid along its trajectory,
due both to the changing flow and the parcel’s changing position. Crucially, the latter
contribution (# - V)u is nonlinear in the velocity u, creating most of the difficulty in the
analysis. The first equation in (1.2) says that this acceleration is related by Newton’s second
law to the sum of the negative pressure gradient and the external force. The second equation
tells us that the fluid is incompressible: we cannot squeeze the fluid in one direction without
simultaneously stretching it in another.

The Navier-Stokes equations [12, 15], given in (1.1), add a viscous force that resists shear
between neighbouring fluid parcels. The viscous force is linear in u. However, it significantly
changes the character of the flows by smoothing velocity gradients. Whether this smoothing
is always sufficient to prevent a finite-time singularity in three dimensions lies at the heart
of the regularity problem.

In 1934, Leray [10] constructed global finite-energy weak solutions of the three-dimensional
equations satisfying an energy inequality. Whether solutions starting from smooth data
remain smooth was left unresolved. Caffarelli, Kohn, and Nirenberg [4] proved that the
singular set of a suitable weak solution has zero one-dimensional parabolic Hausdorff
measure, a bound that allows isolated singularities. Escauriaza, Seregin, and Sverék [6]
proved regularity for the unforced Cauchy problem under a bounded scale-invariant L&°L3
norm.

Tao [16] constructed finite-time blowup for an averaged Navier-Stokes equation that
retains the energy cancellation of the original nonlinearity. For the original equations,
Buckmaster and Vicol [3] used convex integration to establish nonuniqueness among finite-
energy weak solutions. Albritton, Brué, and Colombo [1] subsequently constructed distinct
suitable Leray—-Hopf solutions with zero initial velocity and the same force, using an unstable
vortex in similarity variables. Their force lies in L} L2 and is singular at the initial time.

The methods of Lifschitz and Hameiri and of Friedlander and Vishik [11, 9] describe
the evolution of wavevectors and velocity polarizations along a background flow. Further
precedents for the wave dynamics include the generalized centrifugal-instability criterion of
Billant and Gallaire [2] and the exact viscous shearing waves of Singh and Sridhar [13]. The
use of oscillations to realize a prescribed stress is central to the Euler constructions of Daneri
and Székelyhidi [5].

2. PHYSICAL DESCRIPTION OF THE BLOWUP

We first describe the underlying physics of the flow realizing Theorem 1.1; we then provide
a full sketch of the proof in Section 3.

For any incompressible flow u and pressure p, we can always define the external force
f to be the residual in (1.1). The Navier-Stokes equations then hold by construction. The
challenge is to choose a flow that blows up while this residual remains smooth. The
individual terms in the momentum residual can diverge, but we must arrange sufficient
cancellation that their sum and all its derivatives extend smoothly through the singular time.

Specifically, we construct a vortex whose leading profile is self-similar, with radial width
decreasing faster than axial length. Its central flow combines inward spiralling with axial
outflow. As the core contracts, the azimuthal and axial velocity scales increase, strengthening
the shear in the surrounding annulus.
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FIGURE 1. The central part of the inner core at successive times t; < t, < t3 <
1. In this region, fluid spirals inward and flows axially on opposite sides of a
dividing layer close to z = 0. As the singular time approaches, the region of
intense flow shrinks and the velocity increases. Its radius shrinks faster than
its height; this difference is exaggerated in the schematic.

In the inner core, the profile equations impose the leading momentum balance. Joining
this flow to a smooth exterior whose speed decreases with radius leaves a nonzero residual
in the intervening annulus. For the background alone, the momentum residual becomes
unbounded as t 1 1, so it cannot supply the smooth force required by the theorem. We add
spatially oscillatory pulses whose nonlinear momentum fluxes cancel the singular part of
this residual. Further corrections remove the remaining singular errors, leaving a force that
extends smoothly through t = 1.

2.1. Inner core. We construct our flow so that the singularity forms at the spatial origin at
time t = 1. We use cylindrical coordinates about the vertical axis:

x = (rcosf,rsinb,z),

where r is distance from the axis, # is angle around it, and z is height. The velocity
components u,, ug, and u, describe motion toward or away from the axis, around the axis,
and along it, respectively. The leading flow u() is axisymmetric: its components depend on
r,z,t, but not on 6.

In the central part of the inner region, fluid spirals inward toward the axis and flows
upward and downward on opposite sides of a dividing layer close to z = 0 (Figure 1).
Farther above and below this central region, the inner profile also contains radial outflow.
Pressure decreases toward the axis, supplying the leading centripetal force. Its axial gradient
enters the axial momentum balance together with transport and viscosity. Near the axis, the
axial pressure force points toward the plane z = 0.

Radial inflow contributes to spin-up by carrying angular momentum toward smaller radii.
For a fluid particle experiencing no torque, the angular momentum per unit mass rug is
conserved, so moving inward increases uy. In the actual core, viscosity transports angular
momentum outwards; the increasing characteristic speed reflects the balance between inward
transport and viscous loss. Incompressibility prevents the incoming fluid from accumulating
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near the axis: the axial outflow carries it away, allowing the inward motion and spin-up to
continue.

To leading order, the core evolves self-similarly: its velocity profile has a fixed shape when
distances and velocities are measured in their respective time-dependent scales. The radial
and axial scales shrink at different rates. Writing T = 1 — t for the time remaining before the
singularity, we have

0, = 1V2, 0, =< TV/*h 0<h<1/100,

where £ is fixed and =< denotes bounds above and below by positive factors independent
of 7. Both lengths tend to zero, while ¢, //, < ™ — 0: the core becomes an increasingly
slender column concentrated at the origin, with volume of order t3/27".

The characteristic velocity magnitudes of the leading flow satisfy

0 0 —1/2— 0 -
jug | | =< TV = o).

These are typical scales across the core; in particular, the azimuthal velocity vanishes on
the axis. The flow is smooth for every t < 1, but its largest speeds become unbounded in
a shrinking neighbourhood of the origin as t T 1. The total kinetic energy of the core is of
order 71/273" which tends to zero despite the increasing speeds.

The different velocity scales give different Reynolds numbers. For a speed U, length ¥,
and viscosity v, the Reynolds number U¢/v compares the viscous diffusion time ¢2/v with
the time ¢/U for fluid motion over that distance. Using the core radius as the length scale,
the characteristic angular and radial Reynolds numbers are

ugltr _ _ el

Reg := =T " — o0, Re, := O(1),
v v

for fixed v > 0.

The angular Reynolds number grows without bound: fluid makes increasingly many
turns during a radial diffusion time. The radial Reynolds number remains bounded, so
viscosity continues to compete with radial inflow. The corresponding transport and diffusion
rates satisfy
|ur| -1 uz| _ v._ -1
0 =0(t ), 7. =T, @AT
Thus radial diffusion and transport by the radial and axial flow remain in the leading balance
as the core contracts. Axial diffusion is weaker: the ratio of axial to radial diffusion rates is

v/ 02
v/2 02

The core must also provide enough shear at its outer edge to amplify the pulses placed
there. Away from the middle plane, axial flow carries angular momentum from more rapidly
rotating layers, supporting a steep radial decrease in angular velocity. With exact reflection
symmetry, this transport would vanish at z = 0. Symmetry would also impose u(r,0,t) =0,
leaving no radial shear of the axial velocity to compensate. We therefore choose a slightly
asymmetric axial profile, with a small upward bias and nonzero velocity at z = 0. This
separates the layer where rotational amplification is weak from the layer where axial shear
vanishes. The radial shear of axial velocity then supplies the additional amplification needed
near the middle plane; farther away, the rotational mechanism already suffices.

=72 0.
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FIGURE 2. Pulse geometry and perturbation velocities. Left: At fixed height,
pulse envelopes occupy complete rings; the close-ups show radial and az-
imuthal perturbation velocities. Right: A radial-axial section, where each
localized patch is a cross-section of a complete ring; the close-ups show radial
and axial perturbation velocities. Colors distinguish the two families. The
specific pulse arrangement shown is schematic; active locations, spacing, and
aspect ratios are illustrative.

2.2. Annulus and pulses. At the edge of the core, there is an annular region where the inner
vortex joins onto an exterior flow. The background satisfies its leading momentum equations
inside the core, but this transition leaves an imbalance in the annulus. The external force
needed to sustain the background becomes unbounded as t 1 1, so it cannot serve as the
smooth external force required by the construction.

We therefore perturb the velocity so that the fluid’s own motion supplies the missing
momentum transport. Through the nonlinear advection term, the perturbation produces
additional momentum fluxes whose spatial variation acts as an internal force on the back-
ground. We require this contribution to cancel the singular part of the background residual,
leaving only a remainder that extends smoothly through t = 1. These internal forces
redistribute momentum within the fluid.

Our perturbation consists of a sequence of spatially oscillatory pulses that are localized
in radius, height, and time, but extend around a complete ring. An exponentially small
external force seeds each pulse; the background shear supplies its subsequent growth. Their
cylindrical velocity components have zero angular average, but their momentum fluxes
need not. For example, outward motion carrying an azimuthal velocity surplus and inward
motion carrying a deficit both increase outward angular momentum flux. Reversing both
velocity components leaves their product unchanged. Axial momentum is transported in the
same way. We arrange the net transport into or out of each region to supply the contribution
missing from the background’s momentum balance.

The pulses grow by extracting energy from the background shear. A simple example
illustrates how this amplification occurs. In a rotating flow, an azimuthal velocity surplus
produces outward acceleration. If angular velocity decreases sufficiently rapidly with radius,
this outward motion increases the surplus relative to the surrounding fluid. The two effects
reinforce one another, giving exponential growth when the amplification exceeds viscous
damping. In the full flow, axial shear also contributes to the amplification.

The same shear also changes the oscillation’s spatial pattern: fluid at different radii carries
it along at different speeds. We choose the pulse orientations so that this progressively
shortens the radial wavelength. The changing orientation weakens the amplification, while
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shortening the radial wavelength increases the total squared wavenumber and hence viscous
damping. We choose the initial wavelength so that amplification dominates at first, but
damping overtakes it later. The tails are sufficiently small that the cutoff errors and all their
derivatives vanish at the singularity.

We combine two families of pulses with different ratios of radial angular-momentum
flux to radial axial-momentum flux. The background profile and oscillation directions are
chosen together so that the averaged quadratic velocity products of the two families supply
both components of the required leading stress. We arrange the pulses on successively finer
spatial and temporal scales as the singularity approaches. Further corrections cancel the
remaining singular terms in the momentum residual, giving a flow whose velocity becomes
unbounded while its residual force extends smoothly through the singular time.

2.3. Exterior flow and localization. Beyond the annulus, the flow is purely azimuthal and
independent of height: fluid circles the axis, with speed decreasing as the radius increases.
Pressure supplies the centripetal acceleration, while the azimuthal velocity evolves by viscous
diffusion. We choose this outer flow to satisfy the radial heat equation for the azimuthal
velocity exactly, and call it the heat exterior. Its momentum residual vanishes, so no external
force is needed to sustain this part of the local flow.

At every fixed positive radius, the exterior velocity and pressure have smooth limits,
together with all their derivatives, as the singular time approaches. Together with the
regularity of the inner construction away from the origin, this allows us to cut off the flow
smoothly in space. The additional force produced by this cutoff remains smooth through the
singular time, while the cutoff leaves the concentrating core unchanged.

3. PROOF OUTLINE

The physical description in Section 2 leads to a precise cancellation problem. We must
construct a velocity and pressure whose momentum residual extends smoothly through the
singular time, while the velocity becomes unbounded. At viscosity one, the residual is

RZ(u,p) =0+ (u-V)u—Au+ Vp. (3.1)

The estimates must control every Cartesian space-time derivative of this residual.

First we construct the axisymmetric background (ug, pg) of Proposition 5.5, whose residual
in (5.41) is the negative divergence of an annular stress, up to a remainder vanishing to every
order at the singular point. Oscillatory velocities supply the leading stress through their
averaged quadratic products (Proposition 7.5). Successive corrections improve the decay of
the remaining residual (Proposition 9.6). We then sum and localize the fields, preserving
incompressibility and the leading velocity growth, and extend the residual to the smooth
compactly supported force in Theorem 1.1 (Propositions 10.1 and 9.9 and Lemma 10.3). All
estimates used below are proved for the viscous equations. The construction is summarized
in Figures 5 and 6.

For any v > 0, a solution at viscosity one gives a solution at viscosity v by

w5 ) = VIu/ V), put) = vp(x/VLE),  fuxt) = VI (/.

The singular time is unchanged. The equation and energy scaling are verified in (10.22)-
(10.23). We use v = 1 for the rest of this outline.
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3.1. The concentrating leading field. We encode the geometry of Section 2.1 by the fixed

velocity profiles E, U and pressure profile IT in (4.3). The similarity coordinates (X, 7) in

(3.2) resolve the different radial and axial contraction rates and express the velocity growth

as powers of a concentration scale. We first specify this representation; the next subsection

constructs profiles whose remaining momentum residual can be supplied by the pulses.
We write

t=1-t, A=3}+h D=%i-h  0<h<1/100,
with h fixed in the profile construction. In cylindrical coordinates,

x = (rcosf,rsinb,z), er = (cos0,sinf,0), ey = (—sinb,cos6,0), e, =(0,0,1).

The leading field u(®) = ugo)er + uéo)eg + ugo)ez is axisymmetric: its cylindrical components
are independent of 6. The tangential components are the azimuthal and axial components,
tangent to cylinders of constant r.

We introduce the similarity coordinates

T=q(1-7*), z=4q", X=-—-, q>0, -1<p<l (3.2)

For T > 0, eliminating 1 gives
2.2h _ 2 2hy _ 2
g—z7q" =1, dy(q—z°9g"") =1-2hy*>1—-2h>0 on|y| <1

Thus g = q(z, T) is uniquely determined, and g < T + |z|'/P, where < denotes bounds above

and below by fixed positive factors. On a fixed compact set of similarity coordinates away

from 7 = £1, we have q < 7. For bounded X, letting g | 0 approaches the singular point.

The endpoints 7 = £1, with g > 0, describe t = 1 away from that point; see Lemma 4.1.
The azimuthal and axial profiles E(X, ), U(X, 1) determine the leading fields by

W = gAE, W9 = gay,

rugo) =", p(o) = q_ZAH.

Incompressibility and regularity at the axis determine Vj:

1
;ar(rugo)) +a.ul” =0, Vo(0,77) = 0.
The leading radial pressure balance and the normalization at radial infinity give

(0)\2 0 2
o _ (g )" _ / E(x,n)?
orp — I1(X,n) . x dx.

The construction ensures that E/+/2X, U, and V;/X are smooth at X = 0, giving a smooth

Cartesian field at the axis for every t < 1. In particular, u(go) = 0 on the axis, while E(X,7) > 0
for X > 0.

We choose X, > 0 and 0 < 5. < 1 so that [0, X] X [—7¢, 7] lies in the inner region of
Theorem 4.6, and define the core at time t =1 — T by

Cr = {(rcosf,rsinf,z) : 0 < X(r,z,7) < X, |1(z,7)| <5}
Since g < T there, its radial and axial extents satisfy

1/2 G
lr

- o 1/2-h
b, <17, 0, < V2"



8 OPENAI

Both extents vanish; their ratio diverges. The constructed profiles give

~1/2—h —-1/2—h
7 7

0 0
””é )HL“’(CT) =T Hu§ )HL‘”(CT) =T

1| e e
’l’_l/z) - v —O(Th).

7

4|1y = O 0
" [l (e

The axial lower bound follows from the nonzero axis datum in Proposition B.2. For any
fixed 0 < X, < X, thecirclez =0,r = v/2X,Thasg= 1,1 =0, and
ul’) = E(X., 00t /*" — foo.

The core is a time-dependent region in space; its boundary is determined by fixed similarity
coordinates. Incompressibility preserves the volume of material regions transported by the
velocity. The radial regions are shown in Figure 3(a).

(a) The radial regions at fixed time (b) Growth followed by viscous decay
Axis Annulus B w=1 .
5 = 1
: =104 2 2
Inner ! < 3 3
' [} < ¢
profile 5 g dé E
: k=1 =) =)
£ 2, © <
S g Growth
5 ®
= S 0.5 A
4 8
®
Yoz, | :
- a E Z
T ; T 0'0 T T T 1
-2 0 2 0 3/10 172 7110 1
r\/7 (signed coordinate) Slot time v/L,

FiGURE 3. The concentrating geometry and the reference pulse. (a) A
schematic radial-axial section at fixed time: the pulse annulus lies between
the level surfaces X = X, and X = X,,. Horizontal and vertical axes use their
respective similarity scales; both physical length scales shrink. (b) A reference
amplitude P(v), normalized to one at the midpoint of a pulse interval of
length L; in v, grows and then decays. The shaded regions contain the small
cutoff tails. The spatial radii and pulse parameters shown are representative;
the proof chooses them by the estimates in the profile and pulse sections.

The leading field extends beyond the core. Outside a fixed radial intervalin X, U = V = 0,
while
E(X, ) =cX Y214+ 0(X™")) (X—0), x>0,
uniformly in 77. The exact exterior formula (4.29) gives a purely azimuthal solution of the ra-
dial heat equation for the azimuthal velocity. The final spatial localization in Proposition 10.1
gives the completed velocity a fixed compact support.
At viscosity one, the local length scales ¢, = ql/ 2 0, = qD give

Reg=q 40 =q" — 00, Re,=|u?|t, = O(1).
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The rotation rate exceeds the radial diffusion rate. In the axisymmetric tangential equations,
radial diffusion and radial and axial transport enter the leading balance at the rates

)| A1
‘, . e 1

Axial diffusion is smaller than radial diffusion by the factor ¢2/¢2 = g*", which supplies the
expansion parameter for the background corrections.

:O(q71>’ q 1‘

3.2. Construction of the background stress. We now choose the profiles E, U so that the
pulses can supply their remaining momentum transport. The resulting stress T, defined
by the radial integrals below, must vanish outside the pulse annulus and be a positive
combination of the fluxes carried by the two wave families. The profile construction in
Theorem 4.6(ii) gives this support; the admissible stress cone condition characterized in
Lemma 4.5 ensures the positive representation of Proposition 7.5.

We denote by R((,O), REO) the tangential momentum residuals of (u(?), p(?)), retaining radial
viscosity and omitting axial viscosity. We construct physical stress components T = (T,g, Tr)
satisfying

RY = —@,+2/r)Te, RY =—0,+1/r)Tp.
Regularity at the axis fixes their integration constants:

1 /7 1 /7
To(r) == [ #RP()ds, Tty == ["sRO(s)ds.

We require T to be nonzero precisely in the annulus X, < X < Xj, or /29X, <r < 1/29X},
with 0 < X,; < X;,. We make the residual zero in the inner region and in the heat exterior,

and impose
/ rzRéO) dr =0, / ngo) dr = 0.
0 0

These identities make the stress zero beyond the exterior radius as well as near the axis. The
prescribed exterior moment identities give these zero integrals (Lemma A.8). Matching the
profiles and the five radial integrals defined in (4.15) preserves the exterior fields (Lemma 4.4).

The admissible stress cone condition permits the pulse construction to select two families
with linearly independent covariance vectors vy, v, € R? at each point of the annulus. These
vectors depend on the local background and give the azimuthal and axial momentum fluxes
per unit squared amplitude. They represent the required stress as

T = c1v1 + co0y, c1,¢2 >0 where T # 0.

Thus T lies in the interior of the cone generated by vy, v,. Proposition 7.5 constructs this
representation from the admissible stress cone condition on the profiles. Figure 4 illustrates
this positive representation.

These conditions couple the inner and exterior profiles through the pressure and radial
velocity, both of which depend on cumulative radial integrals. We choose the pressure
datum, solve near the axis, and match these integrals before imposing the cone condition:

1. Exterior and axis pressure. Proposition A.4 constructs reference profiles with a purely
azimuthal tail. Their radial pressure integral (4.31) fixes I1(0,#). Replacing the tail by the
exact heat flow of Lemma A.6 changes this integral. The corrections in Proposition A.7
restore it at smaller radii, preserving the axis pressure.
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T = c1v1 + c0p

c1>0, >0

FIGURE 4. Positive representation of the target stress. The shaded cone con-
sists of nonnegative linear combinations of the covariance directions vy, v.
An interior target T = c1v1 + ¢20; has ¢q,c; > 0; the dashed lines show vector
addition. The coefficients remain positive under sufficiently small perturba-
tions of the two directions.

2. Inner solution. With this pressure datum and the specified axis data, Proposition B.2
constructs E/+/2X, U, IT analytic in X, 7 near the axis and satisfying (4.13). Their leading
tangential residual and stress vanish on X < X,.

3. Joining and moment matching. Corollary B.10 connects the inner profiles to the prescribed
outer profiles. The correction in Proposition B.8 matches the five cumulative radial
integrals governing the pressure, radial velocity, and stress. Equality of the profiles and
these integrals at the joining radius restores the prescribed exterior fields by Lemma 4.4.
The inner identity (4.13) and the exterior conclusion of Lemma A.8 give T = 0 for X < X,
and X > X.

4. Enforcing the cone condition. On a compact subinterval of the annulus, Proposition C.2
introduces a radial oscillation with phase Nlog X, where N is a large fixed integer.
Its amplitude is O(N~1); applying Xdx produces an order-one change in the radial
derivatives. This changes the leading tangential shear while changing profile values
and radial moments by only O(N~!). The shear follows a periodic curve satisfying the
admissible stress cone condition. A separate localized correction restores all five radial
integrals exactly. The inner solution and heat exterior are preserved, and the resulting
stress admits positive covariance weights throughout the annulus (Proposition C.3).

The leading profiles are now fixed. Before adding pulses, Section 5 constructs corrections
in successive powers qz”h, n=1,2,.... At each order, the previously determined coefficients
supply the source terms in the coefficient equations. This recursion accounts for the radial
momentum equation, axial viscosity, and the remaining lower-order terms. The coefficients
are summed with smooth cutoffs on their vector potentials and pressures, equal to one near
the singularity and supported in successively smaller neighborhoods. Taking curls after
multiplication preserves incompressibility. The resulting smooth axisymmetric background
(up, pp) satisfies

X (up, p) = — (9r +2/7) Tohys0€0
—(0r+1/7) 7;)hys,zez + Ep.
The stress Tpnys is supported in the annulus and has leading term T. A residual is flat as

g J 0 if every Cartesian space-time derivative is O(gN) for every N > 0, uniformly on each
bounded interval in X. The remainder £ has this property by Proposition 5.5.
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3.3. Oscillations and momentum transport. We've now arrived at a background (ug, pp)
with the required growth and leading annular stress T that the two pulse families can
realize. We next construct divergence-free pulses (Lemma 7.7) whose averaged quadratic
flux supplies T to leading order (Propositions 7.5 and 9.5). The exact increment identity
separates this cancellation from the linear pulse evolution and the interactions left for later
corrections.

For a divergence-free velocity increment w with pressure increment 7, the exact residual
identity is

K (ug +w, pg + 1) = Z(up, p) + Luy (w, 7) + V- (w @ w),
where
Lyy(w, ) :=0w+ (ug-V)w+ (w-V)ug — Aw + V.

The linear term describes the evolution of the pulses in the background; the quadratic term
provides the stress that cancels the leading part of % (up, pp).

We write Ayave for the characteristic pulse oscillation amplitude and ¢yave for its wave-
length. At fixed nonzero profile values in the pulse annulus, suppressing logarithmic factors
and weights that vanish at the support boundary, the construction gives

—-1/2—h/2 lrvave = q1/2+h/2

Awave - Ewave - h/2
q—1/2—h ql/z

Awave X g

The square of the amplitude has the required stress scale:

(0) 2
AZ - —1-h _ ‘u() | Awave - ~—3/2—h
~4q v gtz = q :

wave

The last expression is the scale of the averaged radial stress divergence, matching the leading
time derivative, transport, and radial viscosity in the tangential momentum equations.
Freezing the amplitude and phase gradient at a point gives the schematic local form

Wiead (x) = acos(&-x+¢), a-¢=0.
Here a € R? is a constant amplitude, ¢ € R3 is the wavevector, and ¢ € R is a phase. The
velocity oscillates orthogonally to its wavevector. To separate distinct localized pulses while

retaining periodic averaging, we construct an extended field w(r,0,z,t,Y) depending on an
independent auxiliary variable Y € T?. Its physical value is

w(r,0,z,t) =w(r,0,z,tY(r,t)),

where the fixed phase map Y (r,t) is defined in (6.3). The covariance is computed before this
evaluation. We use angular and auxiliary averages

1 21
F)g = — Fdf F)y := Fdy 14y = 1.
(Flow=5- [ Fdo, (Fyy:= [ Fav, [

Their composition is denoted by (F) := ((F)g)y. The averaging conventions are collected
in Equations (3.7) to (3.9). Components are taken in the cylindrical basis. Localized pulses
with distinct labels whose slow space-time supports overlap receive disjoint supports in
Y. Products between such pulses vanish pointwise, including after evaluation at Y (7, f)
(Lemma 6.1). Harmonics and corrections with the same label retain their interactions.

In the actual construction the amplitudes, phases, and cutoffs vary. We evaluate localized
vector potentials at Y (7, t) to obtain Aywave, then take the physical curl:

w:VXAwave/ V-w=0.
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All chain-rule terms from Y(r,t) are included. Differentiating the amplitudes and cutoffs
produces smaller velocity terms, retained in Lemma 7.7.

The chosen phases have nonzero integer angular frequencies, so each wave has zero
angular mean and the cosine square has angular average 1/2. The two families produce
the momentum-flux directions used to choose c1,c, > 0 above. These coefficients become
squared amplitude weights. The covariance construction, with its physical scaling and curl
corrections, gives

<<ujﬂgg>> = T + higher-order terms.
(W, W)
The higher-order terms include the curl corrections and are smaller by positive powers of
g, with derivative bounds proved in Corollary 7.8. The radial divergence of the displayed
leading covariance cancels the leading negative stress divergence of the background (Propo-
sitions 7.5 and 9.5). The extended residual still contains oscillatory terms and angular means
that depend on Y; these are evaluated at Y(r, t) in the physical equation.

The same quadratic products govern energy transfer from the background. We consider

the homogeneous linearized model

'CuB (wlin/ nlin) =0, V- Wiin = 0.
Under sufficient spatial decay, integration by parts gives

dl
E§/|whn‘2 = _Z/(wlin)i(wlin)jaj(uB)i — / | Vwyin|?.
ij°

The first term transfers energy between the background and the perturbation; the second
dissipates it. The selected transverse velocity amplitudes extract energy from the shear and
provide the two momentum-flux directions whose positive span contains T. During each
pulse, shear increases the magnitude of the radial component of the wavevector. Viscous
damping strengthens and eventually exceeds the amplification, so the pulse grows and
then decays. The temporal cutoff acts only in its exponentially small tails. The phase and
amplitude equations establish these properties in Lemmas 7.1 and 7.4; Figure 3(b) illustrates
the resulting envelope.

The correction cycle treats the remaining linear and quadratic interactions, including the
curl and cutoff errors in Z(up + w, pp + 7).

3.4. Correction and summation. The averaged wave flux is chosen to cancel the leading
stress divergence associated with T (Propositions 7.5 and 9.5). The remaining angular
harmonics, auxiliary means, and radial integral defects require separate corrections. We
treat them in a fixed cycle and recompute the full residual after each operation, as in
Proposition 9.6, so newly created terms enter the next stage.

Starting from (up + w, pp + ), we reconstruct the pressure and correct the angularly
averaged velocity and its radial integral defects. Proposition 9.5 proves that the resulting
pair (1%, pl%) satisfies the bounds required for the correction cycle. Square brackets count
these cycles; the superscript (0) continues to denote the leading field (u(9), p(©)).

At stage j, we add a divergence-free velocity increment éu; and a pressure increment dp;:

u[j+1] = u[]] —+ (Sl/l]‘, p[j+1] = p[]] + (SP]
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Concentrating axisymmetric background
Construct the prescribed blowup profile.
Theorem 4.6 and Proposition 5.5

Represent the remaining residual by an annular stress

Separate a flat remainder and write the remaining momentum residual as a stress
divergence, supported in a cylindrical annulus.

Proposition 5.5; (5.41)

Construct two wave families
Background shear amplifies the waves; viscous dissipation makes them decay:.
Lemma 7.4; (7.22)

Choose the squared amplitudes

Match the averaged radial flux of tangential momentum
to the leading annular stress.

Proposition 7.5; (7.24)—(7.26)

Add exactly divergence-free waves

Take curls. The divergence of the leading averaged flux cancels
the leading background stress divergence.

w =V X Awave
Lemma 7.7; (9.11)

F1GURE 5. Construction of the background and the first oscillatory correction.
The averaged pulse flux cancels the leading background stress divergence.
The remaining residual is corrected by the cycle in Figure 6. A flat remainder
and all curl and cutoff terms are retained.

The residual changes according to

%<u[j+1], p[i+1]) = %(um, pm) + L ((5Mj, 5p]')
+ V- (6uj ® Su;).

Here L, is the linear residual operator defined above, with background v. Thus canceling
a selected source also introduces linear remainders and quadratic interactions. The four
operations in Proposition 9.6 control these terms as follows.

1.

We solve the inhomogeneous wave-amplitude equations for the supported nonzero
angular Fourier modes. Their principal operator cancels the prescribed source. The
remaining linear terms and the interactions of the new pulses enter the next residual
(Proposition 9.1 and Lemma 9.2).

. We construct signed amplitude increments using the fixed positive leading amplitudes.

Their symmetrized cross covariance with the leading pulses supplies the prescribed
correction to the averaged stress. Interactions with earlier corrections and the quadratic
self-interaction remain as higher-order terms (Proposition 7.6, (9.13)).

. We correct the angularly averaged residual with zero auxiliary average by inverting the

fast auxiliary-time derivative (8.20). The axial increment is realized through a vector
potential in (8.14), which also supplies its radial velocity. The reconstruction remainder,
whose Cartesian space-time derivatives vanish faster than every power of g, is retained in
the residual.
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4. We solve the five radial moment equations in (8.25). Two equations preserve the zero
angular-momentum and axial-flux integrals in (9.10). Three cancel the linear contributions
to (P, Jy, J-), the radial integral defects for pressure and tangential momentum defined
in (8.12) and (8.15); their nonlinear remainders have improved decay (8.27). The radial
integral constructions keep the velocity and pressure corrections compactly supported.

Pressure is reconstructed from the updated radial equation after each operation, and its con-
tribution to the axial equation is included in the new residual. All products use the updated
fields, including the curl and cutoff corrections. The background, leading amplitudes, and
inverse operators remain fixed throughout the induction.

The parameter 0; in (9.8) measures residual decay. For Cartesian derivatives of order m,

the bound in (9.18) contains the power g"%i~Xn, where K, is independent of j, together with
logarithmic factors and the separately retained remainder. Constants and logarithmic powers
may depend on j, m. Initialization and one correction cycle give

W=5 Gn=0th =5t e
The cumulative velocity bounds (9.9), support conditions, and two preserved integrals (9.10)
persist, so the cycle can be repeated. All finite stages are defined on the common domain of
Lemma 9.7.

To sum the corrections, we apply cutoffs to their vector potentials and pressures, then take
curls; the direct axisymmetric azimuthal increments receive the same cutoffs. Each cutoff
equals one sufficiently close to ¢ = 0, and its support shrinks with the stage. The bounds in
(9.17) have a loss in the power of g that depends on derivative order but is independent of
the stage. They allow the cutoffs to be chosen so that every differentiated tail satisfies (5.35).
The sum is locally finite for 4 > 0 and defines smooth fields (ujoc, p1oc) for t < 1. Comparing
their residual with that of a fixed finite stage proves (9.20), while preserving the leading
velocity growth (Proposition 9.9).

The summation gives the required local velocity growth. To pass to the whole space, we
also need a vector-potential representation and regularity up to time one away from the
origin. Proposition 9.9 proves these properties together with flatness of the residual. In the
theorem, we write (u, p) for the local pair (ujoc, Ploc)-

We write 0297 for Cartesian space-time derivatives, where « is a spatial multi-index and
b > 0 is an integer.

Theorem 3.1. There are constants 0 < h < 1/100, g, > 0, 0 < X; < Xext < 00, and smooth fields
on
Q. ={(xt):7>0, g<gs}
with the following properties.
(i) There is a vector potential A and an axisymmetric scalar B such that

u = curl A + Bey. (3.3)

Both A and Bey are smooth in Cartesian coordinates at the axis. The field is exactly divergence-
free.

(ii) Every Cartesian space-time derivative of A, Beg, p is uniformly bounded on compact spatial
subsets with ¢ < g < ¢’ < gy, for each 0 < ¢ < c’, up to the one-sided boundary T = 0. The
resulting limits of the derivatives are compatible under spatial and time differentiation.

(iii) For every w,b, N and every finite X1,

10292% (1, p)| < Copnx,q" (0<X <Xy, ql0). (3.4)
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Compute the full remaining residual
Retain oscillatory interactions, curl and cutoff corrections, and all other error terms.
Proposition 9.3; (9.3)

Correct waves, mean flow, pressure, and radial moments
Each cycle improves the decay of the residual.
1
Oj+1 = ;T 19
Proposition 9.6; (9.8), (9.18)

Sum the corrections with shrinking cutoffs
The residual and all its derivatives vanish to every order at the singularity.
|0%07%2 (1, p)| < Capn 3,9V
Lemma 5.4 and Proposition 9.9; (3.4)

Localize and extend the residual as a smooth force
The force is smooth and compactly supported; the leading velocity blowup persists.
Lemmas 10.3 and 10.5; Theorem 1.1

FIGURE 6. Residual correction and completion, continuing Figure 5. The
correction cycle improves the residual exponent ¢; while retaining all linear
and nonlinear terms. The flatness estimate holds uniformly for 0 < X < X;
as q | 0, for each finite X;. Incompressibility is preserved throughout.

For X > Xext the residual is identically zero, and

0 2
A=0, B =K(r,1), p= —/ K(p{,)r) dp, K(r,7) = r_l_Zh%ext(T/rz). (3.5)

Here Hext is smooth on [0,00), with each fixed derivative bounded. The radial swirl heat
equation satisfied by K is

—0:K = 831( +r719,K — r K.
In this statement the second argument of K is T; when written as K(r, t) below, the same field

is evaluated at T =1 — t.
(iv) For some fixed Xin € (0, X,) and ey > 0,
g (vV2Xin7,0,0,1 = 7) =7 (g + O(7*)) (1 0). (3.6)

The entries on the left specify cylindrical position and time.
3.5. Localization and completion. Finally, using the decomposition in (3.3), we multiply the
vector potential 4, azimuthal coefficient 3, and pressure pjo. by ¢ = xxx:. Here xy is smooth
and axisymmetric with compact support K, and yx; is smooth with x; = 0 on [0,1 — 1]
for some 0 < 1) < 1/2. Both cutoffs equal one near (0,1). Since g < T + |z|'/P, we can
choose their supports so that g < g./2 wherever ¢ # 0 and t < 1. We take the curl after
multiplication and extend by zero outside the cutoff support:

u = curl(cA) + cBey, P = CPlocs
U = Cijpe + Ve x A.

The curl term and the axisymmetric azimuthal term are separately divergence-free. Cartesian
smoothness of the chosen representatives and the margin from g = g, give a smooth zero
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extension. Thus u, p have fixed spatial support in K, vanish on the stated initial time interval,
and agree with the local fields near (0,1) (Proposition 10.1).

Fort <1, weset f = Z(u,p). In f — c#(ul1oc, Ploc), differentiating the cutoffs produces
terms such as (d;c — Ac)uje and pioc V¢; the curl correction Ve x A contributes its derivatives
and advection products. The change in self-advection also contains (c? — ¢)(ujec -+ V) oc-
These additional terms are supported in the cutoff transition regions, away from a neighbor-
hood of (0,1).

Near (0,1), the cutoffs equal one, so f is the local residual. Its flatness estimate (3.4) on
X < Xext, together with the identically zero residual for larger X, gives the bound (10.9)
for every Cartesian space-time derivative. On the cutoff transition regions near time one,
Theorem 3.1(ii) bounds all derivatives of the actual potentials and pressure where g stays
positive. In the remaining region, r stays positive while g4 — 0; there A = 0, and the
heat bounds (10.8) and the normalized pressure integral in (3.5) give the derivative limits.
These estimates, the uniform flatness bound near the origin, and the fixed support K give
compatible limits uniformly on R® for every derivative of f (Lemma 10.2). Lemma 10.3
realizes these limits from ¢ > 1 with a force supported in K x [0,2]:

feCP(R®x (0,0);R®),  Z(u,p)=f (0<t<1).
The growth path in Theorem 3.1(iv) eventually lies where the cutoffs equal one. Hence the
localized velocity retains the asymptotic (3.6) and becomes unbounded as ¢t 1 1.
The concentration scales are compatible with bounded energy. The core C: has volume of
order T3/27" Tts leading kinetic energy Eore and the integral of the squared radial derivatives
of its leading velocity, Dore, have scales

- +3/2—=h—1-2h __ _1/2-3h
Ecore X T /2=hy = 7!/ ’

Deore = T3/27hT7272h — T71/273h‘

The factors are the regional volume and the squared velocity or squared radial derivative.
Since h < 1/6,

1/2-3h ©  _1/2-3K />
0, eI = 0).
T /0 T T 1/2 -3 < (T() > )

Lemma 10.4 proves the global energy and integrated dissipation bounds for the localized
fields directly from their equation.

Finally, Lemma 10.5 applies to any smooth solution with the same force and zero initial
datum whose kinetic energy is uniformly bounded. It must agree with u on every [0, T],
T < 1. A global smooth solution would therefore agree with the constructed velocity for
0 < t < 1, contradicting its boundedness on a compact neighborhood of (0,1) along the
growth path. This proves Theorem 1.1.

3.6. Notation. All profile choices are fixed before g | 0. Constants may depend on those
choices and on the stated derivative order, but are independent of the concentration scale.
The notation O(g”) means a bound by Cg” on the specified domain; uniformity in other
parameters is stated when needed. The background expansion order 1, correction stage j,
dyadic band index ¢, and Fourier harmonic index are distinct.
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Averaging conventions. For a scalar field F(r,6,z,t,Y) on the extended domain, with the
auxiliary variable Y € T? = IR?/Z? independent of the physical coordinates, we define

27
<F>9(VIZ/ tl Y) = 21/ F(T’, ﬂ,Z,t,Y) dl9,
e 0 3.7)
(F)y(r,0,z,t) ::/ F(r,0,z,t,Y)dY, / 14Y’ = 1.
T2 T2

Thus angular averaging holds the independent auxiliary coordinate fixed, while auxiliary
averaging holds all physical coordinates fixed. For vector and tensor fields, these averages
act on cylindrical components. Their composition, also called the fast average for wave fields,
is

(B):= (P = (Bivho = 5= [ [ F(r,0,2,8,7)doar. 65)

These averages act before restriction to the physical phase map (6.3). They hold (r,z, t) fixed,
or equivalently (R, Z, T) within a fixed normalized chart. The normalized Haar averages
agree on the absolute, band, and common auxiliary tori by (6.19). In the wave construction,
this composition specifies the entire fast average, including its normalization. For an angular
mean coefficient, we define its auxiliary zero-mean part by

ff=f={iv. (fH)y=0. (3.9)

The profile construction also uses a separate auxiliary loop angle 6’ of period 27: its average

is (f)g = (2)~! Oz”f(e') d6’, as in Lemmas C.1 and 4.11. Bare brackets in that local profile

convention refer to this loop average. We also use the radial average

1 rX
Ax(Xm) = [ FX ) ax. (310)

The auxiliary torus parametrizes oscillations; the torus in Corollary 10.6 is the spatial domain
of the periodic solution.
Normalized operators and coefficient classes. In a dyadic chart, Q = 2~ is fixed, q=Q,
and

(R,Z,T)=(r/\VQz/Q%/Q), e=Q', Ss.=02
The star on a spatial operator includes the factor \/Q converting physical spatial differ-
entiation to chart units. Physical differentiation includes the chain rule for the auxiliary
phase map. Using the radial operator t of (6.4), we put D, = VQOr, D, = v/Q0, = €dz, and
Dg = R™19y, as in (6.6). For a scalar f and a vector a = (a,,ag, a,) in cylindrical components,
our conventions are

V*f - (Di’f/DeleZf)/
div,a = (D, + R Ya, + Dgag + D.a,, (3.11)
curl, a = (Dpa; — D.ag, Dza, — Dyaz, (Dy + R™1)ag — Dga,).

The factors normalizing the fields themselves are recorded separately in (8.11). The physical
momentum residual is #Z from (3.1).

The classes W,, M,, S, record wave amplitudes, angular mean coefficients, and radial
moments in normalized units. A coefficient derivative differentiates the amplitude with
its oscillatory exponential factored out, holding the band, label, and harmonic fixed. For
each fixed correction stage and coefficient derivative order, 9! denotes ordinary derivatives
in (R,Z,T,H), with H the common auxiliary coordinate of (6.17); for moments, only (Z, T)
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are differentiated. The defining bounds have the following forms. The first two hold on
X, < X < X}, and the wave bound is restricted to its labelled rectangle:

FeM, = [df] < CjetsPigs i,
aeW, = || < Cj,IE“SZj’I\[C5_df/’Pv (0<ov <L),
FeSy = [0k F|<Cyest.

Here ¢, 6 are the radial-edge weights of (6.23), and P, is the pulse envelope of (7.12), used
as a pointwise weight. The constants C;; > 0, b;1,d;; > 0 may differ by row and depend
on the fixed stage, derivative order, and profile choices; they are uniform in the band, label,
rectangle copy, and point. The full definitions, including the support, compatibility, and
smooth-extension conditions, are Definitions 6.4 and 6.5. Angular mean coefficients may still
depend on the auxiliary torus.

Definition 3.2 (Regularity at the axis). A leading field is reqular at the axis if its velocity
and pressure extend smoothly across r = 0 in Cartesian coordinates, for ¢ < 1. For scalar
auxiliary profiles, “regular at the axis” means a smooth extension in (X, 7) to X = 0.

Definition 3.3 (Parameter smallness and order of choices). For « > 0 and B > 0, we write
a < B when «a/p is required to be sufficiently small, with the allowed size depending on
all data already fixed. In a chain of constants, choices proceed from right to left; small
reciprocals specify large parameters. For expressions depending on profile variables, this
smallness is uniform on the stated domain and is ensured by those parameter choices.

The following table collects the principal symbols used in the construction, with references
to their definitions. The different background fields are grouped together. Repeated letters
are identified by their role or the section in which they are used. Orders in the coefficient
classes refer to normalized representatives, with the weights and derivative bounds specified
in their definitions.

Table 1: Guide to the principal symbols.

Symbol Meaning and role Definition

Physical fields and the background construction

u,p, f,v Velocity, pressure, external force, and physical (1.1); Section 3
viscosity in the Navier-Stokes equation. The local
construction uses v = 1.

R(u,p) Momentum residual at viscosity one, (3.1)
o+ (u-V)u —Au+ Vp.

u®, p(0 Leading axisymmetric velocity and pressure, (4.3)
including radial, azimuthal, and axial flow. The
swirl is uéo).

E, U, Vy, 11 Leading profiles of swirl, axial velocity, radial (4.3), 4.7)

(0)

flux ru, ’, and pressure, respectively.

¢, F, H in the profiles Smooth swirl profile F = E/ V2X = ¢/C, and (44), 4.8)
angular-momentum profile H = V2XE. The
normalization C > 1 is fixed.

Continued on the next page.
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Guide to the principal symbols (continued).
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Symbol

Meaning and role

Definition

m, (M,1,],5,Cp)

QS/ NS

s = (a,—bs), ps

tS/ vS/ PC/ ]C

En/ ui’l/ Vi’l/ Hl’l/
)\n - 21’[]’1

ug, PB

(b,V,G)

To, T=q""""*Tg

Tohys: €8

Z@r ZZ

Sn/ Al’l

K(T, T)r Hext

ull, pl

Five cumulative radial integrals preserving
pressure, radial velocity, and stress across profile
joins; C, is the pressure increment from the axis.
Normalized radial primitives of the inviscid
azimuthal and axial momentum residuals, used
to form the stress vector p;.

Normalized radial shear and integrated
inviscid-stress vector, with 79 = F(ps — s). Here
ps is a two-component stress quantity.

Shear direction and strength parameters, and
unnormalized components of ps along and across
that direction; these specify the positive
covariance cone.

Formal background coefficient profiles at order
g%, The index n counts background expansion
orders.

Smooth corrected axisymmetric background,
obtained by summing the coefficients with
cutoffs on vector potentials, direct swirl terms,
and pressures.

Radjial, azimuthal (swirl), and axial components
of the fixed background in normalized chart
coordinates.

Leading stress profile and physical stress pair, in
(r6,rz) order. The negative cylindrical divergence
of T gives the leading tangential residual,
retaining radial viscosity and omitting axial
viscosity.

Summed annular background stress and the flat
residual remaining after its negative divergence
is removed.

Fixed base stress components in chart units:

X, = QZA,E)hys,m a=0,z

Physical background Stokes streamfunction and
its azimuthal vector potential A, = (S, /r)ep.
Taking its curl gives radial and axial velocity.
Exterior swirl heat velocity and its profile:

K= r‘l_Zh’Hext(T /1?). The exterior velocity is
Keg.

Full fields at finite correction stage j: the fixed
background, waves, and mean corrections.
Square brackets count correction cycles.

(4.15); Lemma 4.4

(4.9), (4.16), (4.11)

(4.11)

(4.20); Equation (4.21)

(.1, (5.2)

Proposition 5.5; (5.41)

8.1), 9.7)

(4.11); Proposition 4.2

(5.41); Proposition 5.5

Proposition 8.1
(5.27)

(3.5)

(9.7); Definition 9.4

Continued on the next page.
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Guide to the principal symbols (continued).

Symbol Meaning and role Definition
Z; = (A}, Bj, pj) in I"hysical correction tuple from stage j — 1 to j, (9.15), (9.16)
summation j > 1: vector potential A]-, direct azimuthal

-Ar Br Ulocr Ploc

u, p after localization

velocity vector Bj, and pressure increment

pj = pm - p[f’l]. Its velocity increment is

Auj = curl Aj + B;.

Summed local fields and their potential
representation uj,. = curl A + Bey; B is an
axisymmetric scalar. The local pair is written
(u, p) in Theorem 3.1.

Whole-space velocity and pressure obtained by
applying spatial and time cutoffs to the local
potential representation. Their residual supplies

7.

Coordinates, scales, and auxiliary variables

(r/ 9/ Z)/ t/ (et’/ 891 eZ)

7,9

s, X, 1

h,A,D

A

£,Q,¢, S, in charts

R in profiles; (R, Z,T)
in charts

u*/ p*/ g*

Y/ ]g/ Ur, Ot, dr

Physical cylindrical coordinates, time, and unit
vectors. The directions tangent to a cylinder are
azimuthal and axial.

Remaining time T = 1 — t and concentration
scale g = q(z,t), determined by T = q(1 — 5?),
z=qPy.

Squared radial variable s = r?/2, radial similarity
variable X = s/g, and axial similarity variable
n=2z/q".

Fixed small exponent &, tangential velocity
growth exponent A = 1/2 + h, and axial length
exponent D =1/2 —h.

Fixed radial decay exponent in the reserved
power-law profile, E oc X~ 1/27A,

Dyadic band index, fixed band scale Q = 2t
small parameter ¢ = Qh, and slow scale S, = /2.
On a band, q < Q; these chart parameters are
held fixed in derivatives.

The profile radius is R = V2X =71/ NEE Ina
dyadic chart, (R, Z,T) = (r//Q,z/QP,t/Q).
Normalized physical velocity, pressure, and
residual/source: multiplication by

Q4,Q%4, Q*4+1/2 respectively. Moment
normalizations also include radial integration.
Absolute auxiliary torus variable, its integer
covering matrix, radial/time eigendirections, and
radial phase exponent. Physical fields are
evaluated at Y = v,7% 4 o4t (mod Z?2).

(3.3), (9.21)

(10.4), (10.5)

Section 3.1

(4.1); Lemma 4.1

(4.1)

(4.1), (4.3)

(4.30)

(6.1)

(6.1) and following
prose

(8.11), (6.26)

(6.2), (6.3)

Continued on the next page.
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Guide to the principal symbols (continued).
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Symbol

Meaning and role

Definition

Y;, H,y on auxiliary tori

t/t; DT/ DZ/ Delt*

V4, divy, curl,

Xar Xb

Ipos/ Timean

ijS/ Im

Cale), Co(e)

Band coordinate Y; = | éY and common
coordinate H = Yj; for overlapping bands. The
mean construction calls that common coordinate
y.

Physical radial/time derivatives represented on
extended fields before auxiliary evaluation, and
their normalized spatial /time counterparts in the
wave and mean equations.

Normalized gradient, divergence, and curl,
including cylindrical frame terms and
differentiation of the auxiliary phase map.
Edges of the active stress annulus X; < X < Xj,
corresponding to /29X, <r < /29X, ata
physical slow point.

Disjoint fixed intervals inside the active annulus
reserved for positive-order background
corrections and mean-velocity corrections,
respectively. They are intervals in X.

The same two patches expressed in r/,/g: the

images of Zpos and Zmean under X — v2X.

Fixed profile collars at the two radial annular
edges. Here ¢ denotes their logarithmic width,
independent of the physical scale 4.

Waves, amplitudes, and momentum flux

vy=({,a0)eT

Ny, Ky, Ry

k/ ml ¢l n@

tm, T, fm

B,B!, K, Ao

Wave label specifying a band, slow box, and one
of two wave families. This label is distinct from
the axial mean-velocity component 7y below.
Slow localization cutoff, its support in physical
(r,z,t), and the auxiliary support rectangle on
the band torus.

Carrier frequency k = [e~1/2], nonzero integer
harmonic, label phase, and its normalized spatial
gradient.

Principal transverse velocity amplitude, pressure
amplitude, and prescribed source for a harmonic;
ne -ty = 0.

A 3 x 2 frame matrix for n$ and its left inverse;
the background shear/rotation matrix and the
projected inviscid evolution operator on that
moving plane.

(6.5), (6.17), (8.5)

(6.4), (6.6)

(3.11)

Theorem 4.6(ii)

Theorem 4.6(vi); (4.30)

Lemma 5.2,
Proposition 8.3 and
preceding definition
(4.24)

(6.8)

(6.9), (6.10)

(7.2), (7.3), (7.4)

(7.5), (7.13)

(7.8), (7.6), (7.10)

Continued on the next page.
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Guide to the principal symbols (continued).

Symbol

Meaning and role

Definition

d, dyes, A(v) in pulses

P, = P(v), v in pulses

H/ ]/, aO’/ WO

Ciny Ay T, m

W3S = wi™, w

Wap = (wawp)g

C(w), B(w, v)

Y, LY in the wave
correction

Viscous damping coefficient d = ek?|ng|?, its
reference approximation, and the positive
reference growth rate in the frame B, with
diagonal reference rates +A.

Pulse envelope and its auxiliary time coordinate.
The coordinate v advances at unit speed under t..
Covariance matrix, positive squared pulse
weights, their square-root amplitudes, and the
local leading wave before taking curls.
Wave-potential coefficient, oscillating vector
potential, curl remainder, and full harmonic
velocity amplitude a,;, =ty + 7.

Assembled leading wave transverse to the phase
normal, and the actual wave velocity formed by
curls, including their remainders and later wave
corrections.

Full angularly averaged wave covariance in
cylindrical components; its radial off-diagonal
entries transport azimuthal and axial momentum.
Doubly averaged radial momentum-flux pair and
its symmetric cross term, used to prescribe
covariance changes.

Prescribed signed covariance increment and its
linearized principal-wave correction. The base
stresses are ¥, above.

Mean velocity and its compatibility conditions

(B,v,7)

Pm, Pw

gT/ EG/ EZ

Pr jf)/ \72

MG/ Mz

’)/dIT*I A’Y

Angularly invariant radial, azimuthal, and axial
velocity corrections. They may depend on the
auxiliary torus.

Angular mean pressure correction and
nonzero-harmonic pressure correction,
respectively.

Radjial pressure source and exact azimuthal/axial
mean residuals. The radial mean residual is
Dipm — &r-

Three slow compatibility defects: the radial
source integral and two momentum-flux integrals
corrected by the five-equation map.
Angular-momentum and axial-flux moments of
the auxiliary-averaged mean correction. Both are
constrained to vanish.

Desired axial increment, its azimuthal
vector-potential coefficient, and the actual axial
increment Ay = 5 — A174.

(7.5), (7.11), (7.10)

(7.12), (6.11), (6.12)

Proposition 7.5; (7.24)

(7.38), (7.39)

(7.36), (9.7);
Definition 9.4

(8.1), (8.3)

(7.23)

(7.31), (7.34)

(8.1)

(8.12), (9.7)

(8.3)

(8.12), (8.15), (8.25)

(8.2)

(8.14)

Continued on the next page.
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Guide to the principal symbols (continued).

Symbol

Meaning and role

Definition

HG/ HZ

Supported covariance targets obtained from the
averaged tangential residuals after subtracting
their weighted radial moments.

Averages and inversion operators

(Fro. (v, (f), f°

Ax(f), Dx

IIJIIC

Angular average, auxiliary Haar average, and
auxiliary zero-mean part f — (f)y; bare brackets
for wave fields denote the combined angular and
auxiliary average. These act before evaluation at
the physical phase map.

Radial prefix average X! fOX f(x,n)dx, and
logarithmic radial derivative Xdx.
Phase-following prefix integral, full radial
integral, and compactly supported primitive
L—xmJ.

Weighted radial derivative, supported inverse,
and cutoff remainder: D, T,.f = f — A.f,
ec{0,1,2}.

Zero-Haar-mean inverse of the auxiliary-time
derivative, in chart and absolute auxiliary
coordinates.

Weights, coefficient classes, and correction orders

gr 5/ KS

W,

Ma

Sa

glil Ui

7j, Bj, C;

x(aiq), a

Flat radial-edge weight, capped logarithmic
distance to the radial edges, and fixed small
radial derivative-loss exponent.

Normalized wave amplitudes of order €, with
radial weight \/Z, pulse envelope, and prescribed
supports.

Normalized angular mean coefficients of order &,
with radial weight ; auxiliary dependence is
allowed.

Normalized radial moments depending on
(Z,T), of order €%, with the radial integration
included in their units.

Supported residual part and separately retained
flat residual at stage j. Flatness concerns every
fixed Cartesian space-time derivative and every
power of g.

Stage decay parameters: 0; = 1/5+ /10,
Bi=1/2+0j, C]?k =1+ 0;. The latter two are
wave and mean residual orders in powers of e.
Cutoffs and their increasing scale parameters
used to sum the physical corrections on
shrinking neighborhoods of g4 = 0. Cutoffs are
applied to potentials before taking curls.

(8.18)

Equations (3.7) to (3.9)

(3.10), (4.2)

(8.4), (8.5)

(8.6), (8.7)

(8.19), (8.23)

(6.23), (6.2)

Definition 6.5; (6.29)

Definition 6.4; (6.24)

(6.25), (6.26)

(9.3), (9.5)

(9.8); Proposition 9.6

Lemma 5.4; (9.21)
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4. CONSTRUCTING THE LEADING ORDER FLOW

The concentrating flow of Section 3.1 requires an axisymmetric velocity with prescribed
growth near the origin and a heat flow in the exterior. We construct its profiles E, U, I1,
which define the leading velocity and pressure (1(?), p()) in (4.3). Incompressibility holds
exactly. The leading tangential momentum residual is minus the cylindrical divergence of
the two-component stress with profile 7y, defined in (4.11). This stress must vanish near the
axis and in the exterior, leaving a cylindrical annulus on which the waves can act: an interval
of the scaled radius X at each fixed axial parameter 7.

The stress direction is also constrained. As explained in Section 3, it must admit the
positive covariance representation of Proposition 7.5. Theorem 4.6 gives profiles satisfying
this condition, the required regularity and support conditions, and the exact heat exterior.
Their remaining momentum residual is treated in two stages: Section 5 adds higher-order
axisymmetric corrections to form the background (ug, pp), and Section 7 supplies waves
whose leading covariance supplies the annular stress.

We first derive the stress from the profiles, then identify the five cumulative radial integrals
in (4.15), whose preservation allows profiles on different radial intervals to be joined without
changing the prescribed exterior (Lemma 4.4). Next we describe the permitted stress
directions and state Theorem 4.6. We state the required construction results in Section 4.5
and then prove the theorem in Section 4.6. The proofs of those construction results are in
Sections A to C.

4.1. Similarity variables and radial integration of the residual. We begin by expressing
(ul9, p(©)) and their derivatives in similarity coordinates, then recover the tangential stress by
radial integration in Proposition 4.2. We use the right-handed cylindrical coordinates (r, 0, z),
with 6 € R/(2tZ), and the exponents A, D from Section 3.1. Along with the relations (3.2),
wesetd =1—7% L=1-2hy? and s = r?/2:

t=1-t, A=l+h D=1-n 0<h<}
2
ZZ(]D’?, T:l](l—ﬂZ), d21—172, L:1—2h172, s:%, X:E‘

q(4.1)
The coordinate identities in this subsection hold for 0 < k < 1/2; Theorem 4.6 will choose
h < 1/100, as in Theorem 3.1. As noted in Section 3.1, for T > 0 the similarity relations
determine a unique g > |z|'/P. Indeed, g — z24*" is zero at that lower endpoint, tends to
infinity, and has derivative 1 — thquh*1 =L >1—2h > 0 on the indicated interval. Thus
|7| < 1; the parameter endpoints 7 = £1 describe one-sided limits. Throughout the profile
construction, we write Dx f = Xdx f for differentiation in the logarithmic radial coordinate,
with 7 held fixed. To compute the residual of the field described in Section 3.1, we now
derive the operators converting time and axial derivatives into derivatives in (X, 7).

Lemma 4.1. For a smooth profile f and any real b,

Hf) =" Tof,  3.(q"F) = 4" PZf, {be = L7'(=bf + Dnfy + Dxf),

Zyf = L' (2by f + dfy — 2nDxf).
Proof. Differentiating the equation for g, followed by 7 = zg~P and X = s/g, gives

g =—L71, ne=Dn/(gL), X¢=X/(qL),
g. =2ng*"P/L, n,=d/(q"L), X,=-2yX/(q"L).

(4.2)
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The middle entry in the second row uses L — 2Dy? = d. The chain rule proves the claim. [J

To construct the leading field of Section 3.1 smoothly across the axis, we factor out
the linear radial vanishing of its azimuthal component. We introduce a fixed amplitude
normalization C > 1 and a smooth scalar ¢, and write

u(go) = q_AE, ugo) = q_AU, ruﬁo) =V, p(o) = q_ZAH, E=C 12X ¢.
(4.3)
The normalization C is chosen in the proof of Theorem 4.6. As in Section 3.1, E, U, V, IT are
functions of (X, #). The factor v/2X accounts for the vanishing of the azimuthal velocity at
the axis; smoothness is imposed on ¢. For the profiles constructed here, regularity at the
axis in the sense of Definition 3.2 follows from the conditions

E=V2XF, Vo=Xv, F=¢/C U, v, IIeC(0,X]x[-1,1]) (44

for some X, > 0. Smoothness on this closed rectangle means that all mixed X, # derivatives
have continuous one-sided extensions to its boundary. To see the Cartesian smoothness,
write x; = rcos 6, x, = rsin#, so that X = (x? + x3)/(2q). Then

0 A 0 A
ugo) _ 2jx1 —q A 1/2Fx2, ugo) _ 2*0x2+q A 1/2Fx1,
q q (4.5)
0 - _
ug) =g, p0) = 52477,

Here all profiles are evaluated at (X, 7), and g, are smooth functions of (f,z) with g > 0 for
t < 1. Thus the coefficients in (4.5) are smooth functions of (x1, x2,z,t). In particular, E itself
contains a v/ X factor; smoothness at X = 0 is imposed on F.

We choose E, U; incompressibility determines V, and the leading radial momentum
balance determines IT once its axis value is fixed. For a smooth radial scalar, recall the radial
average from the notation paragraph at the end of Section 3; we specify its smooth extension
to the axis by

1 X
A = 5 [ Fmds,  Ax(H©Om) = FO) (46)

The incompressibility and centrifugal-pressure balances stated in Section 3.1 give the follow-
ing explicit profile identities:

E2
- 2X
To see the first identity, use A+D = 1in as(rugo)) +o.ul? = 0.1t gives (Vo)x = L~1(2AnU —
dU, + 2y XUy); integration with zero axis value gives the displayed formula. For the second
identity, the coefficients of 9,p(*) and (uéo))2 /r are respectively /2XITx and E?/+/2X, with
common power g~ 24-1/2_ The remaining radial terms, and axial viscosity relative to radial
viscosity in the tangential equations, carry an additional factor at least g?". This viscosity
comparison explains the powers ¢ used in the background corrections of Section 3. Here
these are comparisons at fixed profile coordinates; physical derivative bounds will be proved
separately for the completed fields. The higher-order terms just identified are retained in the
full residual and treated in Section 5.

With incompressibility and the leading radial balance imposed, it remains to express the
tangential residual as a radial stress divergence, as required in Section 3. We first integrate its
inviscid terms, denoting the resulting scalar profiles by Qs, N;, and then add the contribution

X
Vo = ' (217U —2Dn Ax(U) — davAX(u))/ Ix (47)
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from radial viscosity. The definitions below depend only on E, U, I']; Proposition 4.2 verifies
the resulting stress identity.
For profiles satisfying (4.7), with ¢, U, Il smooth at the axis and ¢ > 0, we set

E
H=+V2XE, F=--_, [=DyxlogH,
V2X X708 (4.8)
W=1- ZDﬂAx(U) - daU.Ax(U), H. = Dy + du.

Here H is the profile of angular momentum ruéo), F removes the factor v/2X from E, and
| measures the logarithmic radial slope of H. The coefficients W, H, collect the transport
terms in (4.14). We define Q;, N; by the following radial equations, selecting the solutions
that extend smoothly to X = 0:

DxQs + (1+1)Qs = S, DxNs + Ns = Sy,
Sy = —WI—h(1-2yU) — H,(logE),,
Sn = —WDxU — A(1 -2yU)U — H.U,
— dIT,; + 4AnIl+ 2y DxI1.
The integrating factors are XH and X, respectively. Thus the integration constants, which
may a priori depend on 7, enter as
_ Onln) o+ Jo Salxm) dx

Cal) + Jo Hx,m)Sy(x, ) dx
QS - XH(X,]?) 7 NS - X . (4.10)
The required smooth extensions select Co = Cy = 0. Indeed, H = 2X¢/C near the axis, a
nonzero constant would produce an X2 singularity in Qs, or an X! singularity in N;. With
both constants zero, changing variables x = sX gives

1 1 !
Qs = P(X,iy)/o sF(gX,q)Sq(sX,q)ds, N; :/o Su(sX,n)ds.

The sources are smooth at X = 0, since I = 1+ XFx/F and (log E), = F;/F. These formulas
give the smooth extensions Qs(0,7) = S4(0,7)/2 and Ns(0,1) = S,(0,7). We define the two
stress coefficients in the order (r6,rz) by

(4.9)

XQs XN;
To= Hpeme ps:( s LE)’
N @.11)
5:(11,—195), a:l—ZDXIOgEzz_Zl, bS: E)< .

Thus p;s is a two-component vector of integrated inviscid contributions, distinct from the pres-
sure p(o). The vector s = (a, —bs) records the cylindrical radial shear, with its normalization
specified by

(0)

In (4.11), Fp; is the inviscid contribution and —Fs is the radial-viscosity contribution, as the
calculation below shows. In the notation of Section 3, the physical stress representation to be
proved is T = q~4~1/27;. Its two components are the required r6 and rz entries of the wave
covariance, the tensor of averaged quadratic velocity products constructed in Proposition 7.5.



FINITE TIME BLOWUP FOR NAVIER-STOKES 27

To verify the stress identity used in Section 3, we must separate the tangential terms at the
leading order from axial viscosity. Define the leading tangential residuals by

R = 22(u®,p0) . e;+ 22,  je {02}, (4.12)
where ¢y, e, are the cylindrical unit vectors and % is the full momentum residual defined in
the introduction. Adding agu}m

retained.

removes axial viscosity from that residual; radial viscosity is

Proposition 4.2. The residuals R(go), R§°> in (4.12) are minus the cylindrical divergences o, +2/r

and 8, + 1/r of g~ A=Y 2Tq. In particular the equations for vanishing leading residual stress are
Xpxx +2¢x
¢

Proof. The angular equation is simplest in angular momentum ru(go) = g~"H. Equations (4.2)
and (4.7) give

2L =S,  —2L(XUxx + Ux) = Sn. (4.13)

—h—1 qfhfl
—{WDxH + HH, + h(1 - 2pU)H} = —

@ +u®2, +1ul%a.) (g "H) = 1

HS,.

(4.14)
The axial material derivative plus the pressure gradient is similarly —g=4-1S,/L. The
integrating factors for the two radial divergences are ?> and r. Integrating the negative
inviscid residual from the axis therefore produces the coefficients FXQ,/L and FXN;,/(LE).
Radial viscosity contributes

aruﬁf) — u((,o)/r = —q A712F,, arug‘” =g 41/2Fp,.

Adding these viscous contributions to the radially integrated inviscid residual proves (4.11),
including its sign. If that stress is zero then XQ;/L = a, N;/L = —2Ux; inserting these
relations in (4.9) proves (4.13). At the axis | = 1+ X¢x/¢ and (log E),; = ¢,/ ¢ are smooth,
so Qs, N; are regular at the axis in the scalar-profile sense of Definition 3.2. O

4.2. The cumulative radial integrals. Note that the stress profile 7 in (4.11) depends on the
profiles E, U at every smaller radius through the integrals in (4.10). To join an inner profile to
a prescribed outer one, as in Section 3, we must therefore match the accumulated integrals as
well as the profile values. Five integrals suffice to preserve the outer pressure, radial velocity,
and stress (Lemma 4.4). Integrating (4.9) expresses Qs, Ns in terms of these quantities:

X X X
M:/ Udx, 1:/ Hdx, ]:/ UH dx,
0 0 0

X X g2 (4.15)

5= / (W2—F2/2)dx, Cp=[ odx, T=T0)+C

0 0

Each integral is a function of (X,7); at a fixed matching radius it is a scalar function of 7.
Here C, is the pressure increment from the axis to X, and I1(0,7) is the prescribed value of

the pressure at X = 0.
Lemma 4.3. For the solutions of (4.9) with Co = Cy =0,
(1 —h)I — Dyl, —dJ, +2(h — D)y]
XH ’
D(M —nM,) +4hyS —dS,
X

Qs: —W+

(4.16)

N, = —WU + +4ApTI — dIT,,.
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Proof. Use ox(XW) = 1—2DnU — dU, to integrate the terms —WDxH and —WDxU.
The angular terms —dU,H — dUH,, combine to —d(UH),. For the pressure contribution,

integration by parts in [Ty = E2/(2X) gives fOX [Tdx = XII — fOX E?/2dx. Consequently the
source integrals are

X
/ HS,dx = —XWH + (1 — h)I — Dyl — dJ, + 2(h — D)yJ,
0

X
/ Sydx = —XWU + D(M — yM,) + 4hnS — dS, + X (4AyI1 — dIT,)).
Jo
Division by XH and X gives the result. O

When two profiles agree beyond a joining radius, matching the five cumulative integrals
there also preserves the quantities obtained by radial integration. Their common pressure
value at the axis is held fixed. Small changes in the profiles, integrals, and their parameter
derivatives also give small changes in Qs, N, ps, without requiring radial derivatives of the
profiles to be close. We use the exact identity to join profiles and the estimate to alter their
shear.

Lemma 4.4. Fix h € (0,1/2). For i = 1,2, let (U;, E;) be smooth on (0,00) x [—1,1], with
E; > 0, and suppose the five integrals in (4.15) define smooth functions there, including one-sided
n-derivatives at § = +1. Write
Hi =V ZXEZ', m; = (Mi/ Ii, ]1', Si, Cp,i)~
Fix one smooth function Il (1) on [—1,1] and set
(X, n) = Max(n) + Cpi(X,m), (0, n) = (), i=1,2.

Thus the pressures have the same integration constant at the axis; the velocity profiles need not agree
near the axis. Define Vy; by (4.7), Qsi, Nsi by (4.16), and ps;, a;, bs;, Toi by (4.11). We use the
explicit formulas (4.16), previously derived with Cq = Cy = 0. For any of these quantities f, let
Af = fo — f1. Then the following two conclusions hold.

(i) Suppose that for some X; > 0,
(Ul, El) = (UQ,E2) fOT’ X Z Xh/ Am(Xh,ﬂ) =0 (—1 S n S 1).

Then my = my, and the corresponding quantities 11;, Viy i, Qs i, Ns i, Ps,is i, bs i, To,i agree for all
X > Xpand y € [—1,1].
(i) Fix 0 < Xp < Xj < oo, an integer k > 0, and emin > 0. On R = [Xo, X1] x [—1,1], put

Ifllj == max sup [d)f(X,n)], j=0,
! 0<r<j (X,n)eR 1

using the maximum of the component norms for tuples. If E; > emin on 'R, then
18(Qs, N5, ps) Ik < Ce (1A E) k41 + [|Aml4). (4.17)

The constant Cy depends only on k, h, Xo, X1, émin, the CH 1 yorm of Iax, and a common bound
for || (Uj, Ei, m;) ||k+1, i = 1,2. No radial derivative of a difference occurs in this estimate.
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Proof. By the definitions of the five cumulative integrals,
X
AM = / (U — ) dx,
0
X
AI:/ (Hy — Hy) dx,
0
X
AT = / (UpH, — Uy Hy ) dx, (4.18)
0
X
AS = / (U2 — U2 — (E2 — E2)/2) dx,
0
X EZ _ EZ
0

2x

The quantities on the left are evaluated at (X, 77), and each integrand on the right at (x, 7).
For part (i), agreement of U;, E; on X > X; makes each integrand in (4.18) zero there.
Consequently

Am(X,n) =AMm(X,7n) =0 (X>X),, -1<y<1).
This is an identity of functions of 7, so their 7-derivatives agree as well. The common
pressure datum gives AIT = AC, = 0. Equation (4.7) then gives AV = 0, and (4.16) gives
AQs = AN; = 0. The profiles agree on a radial interval, so their radial derivatives also agree.
The definitions in (4.11) therefore give equality of ps, a, bs, To.
For part (ii), the quantities entering (4.16) can be written as

2Dy M; + o, M,
H; = V2XE, Wi=1- "1 L T = T+ Gy,
It follows that
2DyAM + dd,AM
AH = V2XAE, AW =-""1 ; 127, All=AG,.

The last identity is the use of the common axis pressure datum. On R, the denominators
satisfy X > Xo, L > 1 —2h > 0, and H; > +/2Xpemin. For example,
1 AH 1 AE

AH ) = 5, A(E™) = EE,
Apply the product rule and these reciprocal identities to (4.16), and then to the formula
for ps in (4.11). After at most k #-derivatives, each term contains a difference of U, E, or of
a component of m, through order at most k + 1. The remaining factors are controlled by
the stated common bounds. This proves (4.17) and the dependence of its constant. These
formulas contain no radial derivatives of the inputs. U

Part (ii) applies to the radial modulation in Proposition C.2. The profiles U, E, the five
integrals m, and their #-derivatives remain close, even though the radial shears 4, b; change
substantially. The estimate controls ps; the full stress 7y = F(ps; — s) also depends on those
shears.

To use this comparison at a large joining radius p, we set U(x,7) = U(px,7) and E(x, 1) =
E(px,1n), and define the remaining hatted quantities by

X=px, H=\pH  (ML]SCy) = (oM, 0**1,0%],05,Cp). (4.19)
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Here unhatted functions are evaluated at (px, #7), and hatted functions at (x, 7). We put

= (M,1,7],5,Cp),
(QS/ NS)('xl17> = (QSI NS)(PX/U)I
Ps(x, 1) = o~ ps(ox, 7).

Substitution into (4.16) and (4.11) gives the same formulas for Qs, N, ps with X replaced by
x. Thus on a fixed rectangle [xg, x1] x [—1,1], with 0 < xp < x1,

18(Qs) Ns, s) llie < Ce (AU, E)licsr + 188 [k41),
where the norms use this fixed x-rectangle. The constant is independent of p provided the
positive lower bound for E;, the bounds for ||(Uj, E;, @;) [|x+1, and the C**1-bound for the
common [T,y are independent of p, with & fixed.

The moment corrections used below add finite linear combinations of smooth functions
supported on short radial intervals. Their changes to m are linear or quadratic in the
coefficients. The invertibility of the moment matrices and the solution of these finite systems
are proved in Lemmas A.1 and A.2; at each application we verify the required bounds for
the moment discrepancies and inverses.

Moment conditions at infinity serve a separate purpose. The quantities M, J, S control,
respectively, the radially integrated axial momentum, the axial transport of angular mo-
mentum, and the axial momentum flux including pressure. The angular moment I is made
convergent by subtracting the prescribed exterior power Hpoy before integration, as in (4.28).
The resulting total identities make the two weighted integrals of the tangential residuals
vanish. Without them, a zero exterior residual could leave stresses proportional to 72 and
r~! in the angular and axial components: the integrated inner residual may remain nonzero.
Lemma A.8 uses the total moment identities to remove these tails and prove that the stress
vanishes in the exterior.

2

4.3. The cone imposed on the leading stress. Since the annular stress 7o must be produced
by the chosen waves with real amplitudes, it must lie in the positive span of their covariance
directions (Proposition 7.5). We now express the required cone condition in the profile
variables; Lemma 4.5 gives the equivalent inequalities. At each (X, #), the relevant profile
data are the radial shear (4, —bs) and the integrated inviscid contribution ps = (ps1, ps2)
from (4.11). Where a > 0, we set

bs

tS = —;, US == a(]. + tg), PC - ps,l + tspS,ZI ]C = ps,2 - tSPS,l' (4'20)

Thus P, J. are the scalar products of ps; with the orthogonal, unnormalized vectors (1, t;)
and (—t;,1), respectively, and s = a(1, ts). We define
M(PCJC):PC“‘E_|]C| Je
4 16
For a > 0, the two inequalities in (4.21) are the relaxed cone condition. The admissible stress
cone condition consists of these same inequalities together with v; > 2. We use the relaxed
condition while joining the axis profile to the outer profile. The additional inequality is
required by the viscous waves. Under the admissible condition, Proposition 7.5 constructs
positive squared amplitudes whose wave covariances supply the required stress. The next
lemma gives an equivalent test and a sufficient condition used in the outer construction of
Proposition A 4.

P.>2, vs< M(PC/]C)' (4.21)
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Lemma 4.5. Let a > 0, bs € R, and ps = (ps1,ps2) € R?, and define ts,vs, P, Jc by (4.20). If
vs > 2, the admissible stress cone condition, namely the inequalities in (4.21) together with vs > 2, is
equivalent to
Pe>0s, (s —2)J < 2(Pe—05)*. (4.22)
For every nonempty compact set
K C {(a,bs,w) € R®:a > 0}
such that, for every (a,bs,w) € K,

2
a—bsw >0, 2b5w+%+(cz—2)w2<2,

there exists Px > 0 with the following property. For every (a,bs, w) € K and every ps1 > Pk, setting
Ps2 = Wps,1 gives the relaxed cone condition (4.21). If also vs > 2, these data satisfy the admissible
stress cone condition.

Proof. Both conditions in the first assertion imply P. > 2. On this range, the polynomial
2(P. — v)? — (v —2)J? in v has roots

_ J? P.—2  J?
U:l:—Pc+ 4 i”c’ ) +16-

For P. > 2,2 < v_ < P.. Hence on 2 < v < P, the polynomial is positive exactly when
v < v_. Since U(P,, ].) = v_, this proves the first assertion.
For the second assertion, put
c:l—bsw, jzuH—E, v=a+ - =u,.
a a
Then P. = ps1c¢, Jo = ps;1j, and

2 2 2 2
(vs —2) w—l—E -2 1_bsw = 1+b—5 (a—2)w2+2bsw-|—b—s—2 .
a a a? a

The hypotheses give ¢ > 0 and G := 2¢2 — (v —2)j2 > 0 on K. By compactness there are
constants cx, yx > 0 and Bx > 1 such that

c > ck, G >k v < By, co < Bg onK.

Choose

{ Bx +2 8Bk }
Px = max ,— .
CK TK
For every ps1 > Pk, we have P. > Bx +2 > max{2,v} and
2(Pc —v)* — (v—-2)J2
2 =G- 2 =
ps,l Psi1 ps,l 2

If v > 2, the first assertion gives the relaxed condition. If v < 2, it follows from P. > 2 and
U (P, ]J.) > 2. Thus one threshold works throughout K, including points with vs = 2. O

4 20?2
dev 200k

In stress coordinates, the cone condition takes the form
76,9 + ts76,z = F(Pc - Us)/ 76,2 - ts%,@ = FJ.. (4.23)
Since F > 0, for v; > 2 the admissible stress cone condition is
76,6 + ts%,z > 0/

(vs - 2) (76,2 - ts%,ﬂ)z < 2(76,9 + ts’ﬁ),z)2~
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These inequalities are homogeneous in 7. Thus, as the stress tends to zero at an annular
edge, its unit direction can retain a strict margin in the cone; Theorem 4.6(iii) specifies this
boundary condition. Proposition 7.5 represents the nonzero stress by positive coefficients
multiplying the allowed wave covariances. Differentiating this representation gives the
signed amplitude changes used for higher-order stress corrections in Proposition 7.6.

4.4. Properties of the leading profile. We seek profiles E, U satisfying both the radial
matching conditions of Lemma 4.4 and the stress cone inequalities of Lemma 4.5. At the
annular edges the stress 7y must tend to zero smoothly, while its direction remains within
the cone. Theorem 4.6 makes these edge conditions quantitative and supplies the regular
axis, heat exterior, and moment identities required in Sections 2.1 and 3. It also reserves
intervals for the later background and mean corrections in (4.30).

To specify the edge estimates, we use inner collar and outer collar for fixed neighborhoods
of the annular edges in profile coordinates. For 0 < X, < X; and 0 < € < log(X;/X,), they
are the rectangles

Ca(e) = [Xq, Xaef] x [-1,1],

C;,(E) = [Xbefg, Xb] X [—1, 1]
Thus at fixed #, an inner collar has 0 < log(X/X,) < ¢ and an outer collar has 0 <
log(X,/X) < e. Their widths are fixed independently of # and physical 4. A smaller collar
means one of these sets with a smaller positive e. When a condition is imposed only inside

the annulus, we intersect the collar with {X, < X < X, }.
A smooth scalar or vector g is flat at the radial edge X, € {X,, Xp} if, componentwise,

(4.24)

a&g(Xe,iy) =0 foreveryj>0andy € [-1,1].

The stress will be flat at both edges. Its normalized direction, initially defined only for
X, < X < X, will extend to the closed collars with the positive margin in Theorem 4.6(iii).
The construction results used in the proof are stated after the theorem.

Theorem 4.6. There exist fixed h € (0,1/100), A > 0, C > 1, and 0 < X, < X,, together
with profiles E, U, 11 for X > 0, —1 < 5 < 1, having the following properties. The quantities
F,H,Vy,Qs, Ns, ps,a,bs and Ty are defined by Equations (4.7) to (4.11); where a > 0, t;,vs are
defined in (4.20). We use A,d from (4.1). The closed annulus below means the profile rectangle
[Xa, Xp] X [=1,1] in (X, n). All assertions hold for every n € [—1,1].

(i) For every finite R > 0, the scalars F = ¢/C, U, I1, Vy/ X are smooth on [0, R] x [—1,1], with
uniform bounds there for every fixed mixed X,n-derivative; derivatives at the boundary are
one-sided. Moreover ¢ > 0, and E = +/2XF > 0 for X > 0. These factors give a smooth
Cartesian field across the axis by Equations (4.4) to (4.5). There is a fixed Xan € (X4, Xp)
such that on [0, Xan] X [—1, 1] these scalars and their fixed radial derivatives are analytic in y
on one common complex neighborhood of [—1,1]. The inner collar [X,, Xan] % [—1,1], in the
sense of (4.24), has the positive directional margin in part (iii). The pressure is normalized to
vanish at radial infinity:

) 2
(X, 5) = — /X E(’;’x’”dx. (4.25)

(ii) The radial pressure balance I1x = E?/(2X) in (4.7), with its smooth extension I1x = F? at
X = 0, and the tangential residual identities of Proposition 4.2, with physical stress q_A_l/ 2T,
hold exactly. The stress profile Ty is zero for 0 < X < X, and X > Xy, and is nonzero at every
Xy < X < Xp. For 0 < X < X,, the profiles solve (4.13).
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(iii) The quantities F,a,vs — 2 have positive lower bounds on the closed annulus [X,, Xp| x [—1,1].
The unit direction n = To/|To|, initially defined in its radial interior (X,, Xp) x [—1,1],
extends smoothly to the closed annulus, including the radial boundaries X = X,, Xy. There is
a fixed x € (0,2) such that throughout this rectangle,

ng + tshy > K, (vs —2)(ny — tsng)? < (2—1x)(ng+ tsny)2. (4.26)
For each i1, n(X,, 1) is parallel to (a(X,, 1), —bs(Xa, 1)), at X = Xy, n(Xp, 1) = (1,0) and
bs(Xb/U) =0.

(iv) There is a smooth weight {(X), positive for X, < X < X, and zero for X < X, and X > X,
Every radial derivative of  vanishes at X,, Xp. Put 6 = min{1,log(X/X,),1og(X,/X)}
in the radial interior. There exists a constant ¢ > 0, independent of w, and for every fixed
multi-index o« = (aq, ) there are finite constants Cy, m,, such that, with 0* = ag‘gaga
throughout (X,, Xp) x [—1,1],

[Tol > g, [0"Tol < Culo™ ™. (4.27)

(v) The limits M(oo,1),](c0,1),S(0c0, 1) of the cumulative integrals in (4.15) exist. The angular
moment is made convergent by subtracting the exterior power Hpow below from H before
integration. These four convergent quantities satisfy

M(oo,7) = J(c0,17) = S(o0,17) = 0, /°°(H ~ Hpow)dX =0, Hpow = V2X X4,
0

(4.28)
where coo > 0 is independent of n. For X > X,
U=Vy=0, E=coX YH(2d/X),
B 1 © s (4.29)
H(Z) = IM/O e “v"(1+ Zv)™ " dv.

The physical swirl there is the exact radial heat solution ceos™H(27/s). The profile H is
positive and smooth for Z > 0, including its one-sided endpoint at zero. Moreover, for some
fixed Xy € (Xq, Xp), U = Vy = 0 throughout [Xy, c0), including the outer collar [Xy, Xp).
(vi) Two fixed disjoint intervals Tpos and Imean remain available for later positive-order background
corrections in Lemma 5.2 and corrections to the averaged flow in Lemma 8.7, respectively,
with sup Tpos < inf Zimean. Here positive order means a relative power qznh, n > 1, in the
background expansion (5.1). Both intervals lie in (X,, Xy ). For every X in either interval,

u=0, E = cpaten(1+ 7)1 X2, (4.30)

with a positive constant Cpaicn independent of X, 1. The construction of the leading profile
leaves both intervals unchanged.

All constants in the theorem depend only on the fixed profile choices and, for the derivative bounds, on
the derivative order. They are independent of physical q and of all later dyadic bands and correction
stages.

4.5. Construction results used in the proof. Constructing the profile requires three compat-
ible choices: an outer flow that fixes the axis pressure, a regular inner flow that matches its
five cumulative integrals, and a shear on the connecting interval that satisfies the admissible
cone. We first give the finite-dimensional moment solve in Lemma 4.7, then the outer and
inner constructions in Lemma 4.8 and Proposition 4.10, and finally the periodic shear in
Lemma 4.11. These results supply the inputs to the proof of Theorem 4.6; their detailed
constructions are proved in the appendices at the references below.
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A parameter derivative in these statements means an 77-derivative, with all construction
constants held fixed. For functions on [—1,1], we write ||f||cx = maxo<;<k sup, |97, f|, with
componentwise maximum for vectors. Only finitely many such norms must be small when

choosing parameters. Once those parameters are fixed, every other fixed derivative order
has a finite bound.

Lemma 4.7. Let ay, ..., &y be distinct real numbers, and let B1, ..., B be nonnegative, nonzero
smooth functions supported in ordered disjoint compact intervals of (0,00). Then

B”:/O X% ]<X) dx

is invertible. Its inverse and every fixed parameter derivative are bounded for a smooth compact family
preserving these hypotheses.

More generally, let B(17) be a smooth invertible matrix on [—1,1], let Q, be a smooth bilinear map,
and let d € C*([—1,1];R™). For a fixed integer k > 0, denote by v; the norm of multiplication by
B~'on C/, and by q; the bilinear norm of Q on Cl, for j = 0,k. If

suigjlldllc <1 (j=0,k),
then the equation
B(ip)c(in) + Qy(c(n), c(y)) = d(n)
has a smooth solution, unique in ||c||co < 2vo||d||co, and ||c||cx < 2vi||d||cx. When Q = 0, the
solution is ¢ = B~'d without any smallness condition.

Proof. These are Lemmas A.1 and A.2. For the first assertion, multilinearity gives
detB = /det[x;‘i] Hﬁj(x]-) dxy -+ dxy,.
]

The determinant in the integrand has constant nonzero sign when x; < - -+ < x;;: a nonzero
linear combination of m distinct powers has at most m — 1 positive zeros, by induction and
Rolle’s theorem. Thus the integral is nonzero. For the second assertion, on the ball of radius
rj = 2vj||d|| ¢, the iteration ¢ — B~'(d — Q(c, c)) satisfies

||B_1(d — Q(C, C))ch < 7’]/2 —|—1/]'C]]'1’]2 < T 21/]6]]}’] < %

It is a contraction in C° and CF; iteration from zero selects the same solution in both spaces.
The pointwise implicit function theorem gives its smoothness. U

We next prepare the exterior before solving near the axis. Normalizing its pressure to
vanish at infinity fixes the pressure datum for the axis problem. The family below includes
the heat exterior and reserves intervals on which subsequent modifications can restore the
required moments.

Lemma 4.8. There are finite parameters My, P., A, h and a constant R, > 0 with the following
properties. The parameter My is fixed first; P. may then depend on My, A on My, Py, and h on
My, Py, A. These choices satisfy

T;=eM 410, P, >el 0 < h < min{1/100, A, e T4},

For every Xgr > R, there are smooth profiles (U,, Eo) on (0,00) x [—1,1], with E, > 0, satisfying
the conditions below. Put x = X/ Xg and f(n) = (1+75%)~L
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(i) For0 <x <1,
U, =4y,  Eo= P.f(n)x'/10,
The pressure datum

) Eo X, 2
o) = [~ B0 ax, o (Xn) = Tho() + Cpo(Xn) @31

is independent of Xg, analytic on one complex neighborhood of [—1, 1], even, and satisfies

My < =3PXf%, qll(n) >0 (i #0).
For this temporary profile, define the five cumulative integrals by (4.15), Vo, by (4.7), and
Qs,0, Ns,o by the explicit formulas (4.16). Its shear, stress, and cone coordinates are then given
by (4.11) and (4.20). These are the definitions used in Lemma 4.4; they apply on X > 0 even
though this temporary inner branch need not be regular at the physical axis.
(ii) There are four nonempty ordered disjoint intervals T; = Xr(«j, B;) and radii

XRr < Xgood < InfZy, supZy < Xy < Xait < Xp = € Xeail,

whose endpoints divided by Xg are fixed independently of Xg,n. On all four intervals U, = 0,
and
EO - Cpatchf(U)X71/27/\ on Il/ I3/ I4/ Cpatch > 0.
The heat compensation uses only I; the other three intervals remain available for corrections.
Moreover
uOZMOZIOZO (XEXV)/

Mo(o0) = Jo(00) = So(00) =0, ‘/OOO(HO - Hpow) dX =0,

where Hy = /2XE, and Hpow = V2Xceo X4, Both Cpatchs Coo > 0 are independent of X, 1.

(iii) The relaxed cone condition holds on [e > Xg,e'/?Xe] x [—1,1], and the admissible condition
holds on [Xggod, 2 X] x [—1,1], with a positive minimum for each defining gap on its
closed rectangle. These minima may depend on Xg. For X > X,

Uy =Voo =0, Eo=ceuX 4H(2d/X),

where M. is defined in (4.29). The physical swirl K = ceo(1?/2) "4 H (47 /1?) satisfies 9K =
(0 + 7710, —r2)Kand K, < 0 for r > 0.

Proof. Proposition A.4 and Lemma A.5 supply the reference profiles and the common pres-
sure datum in part (i); the four intervals defined after (A.9) are those in part (ii). Here M, con-
trols the axial decrease, Ty its logarithmic radial duration, P, the initial azimuthal amplitude,
and A, h the intermediate and exterior exponents. We apply Lemma A.6 and Proposition A.7
to replace the tail by the heat profile in part (iii). The correction on 7, restores the pressure
integral in part (i), and the total S-moment and renormalized angular moment in part (ii).
Those results preserve the cone inequalities in part (iii) for all sufficiently large Xz, with the
other parameters already fixed. O

The prepared exterior has the correct moments and heat flow. Its stress is defined by
integration from the axis, so the outer edge conclusions also require a regular inner extension
with the same moments. Under that condition, the stress can be integrated from infinity and
its limiting direction can be determined explicitly.
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Lemma 4.9. The family in Lemma 4.8 can be chosen with the following additional property for every
XRr > R.. Suppose a leading field is regular at the axis, agrees with that family for X > Xy, satisfies
the four moment identities in (4.28) as functions of 17, and has the canonical pressure (4.25). Then its
physical stress T = q~4~1/2T satisfies

To(r) = r_z/ r’zRéO)(r')dr’, T.(r) = r_l/ PRO () dr,

s0 To = 0 for X > Xp. On e'/?Xpy < X < Xy, the admissible cone holds and
bs=0, 2+h<a<2+2h Tp>0, 2—(a—2)(T./Tp)*>x, > 0.
For y, = log(Xy/X), there are smooth functions by, b, on a closed outer collar, with inf by > 0, such
that
Too = ¢ 0y 0o (v ), Toz = Vb (ys ). (4.32)

All assertions are uniform in 7 € [—1,1] for the fixed profile. Their constants may depend on Xg, but
not on physical q.

Proof. These are Lemma A.8 and Proposition A.10. The four moment identities cancel the
total residual integrals, giving the backward primitives above. The prepared terminal profile
then gives the cone inequalities and (4.32). U

We now construct the missing inner extension. It must be smooth at the axis and match
the five cumulative integrals of the prepared exterior at a specified joining radius. We use
the function I'ly(77) from Lemma 4.8 as the pressure value at X = 0.

Proposition 4.10. Fix the outer-profile data of Lemma 4.8 and any prescribed finite collection of
n-derivative orders. One can choose finite axis parameters jo, 6, 0x, \, a logarithmic transition length
Ten, and an amplitude threshold Cy such that every C > Cy admits the following construction. Set
X, =4/A, Xg=110(CP)Y®,  x=X/Xg, X,=Xge?>, f=0+4>)"L
After C, choose a positive activation width t1 in the logarithmic coordinate log(X/X,), a positive
shear factor xo, and the remaining transition widths. There are profiles E = v/2X ¢/C, U, and
IT =TIy + Cp on [0, Xp,] x [—1, 1] with these properties.
(i) The scalar ¢ is positive, and ¢, U, 11, Vo / X are smooth on [0, X;] x [—1,1], including X = 0.
Thus Equations (4.4) to (4.5) give a smooth Cartesian velocity and pressure across the axis.
For some Xan € (X4, Xp,), these scalars and every fixed radial derivative are analytic in y on
one common complex neighborhood throughout [0, Xan| % [—1,1]. The profiles solve (4.13) for
0< X < X,,and Ty = 0 there.
(ii) The inequalities a > 0, P. > 2, and vs < U(P,, J.) hold on (X,, Xp,]. On the first collar
(Xa, Xan|, one also has vs > 2. At its inner endpoint, a(X,, 1) > 0 and vs(X,, 1) > 2 + Cex
for a constant cex > 0. Writing y, = log(X/X,), the first collar has the factorization

To = eft%/ygga(ya)Ba(yarﬂ)r 8a(0) >0,
Ba(0,17) = F(Xa,17)s(Xa,17) # 0.

The functions g,, B, are smooth through y, = 0, and for every fixed multi-index « there are
finite constants with

o] > ce™i/%, (9%, To| < Caue™1/¥iy Mo,

All assertions in these two items hold for every n € [—1,1].

(4.33)
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(iii) Near X, the fields equal Uy = 41y, Eg = P.fx'/10, and m(X;, 1) = mo(Xy,n). Here
mo = (Mo, o, Jo, So, Cp0) denotes the five integrals of this reference pair from zero. These are
equalities of functions of 1, and both pressures use the same prescribed value Iy(n) at X = 0.

Thus Xg may exceed any further prescribed lower bound without altering the earlier choices of A, Ty,.

Proof. We first choose axis data for Proposition B.2, then use Proposition B.3 and Corol-
lary B.10 to continue the profile and match its moments. Set U, = 41 + jo, where 0 < jo < .05
is the small axis-velocity offset, and define

H, = Dy +dU,, Z,=—A(1-2qU,)U, — H.U, — dIT + 4AnIl,.
The pressure bounds in Lemma 4.8 imply that Z, is positive at the unique zero of H,. Choose

a threshold 4, > 0, then a regularization parameter ¢, > 0, so that

2

H;
X = 21 o2 > .99 where |Z,] < ..

These choices specify the positive analytic axis value
T L(w)Hy(w)
$(0,77) = exp < A/o H, (W) + o2 dw) .
The parameter A sets the radial scale Y = AX. Propositions B.2 and B.3 provide the stress-
free solution through Y = 4.1 and the exit inequality ps1 + pZ,/ps1 > 2+ Cex at ¥ = 4.
Proposition B.5 and Corollary B.6 give the axis and collar regularity in part (i) and the
first-collar assertions in part (ii); «p is the factor reducing the reference shear, and ¢, is the
width of its initial transition in log(X/X,).
For part (iii), we compute the reference integrals my. In the normalization

= (M/Xg, I/X¥%]/X¥?%S/Xr,Cp),
direct integration of the reference pair gives
Mo(x) = 4%, Io(x) = 22P. x5, Jo(x) = 4nlo(x),
So(x) = 165%x — S P25 Cyo(x) = FPAfAAM5.
The first continuation supplied by Proposition B.5 ends at
X;=110,  Gi(y) =U(Xyn),  a(Xyn)=4/5 — DxU(Xyn)=0.

The next transition, (B.34), holds U = G; while matching E to the azimuthal reference profile.
The value U = G; is retained until the restoration interval below.

To specify a matching tolerance before C, put R = [¢~%,¢7°], and take minima and maxima
over R x [—1,1]. The reference fields have Qmin = minQso > 0, e. = minEy > 0, and
finite w, = 1+ max|N;o/(EoQsp)|- Here restoration means changing U = G;() to 41 on
e~8 < x < e7, followed by the five moment corrections on e ® < x < ¢~°. At the entrance
x = e ° to the correction interval, write A = @ — M, using (4.19) with p = Xg. For the
prescribed finite order k, choose ¢, > 0 so that

1Gi = 47ll ks + [|AT(e™, ) e < em

is sufficient for restoration and correction to satisfy

(4.34)

Qs > Qmin/zz E>e./2, 7<a<0y, ‘EI\S

Swy, |bs| < :
s w ’s‘_l_’_w*
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Consequently v; = a +b?/a < .9 +.01/.7 < 1, while

bS N S 6 3 Qmin XRx
G QS a E - 7QS sl 7 7 P C L G > 2
for every sufficiently large Xr. Hence the relaxed condition holds throughout restoration
and moment matching with one fixed tolerance, as required in part (ii).

For each required order k, Lemma B.7 gives

1G: — 417l ce < Cijo + CR/ A+ O™ (A) (11 + k0 + Whin),
where wy, is the sum of the two final widths in log X: the width for setting DxU = 0 and

that for interpolating a to 4/5 before X = X;. It also bounds log(CE(X;, -)) independently of
the later amplitude, fixing the length Ty, of the transition to Ey. Its endpoint satisfies

Xsep = €1/ (CP,)10 — 0.

Choose jo, A to control the first two errors, then C large, and finally the widths and «g
small. The bound (B.39) makes the normalized moment error at x = ¢~® smaller than
the prescribed tolerance; the extra derivative required by (B.35) is included among the
prescribed orders. Proposition B.8 restores U and solves all five moment equations before
x = e~°, preserving the relaxed inequalities above. Direct integration of (U, Eg) gives (4.34),
completing part (iii). U

The inner and outer constructions leave an interval on which only the relaxed cone
condition is known. We will replace its shear by a periodic family with the same mean,
every value of which satisfies the admissible condition. To measure its distance from the
four constraint boundaries, for a > 0, b € R, and p = (p1, p2) € R?, define

- P ’ = p1 apZ; ]=Pp2 aPl;
Y(a,b,p)=(a, v—2, c—v, 2(c—v)*— (v—2)j).
For the profile data (a, bs, ps ), positivity of all four components is exactly a > 0, v; > 2, and

(4.22). The map ¥ is smooth on {a > 0}.

Lemma 4.11. Let 7 = [X_, X;] € (0,c0), and let a, bs, ps be smooth on T x [—1,1], with a > 0.
Define t;, vs, Pe, J. by (4.20). Suppose P. > 2 and vs < U (P, ].) throughout this rectangle, and vs >
2 in neighborhoods of both radial endpoints. There is a smooth period-one family (ar, —br)(X, 1, @),
¢ € R/Z, such that

(4.35)

/Ol(aL, —br)(X,n,9)de = (a,—bs)(X, 7).

Every loop shear satisfies the admissible cone condition with the given vector ps(X,n) held fixed.
More precisely, there is py, > 0 such that

TZ‘(IJIL, bL, ps) > UL onT x [—1, 1] X ]R/Z, 1 < i < 4. (436)

Near both radial endpoints the loop is independent of ¢ and equals (a, —bs). Smoothness includes
one-sided derivatives at § = £1; the constant yj, may depend on all the fixed input data.

Proof. The variance construction in Lemma C.1 supplies a smooth 27r-periodic ratio ¢,(X, #,6")
and a smooth p;(X,7) > 0 such that, writing (f) = (27) ! OZHfdQ’,

<tg> =t <(tg — ts)2> = ‘Dg/a, Uy = Vs +pp > 2.
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It also gives, for every ¢,

co=psittpsp>2,  jo=psp—tipsy, v <Ulcq o)

These are (C.10) and (C.8), together with the cutoff choice (C.9); their construction is smooth
also where p, = 0. Near the radial endpoints it has py = 0 and t;, = t;. Define the lifted
parameter ¢, with ¢(0) = 0, by

de _a(l1+1) v(1,ty)

ae’ 2710, 1+ t% ‘
We verify that the new parameter has period one and that the shear has the prescribed mean
in this parameter. Both follow by direct integration:

2 4
/ dzde/— —(1+8+p/a) =1,

, (ap, —br) =

(4.37)

/ (ar, —by) dg = o / (1) 6’ = (a,at,) = (a,—b,).

0 21t Jo

The positive derivative in (4.37) has a positive minimum on the compact parameter set, so
the inverse change of parameter is smooth. The resulting shear satisfies —b; /a;, = t; and
ap(1+ t2) = vy. Thus Lemma 4.5 gives positivity of every component of ¥ (ay, by, ps). Their
common minimum over Z x [—1,1] x R/Z is a positive number y, proving (4.36). Where
p¢ = 0, formula (4.37) reduces to (ar, —br) = (a, —bs), proving the endpoint assertion. [

4.6. Proof of the leading profile theorem.

Proof of Theorem 4.6. We first attach the two profiles in Lemma 4.8 and Proposition 4.10,
preserving their five cumulative integrals at the joining radius. We then change the shear
using Lemma 4.11 on the remaining interval where only the relaxed cone holds, estimate
the resulting errors, and use Lemma 4.7 to solve five equations restoring the integrals. All
estimates below concern 7 € [—1,1].

Step 1: choose the parameters and join the profiles. Choose the outer parameters
Mg, Ty, Py, A, h and 11y from Lemma 4.8, choosing the family with the endpoint property in
Lemma 4.9. Apply Proposition 4.10 with this same function I'ly. In that result A and the
logarithmic transition length Ty, are fixed before the amplitude normalization C. Let R be
the radius threshold in Lemma 4.8 and Cy a lower bound from the axis construction after
these choices. We may take

(R./110)1/10
P,

The tolerance ¢,, and the total logarithmic width wg;, are defined in the proof of Proposi-
tion 4.10. With the smallness convention in Definition 3.3, the profile parameters may be
chosen with

0<Cl'<Tls A < <6<ji<en<h< AP <M<,
0 < wiin < H <xg < CL

The second line continues the choices in the first. In particular, My, P, are large,
Ak, ey, jo, 04, 0 are small, A, Ty, C are large, and the three final transition parameters are
small. The exact derived scales and the additional amplitude requirement remain

T;=eM 410, P, >el, Xz =110(CP,)".

C > max {co, } Xg = 110(CP,)!% > R,.
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After these choices, we fix the periodic shear and the correction bumps in Steps 2-3. We
then choose N™! < wg,: with the same convention, take N sufficiently large after fixing
wiin, those functions, and all constants in the estimates below. Thus every radial scale and
width is fixed before the final integer N.

Put X, = Xge~°. Write (Uin, Ein) for the axis connection and (Uoyt, Eout) for the prepared
outer pair, and define

(uin/ Ein)(X/ 77)/ X S Xh/
Uo, Ep)(X,n) =
( 0 0)( ;7) {(uout/Eout)(Xﬂ’])/ X Z Xh-
Both definitions equal (47, P, (1 + %) ~1(X/Xg)'/1) on a neighborhood of X, so Uy, Ey are

smooth there. These are the profiles before the shear modification in Step 2. Set Hy = v2XE),
and define mo = (Mo, I, Jo, So, Cp0) from Uy, Eg by (4.15). Retaining the prescribed axis

rof
pressure Ily(7), put Hg “(X,n) =Ty(n) + Cpo(X,n). Compute Vo, Qs 0, Ns0, Ps,0, 20, bs0, To
from Uy, Ey, Hgmf by (4.7), (4.16), and (4.11); write po = ps0, bo = bsp, and so = (a9, —bo).
The five equalities in Proposition 4.10(iii) give
mo(Xy, 7) = mMoue(Xn, 7).
For X > X, the five integrands also agree, and hence

mO(Xr 77) - mout(X/ 17) - mU(Xh/ 77) — mout(Xh/ 77)

UO - uout
X HO - Hout
+ UoHy — UoutHout dx = 0.

M| U — Ugue — (E§ = Egu) /2

out
(E§ — Edut)/ (2x)
By Lemma 4.4(i), the pressures and the coefficients Vj, Qs 0, Ns0, Po, S0, To,0 agree with the
outer ones on this interval. In particular the pressure normalization and all four total
moment identities in Lemma 4.8 hold for the joined pair. The angular identity follows from

/OOO(HO — Hout) dX = IO(Xh) _ out(Xh) —0.

The joined pair is regular at the axis, so the conditional stress conclusions of Lemma 4.9 now
apply. It has zero stress outside [X,, X;], the stated inner and outer edge factorizations, and
the admissible cone near both edges. It satisfies the relaxed cone throughout the intervening
interval.

We specify the interval that still needs a shear change. Let Z; be the first reserved correction
interval from Lemma 4.8, and choose a closed interval Z = [X_, X | C (X,, infZ;) containing
every point of (X,, X;) where the joined pair may fail the admissible condition. Choose its
left endpoint strictly between X, and the end of the analytic collar, and its right endpoint to
satisfy Xgood < X4 < inf 7;. Shrink the analytic collar endpoint to a number X,n € (X,, X-).
Let Yy < Y; lie inside Z;, with Xy < Yp, and set J = [X_, Y;]. The original pair is admissible
near the ends of Z and throughout [X, Y;]. Apply Lemma 4.11 on Z x [—1,1] to its shear
(a0, —bo) and inviscid vector pg. For each modified pair (U, E;), j = N, f, below, define m,
by (4.15), set Il; = Iy + Cp, and compute its remaining coefficients by (4.7), (4.16), and
(4.11). We abbreviate p; = p;j, bj = b, j, and write V; for its radial-velocity profile.
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Step 2: realize the periodic shear at a finite frequency. The periodic shear has the required
cone direction. To obtain it from actual profiles, we integrate its difference from the
original shear and evaluate the resulting antiderivatives at a large radial frequency. Let
(ar, —br)(X, 1, ¢) be the loop just obtained. Its mean identities give periodic primitives <7, %
with zero mean, satisfying

1 1
9,7 = —Lap—ag),  0y% = LEo(by — by), /O,Qfd@:/o Bdp =0,

They vanish near both ends of Z because the loop there is constant. Extend them by zero off
Z, and for an integer N > 1 define
#B(X,n,Nlog X
EN:Egexp<eQ{(X'17'Z\Z]\”OgX)>, Uy = Uy + ( WN o8 )

In the following shear identities, Dx.%/ and Dx % differentiate X with ¢ held fixed; all loop
expressions are then evaluated at ¢ = Nlog X. The chain rule gives exactly

(4.38)

2Dxof
IZN=1—2D;(10gEN:llL— Zi(] ,
2DxUN o/ 2Dx %

bN EN e L+ NEO

All radii are now fixed and Ej has a positive minimum on J x [—1,1]. Since the phase has
no 7 dependence, for every fixed k there are constants independent of N such that

|Un — Uy, EN — Eoflx < A¢/N, lany —ar, by — br|[x < Bi/N. (4.39)

Here and until the end of Step 3, || - [|x takes the componentwise maximum of #-derivatives
of orders 0 < j < kon J x [—1,1], or on the indicated subinterval of 7. The second bound
is on Z; the shear is unchanged on J \ Z.

Write uy = Uy — Up, ey = Ex — Ep, and Amy = my — mg. There is no change below X_.
For X € J, the five exact increment formulas are

uN
X \/ﬂeN
Amy (X, 77) = / Houn + Upv2xen + v2x uney | dx.
| 2Upun + u3 — Egen — é3,/2
Epen/x + e%\,/(Zx)

The interval is fixed and bounded away from zero. The product rule and (4.39) therefore
give
f
|Amy|lx < De/N, [Ty =I5 [lx = [|ACpn Ik < Di/N.
Use Lemma 4.4(ii) with the common axis value Iy(7), taking N large enough that Ex >
% min 7, [~1,1] Ep. It yields

lpn = Pollk < Ck(Ag41 + Drs1)/N =: P/ N. (4.40)

Thus the large radial shear change has only a small effect on the integrated vector ps; the
estimate uses no smallness of radial derivatives of Exy — Eg or Uy — Up.

We have controlled the change in ps, while the shear follows the prescribed loop to order
N~ It remains to show that these errors fit within the loop’s strict cone margin. Use the
map ¥ in (4.35). With T = R/Z, let

= i in¥;(ay, b, >0, = i in'¥Y;(ag, by, > 0.
e IX[_mll,rll]Xjrmim i(ar, br, po) UR [ler]uxr[l_l,”rnim i(ao, bo, po)
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Both minima are positive by Lemma 4.11 and the choice of Z. Fix a compact neighborhood
of the values of (ar, by, po) and (ag, by, po) over the two displayed domains, on which a > 0,
and let Cy be an upper bound on the Lipschitz constant of ¥ on that neighborhood. By
(4.39) and (4.40), for all sufficiently large N the perturbed triples lie in that neighborhood
and satisfy, componentwise,

Yi(an, by, pN) = pr — Cy(Bo+ Po)/N > p/2 onZ,
¥i(an,bn, pN) > pr — C¥Po/N > ugr/2 on [Xy, Yq].
These four positive quantities assert ay > 0, vy > 2, and (4.22). The modulated pair is
therefore admissible throughout 7. Its five cumulative integrals still differ from the original
ones by O(N~!); we now restore them exactly.
Step 3: solve the five moment equations. On (Y, Y1) C Z;, modulation has not changed the
profiles, and
UN = UO = O, EN = EO = K(T])Xil/ZiA, K(’?) = Cpatch(1 + 772)71 > 0.

Choose two nonnegative nonzero smooth functions p1, 8, with ordered disjoint compact
supports in (Yp, Y1), and three such functions 1, y2, 3. Set

(4.41)

2 3
ue = Yy ai()Bi(X), e =Y &i(n)7(X), c = (a1,a2,81,82,C3).
i=1 =1

For LIf = Uy + u, Ef = En + e, the exact changes at Y7, ordered as (M,],1,S, Cp), are

JucdX
[ (Houe + V2X ucec) dX
[V2X e dX = B(n7)c+ Qy(c,c) = dn(n). (4.42)
[ (u2 — Egec — €2/2) dX
[(Egec/X +e2/(2X)) dX
All five integrals are over (Yp, Y1), and dy is —Amy(Y3,7) in the same row order. The linear
map has two diagonal blocks:

f ﬁl f '62 f \/ﬁvl f \/ﬁ'YZ f \/ﬁ,)@
By = <I HO,B fHO,32> ’ Bg = _fEO')/l _fEOI)/Z _fE073 .
! JEovi/X  [Eov2/X [Eoys/X
The weights in By; have exponents 0, —A, and those in Bg have exponents 1/2, —1/2 —
A, —3/2 — A. They are distinct since A > 0. By Lemma 4.7, both blocks are invertible,
smoothly in 5. Their inverse bounds are finite because A, the radii, and all bump functions
were fixed before N.
Let vy be the norm of multiplication by B~! on C¥([—1,1]), and let g; be the bilinear norm
of Q: CF x Ck — Ck, as in Lemma 4.7. Since |dn||cx < Di/N, it suffices to choose

N>38 tqkD
= ?;%’)é Vi gk Pk
to obtain a smooth solution of (4.42) with ||c||c2 < 212D,/ N. The fixed bump shapes then

give
max [|9 (e, ec)[|2 < C/N.
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Integrating the five correction integrands in (4.42) only up to X € [Yp, Y1] gives

max  sup |af (mg—my)| < C/N.
052 el

By the shear formulas and Lemma 4.4(ii), increasing N if necessary gives

E; > : [Yo,Yﬁlir[l—l,l] Eo, laf —an,bf —bn, pr — pnllo < Crep/N.
Here Crep is independent of N. Increase N so that the final triples stay in the fixed compact
neighborhood used to define Cy. Consequently (4.41) remains strict on the repair interval:
for N > 4CyCrep/ pir,

Yi(as, by, ps) > ur/2 — CyCrep/N > pr/4 > 0.

No profile or cumulative integral before Yj is affected by this correction.
The equations (4.42) give m,(Y;) = mo(Y7). All profile changes are supported in (X, Y7);
thus
(Uf, Ef) = (UO,E()) for X S X_and X Z Yl,

ms(X) =mp(X) for X >V, (4.43)

(ITf, Vi, Qs 5 Ns g pr, Tof) = (I15%, Vo, Qs0, N, po, Top)  for X > Y.

The last two equalities follow from Lemma 4.4(i). Here V; and V) denote the radial-velocity
profiles computed from the final and joined pairs. All lower bounds on N encountered above
are finite and depend only on already fixed data; one finite integer can therefore satisfy them
simultaneously. We henceforth write (U, E, IT) for the final profiles and 7 for their stress.
Step 4: verify the six conclusions. The final profiles satisfy the cone inequalities, and their
five cumulative integrals agree exactly with the joined pair beyond the correction interval.
We now use these two facts to verify the regularity, support, and endpoint estimates of
the theorem. For the regularity in part (i), the changes in Steps 2-3 have compact support
above X;n. The analytic axis rectangle from Proposition 4.10 is therefore preserved. All
remaining profile pieces and their joins are smooth. Positivity of E follows from positivity
of Eo, the exponential in (4.38), and the bound for E; on the repair interval. Near the axis
E = v2X¢/C; there F = ¢/C,U,T1,Vy/X have the regularity asserted in part (i). On any
finite rectangle this gives finite bounds for every fixed mixed derivative.
The preserved pressure increment satisfies C,(c0,7) = —IIp(17). Hence

00 2
H(X,U)ZHO(’?)+CP(X,17):CP(X,U)_CP(OO/U):_/X E(ch)dx_

This proves the pressure normalization in part (i) and the radial balance in part (ii). In
particular [Ty = E?/(2X) = F? extends smoothly to the axis. Proposition 4.2 gives the exact
tangential residual identities. The first edge is unchanged, so the stress is zero for X < X,
and (4.13) holds there. By (4.43), the outer stress is unchanged and zero for X > Xj,.

On X, < X < X, the cone holds: it was preserved near the two edges and beyond Y7,
and was proved on [X_, Y] in Steps 2-3. In particular, (4.23) gives

76,9 + ts76,z = F(Pc — Us) > 0.
Thus the stress is nonzero at every interior point, completing part (ii).
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We next prove the uniform assertions in part (iii). Set y, = log(X/X,), v, = log(X,/X).
The factors (4.33), (4.32) give the following extensions of n = Ty/|7o|:

B by, 10D
n=-—% near X, n= M near Xjp.

- 4y
Their denominators stay positive on smaller collars. Since B,(0,%) = F(X,,17)s(Xa, 17),
(1,t)
The smooth functions F,a,vs — 2 are positive in the interior; the endpoint estimates in
Lemma 4.9 and Proposition 4.10 make them positive also at X;, X;,. They therefore have

positive minima on the closed annulus.
Define, on that rectangle,

n(Xa,m) = n(Xp, 1) = (1,0), ts(Xp,17) = 0.

A, = ng+ tgny, B, = n, — tgny.
In the interior, (4.23) implies
n — PC — Y > 0
ps — 5|

At the two edges, B, = 0, while A, = \/1+ #2 at X, and A, = 1 at X;. Thus A, > 0 on the
closed rectangle, and we may define
Gn=2— (vs —2)B2/A2.

By (4.22), G, = 2 — (vs — 2)J?/(P. — v5)? > 0 in the interior, while G, = 2 at both edges.
Hence A, G, are smooth and positive throughout. Taking

K = min {1, min Ay, min Gn} >0
[XarXb] X [71/1] [Xasz} X [7171]

gives (4.26), with ¥ < 2. This proves part (iii) including its endpoint directions.
For part (iv), let ¢, = t% > 0 be the inner exponential constant from (4.33), and put

I(X) =exp(—ca/y2—4/y;) (Xa< X < Xp), ¢ =0 otherwise.

This function is smooth and flat at both edges. On a fixed inner collar, the ratio {/e ™%’ Vi is
bounded above and below by positive constants; on a fixed outer collar the same holds for

7/e % Y. The smooth nonzero factors in (4.33), (4.32) therefore give

|To| > ¢, |0°To| < Culy,™ on the inner collar,
|To| > ¢cZ, [0*To| < Caly,™ on the outer collar.

Each derivative of an exponential factor contributes only finitely many inverse powers
of y; or y,. On the compact interval between the collars, { > 0, |7o| > 0, and all fixed
derivatives are bounded. With § = min{1,y,,y;}, these estimates combine to give (4.27),
proving part (iv).

Finally, the total moment identities in part (v) survive both exact connections. For the last
correction this follows explicitly from

(M, ],8)f(00) = (M, ],S)o(c0) = (0,0,0),
[0 ) = 1,00) — 1o(7) =0
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Together with Step 1, these equalities give (4.28). The exterior pair remains the heat profile
supplied by Lemma 4.8, with the same c. The identity

7 X AH(24/X) = coos YH(2T/5)
proves the physical exterior formula. Since Y7 < supZy < Xy, equation (4.43) preserves
U=M=]=0for X > X, with the same X, as in Lemma 4.8. Equation (4.7) yields
2n XU —2DyM — dM
Vo = U L’7 T _
The radius X, precedes the terminal collar and lies after all four reserved intervals. This
proves part (v). For part (vi), the heat compensation used Z,, and Step 3 used only Z;. Thus
Ipos = T3 and Zmean = Z4 retain the exact profile (4.30), proving part (vi). All choices were

made in profile coordinates before physical g or any later correction stage is introduced, as
required. U

The profiles now give the leading field from Section 3 with its prescribed annular stress.
The next section corrects the higher-order residual terms identified after (4.7).

5. CORRECTING THE BASE FLOW TO EVERY ORDER

Near the axis, the leading profiles (E, U, Vj,IT) of Theorem 4.6 satisfy the balances in
Equations (4.7) and (4.13), but axial viscosity and the remaining radial terms still contribute to
the residual. We add axisymmetric corrections to obtain the background (up, pp) described in
Section 3 and Proposition 5.5. The velocity up is exactly divergence-free, and its momentum
residual is minus the cylindrical divergence of a physical annular stress Tpnys, as in (5.41),
plus an error £ bounded by every power of g as g | 0. The same bounds hold for every
fixed physical derivative on each compact profile range. The annular stress is the input to
the wave construction in Section 7.

These remaining terms enter at successive powers of qzh in Equations (5.3) to (5.6). At each
order, Lemma 5.1 solves for a correction near the axis, and Lemma 5.2 extends it radially and
imposes the five integral conditions that keep its stress supported in the prescribed annulus.
The induction in Proposition 5.3 completes the current order before using its coefficients to
construct the next order.

The leading profiles and their construction constants remain fixed throughout. The
resulting coefficient sequence is the formal expansion (5.1): convergence of the unmodified
infinite series is not asserted. After constructing this sequence, Lemma 5.4 produces smooth
fields for g > 0 with the same asymptotic coefficients. The proof of Proposition 5.5 checks
that summation preserves incompressibility, the exterior velocity, and the required residual
estimates.

5.1. Higher coefficients near the axis. We first solve the coefficient equations Equations (5.2)
to (5.6) near the axis, where the stress must remain zero. For n > 0, we set A, = 2nh, Ey = E,
Uy = U, and Il = I1. Each coefficient profile is a function of (X, 7). The subscript zero
now denotes expansion order: ITy(X, #) is the entire leading pressure profile, whose trace
I1p(0,7) is the axis pressure function defined in (4.31). We use the similarity variables of
(4.1) and write the physical coefficients as

u@,n = q_A-‘r/\nEn = rq_A—1/2+)\n4)n/C, EVl = vV ZX(PTZ/CI (5 1)
—Athaqp —2A+AuT], | ’

A
Uzpn =4 Ty = g™ Vi, Pn =4
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Here ¢, rather than E,, is the azimuthal coefficient that is smooth at X = 0. The radial
average is the operator from (4.6), applied at fixed 7: Ax(U,)(X,7) = X! fOX U, (x,n)dx.

The spacing 2h in (5.1) accounts for the two lower-order effects identified after (4.7). We
recall A = % +hand D = % —h from (4.1), so 1 —2D = 2A —1 = 2h. First, the axial
derivative identity in (4.2) gives the factor 2P = g% for two axial derivatives. The radial
relation X = r2/(2q) in (4.1) gives g~ ! for two radial derivatives. Thus axial viscosity applied
to order n — 1 enters the angular and axial equations at order 7; these are the order-n — 1
viscous terms in Equations (5.3) and (5.4) below.

Second, we recall the leading radial balance r9,p(®) = (uéo))2 underlying the pressure
identity in (4.7). With the physical powers in (4.3), both sides have power 4~24. The other
terms in the radial momentum equation multiplied by r start at g~! = g7244?", as noted
after (4.7). This gives the order shift in the pressure equation (5.5): the remaining radial
terms are collected in (5.6) and enter one order later.

To include differentiation of the powers of g, we recall the operators T, Z, from (4.2) and
abbreviate

Tu,n = Lg+A,s Za,n = Zu+)\nr ZL%;L = Za+A,17DZu+/\n-
The order of composition in the last expression accounts for the change of power after the
first axial derivative. Negative field indices mean zero. Incompressibility, with the integration
constant fixed by regularity at the axis, is equivalent to
Vi 2nU, —25(D + Ay) Ax(Uy,) — doy Ax(Uy)
X L '
We fix n > 1. At this point all coefficients of orders j < n are known, including their radial
cutoffs and the integral corrections constructed in Lemma 5.2. We solve for ¢,, U, I1, on a
common inner interval; V; is determined from U, by (5.2). The pressure coefficient I, must
be solved together with ¢, U,,.

(5.2)

aXVn = _ZfA,n un/

We set b = —A — } and ¢ = —A. Primes in the following system mean dx, with 7 fixed.
The equations that cancel the order-n momentum residual on the inner interval are
2(X0) +201) = Toutpu+ Y {Vilgj+ 41/ X) + UiZojo ) — 700 1nr, (5.3)
i+j=n
2(XUY +Uj) = Tonly+ Y {Vill + UiZejUs b+ Z apully = 22} (U, s, (5.4)
i+j=n
Oy,
_ 2 n—1
H; =C i+'z— ‘Pz"Pj - ﬁ/ (5.5)
j=n
O = TosVi+ Y {Vi(vj’ ~Vj/(2X)) + uizo,jvj} —2xVy - zE v . (56)
i+j=k

Every occurrence of O, 4, ¢n—1, or U,_1 in these source terms uses already constructed
coefficients. For example, the pressure equation separates into

n=l Q,_

IT, = 2C 2o + C 2 Y icpu—i — —=—

= 2X
The sum is empty when n = 1. Its terms and (,,_; are known, while the first term is linear in
the current unknown. Splitting the transport sums into (i,j) = (0,n), (n,0) and 1 <i,j < n
gives the same conclusion for the other equations. Thus the system is linear at each positive
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order. The pressure equation will also be imposed when the current profiles are extended
beyond the inner interval.

The powers of g4 and the terms arising from the cylindrical basis are obtained as follows. On
rqb”‘" ¢n/C, angular radial transport includes u, (9, + r~!)uy and therefore yields Vz-(axq)]- +
¢;/ X). The angular vector Laplacian gives 2(Xdxx¢, + 20x¢y) after removing rgt=1+M/C.
The corresponding axial scalar Laplacian gives 2(X0dxxU, + dxU,). Every transport product
has the same power because A + D = 1, and axial viscosity increases the order in the 4"
expansion by one because 1 — 2D = 2h. In the radial equation, multiplication by r places
pressure and centrifugal acceleration at power =24+, whereas the other radial terms start
at g~1*M; hence k = n — 1. Finally, applying the radial operator d,, + 19, —r~2 to V(X) /r
gives 2Xdxx V' /(qr), giving the last two terms of (5.6). Since (5.2) gives V; = Xv; with smooth
vj, every term of () is divisible by X. For example, V;(0xV; — V;/(2X)) = Xv;(v;/2 + Xxv;).
Thus )/ X is regular at the axis, including all fixed parameter derivatives.

The linear equations must be solvable on one radial interval at every order. This requires
control of the y-derivatives in the recursion even as the coefficient bounds grow. The analytic
dependence of the leading inner profile supplies that control.

Lemma 5.1. There exists an interval 0 < ¢ < a, { = VX, extending from the axis into the inner
collar of Theorem 4.6(i), where the stress cone inequalities hold with a uniform positive margin,
on which every positive order has a unique solution of Equations (5.2) to (5.6) with ¢,(0,1) =
U,(0,) = I1,(0,57) = 0. The profiles are smooth in X and, for each fixed radial derivative,
holomorphic on a neighborhood of [—1,1] in the parameter . That neighborhood and its bounds may
depend on the order and the radial derivative; a does not. Uniqueness holds among solutions whose
profiles extend holomorphically in 1 to a neighborhood of [—1, 1], with bounds uniform for 0 < ¢ < a.

The zero axis values leave the leading traces of ¢, U, and IT unchanged by every positive-
order coefficient.

Proof. Step 1: write a linear system on the fixed inner interval. The analytic axis solution
and its first collar, supplied by Proposition B.2 and Theorem 4.6, have the stated parameter
regularity on a fixed radial rectangle. We choose a inside this rectangle, beyond the shorter
collar that will remain uncut. At order n, we use the previously constructed lower-order
coefficients, including their cutoffs and moment corrections. The corrections are supported
to the right of this rectangle, and the radial cutoffs preserve parameter analyticity there.
A sulfficiently small complex neighborhood S, = {n € C : dist(#,[—1,1]) < p} therefore
contains no zero of L and supplies bounded holomorphic coefficients and sources throughout
0<¢<a.
We introduce the auxiliary variable K, and the vector W,, to write the system as

Kn - AX(un) - un/ Wn - (an/ un/ Kn/ Hn/ 864711; agun)T/
W, + ¢ 1diag(0,0,2,0,3, 1)W,, = AgWy, + A1d, Wy + fu, Wy (0) = 0.

The matrices Ap, A; are 6 x 6 coefficient matrices in (&,#), with n fixed; f, is a known
six-component source formed from the lower-order profiles. The additional unknown K
replaces the radial average by a first-order equation, so the system has no unevaluated
radial integral of the current unknowns. Indeed, 9K, + 2K, /§ = —dzU,, and the two radial
second-order operators become (9zz + 3¢ 19;) /2 and (dgz + ¢ 19z) /2. At positive order all
terms containing an order-n unknown are linear. The pressure row is dz11, = 45Po¢py / C2+
known terms; we also use this row for XdxII, in the axial equation. All apparent divisions
by X are then regular.

(5.7)
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Step 2: solve without shrinking the radial interval. Iteration of the system differentiates
in 7. We control the number of such derivatives before estimating the successive radial
integrals. The coefficient of 8,7 has the following sparse block form. With H. = Dy + dUy, its
only possibly nonzero entries are

(A1)s1 =2H./L, (A1)s2 = (A1)s3 = —2d(¢po + X0x¢po)/ L,
(A1)62 = Z(HC — dxaxuo)/L, (A1)63 = —2dXoxUy/L, (A1)64 =2d/L.

Thus A, at every radius and after every parameter derivative, maps the first four coordinates
into the last two and annihilates the last two.

For ¢; = (0,0,2,0,3,1);, we invert the diagonal part of (5.7), with zero axis data, by the
integral operator

(G1(6) = [ (/07 si)ds, K= GlAv+ Ardy),

Its kernels are independent of # and preserve the two coordinate subspaces just described. If
Dy is any intervening diagonal kernel, then

Al ((:)DOAl (S) = 0, A1 (C)DoaﬁAl (S) =0.

Consequently two adjacent derivative operators vanish even when the left derivative falls on
a variable matrix coefficient. A nonzero composition of k factors contains at most py = [k/2]
parameter derivatives.

We bound Ay, Ay, fu on the larger neighborhood S,, uniformly on the whole radial
interval. On S/, 0 < p" < p, we split the Cauchy radius loss A = p — p’ among the at most
pi derivatives. The diagonal kernels have norm at most one, and the ordered integration
simplex has volume a**1/(k 4 1)!. Summing the at most 2¥ compositions gives

C}E‘Fl gk+1
(k+1)!
The kth root of the right-hand side of (5.8) tends to zero. The Picard series W, = } ~¢ K*Gf,
therefore converges on S, for every finite 4, regardless of the size of C,. Iterating the
homogeneous equation for the difference of two solutions and applying the same bound

proves uniqueness. In particular, the radial interval is independent of the coefficient norms
at later orders.

IK G fulls, < (max{1, pi/A})™. (5.8)

Step 3: recover smooth profiles at the axis. Radial smoothness follows without differentiat-
ing a singular expression:

1 1
(Gg)i = C/O tigi(tg)dt,  0:(Gg)i = gi(g) _Ci/o tigi(t¢) dt.

The second identity is continuous at zero. Repeated use of it, with a smaller parameter
neighborhood when necessary, gives every fixed radial derivative. We extend the integral
equation across § = 0. The original equations preserve even parity of the first four coordinates
and odd parity of the last two; uniqueness gives precisely these parities. Taylor’s formula for
an even smooth function of ¢ shows, to every finite order, that it is smooth as a function of

X = ¢2 on the half-interval. This also verifies the regularity required to form the next source
Q,/X. 0
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5.2. Canceling the total radial residual integrals. The inner profiles (¢,, U,, V;,I1,) from
Lemma 5.1 are not yet coefficients that can be used at the next order. We must extend E,, U,
to all X > 0, recompute V,,, 11, from Equations (5.2) and (5.5), and control the residual
created by that extension. A radial cutoff of E,;, U, alone does not give compact support for
the fields obtained by radial integration. In particular, the pressure may acquire a nonzero
exterior constant and the stress 7, defined below in (5.9) may acquire a nonzero exterior tail.
We impose vanishing of the five moments defined below in Equations (5.10) and (5.11) to
remove these terms, as proved in Lemma 5.2.

We specify how to collect the residual coefficients before imposing the moments, using
R = v/2X. To extract order 1, we substitute (5.1) into the differential polynomial %, perform
the physical differentiations, remove the common tangential power g=4~1, and collect the
coefficient of g*"*. This is a finite algebraic operation: multiplication uses the sums i + j = 1,
and axial viscosity uses order n — 1. Explicitly,

R 2
Y = ¢ [Tb,n(Pn + ) Vi@ + ¢/ X) + UiZy b} — 2(Xpyy +2¢9),) — Zz[u]ll‘l’nl] ,
i+j=n
ton = Touln + Y ViU + UiZo U} + Zogpully — 2(XUL + UL) — Z2)_ U, 1.
i+j=n
These expressions vanish where the inner equations are solved. We define the two required
stress components by weighted radial integration of the negative residuals:

TR = R [ Prou@de,  Toa(®)= K" [Ceal0)de (59
n, 0 §l ’ nz 0 zn . .

All profiles under these integrals have the same parameter 7. The two physical stress
components are g~ A~1/2+4T, . For the forward integrals to vanish beyond the support
of their sources, the total integrals of R%tg, and Rt,, must vanish. The five conditions
below imply those two identities through the conservative momentum equations; they
also remove the radial-velocity and pressure terms left by integration. We also write
F, = fOX U, (x,n)dx = XAx(U,) for the Stokes streamfunction coefficient; this indexed

notation is distinct from the leading azimuthal profile F = E/v/2X.
For a tentative extension at order 1, we denote the five total moments by

T /0 RU, dR, niys = /O R2E, dR, niys = /O 9xTT, dR, (5.10)
mus= [ R Y UEdR,
0 itj=n
) (5.11)
My s = / (R y uiuj—;RZaRHn> dR.
0 i+j=n

These are functions of 77, with every lower-order factor held fixed. We write

= ey , P, = Uy, = 1, = |-

my (mn,l mn,S) n (‘Pn e n X)

Radial supports below are uniform over || < 1. For the stress estimates, we use the flat
weight ¢ of Theorem 4.6 (Item (iv)) and set

d(X) = min{1,log(X/X,),log(X,/X)} (Xs < X < Xp).
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Lemma 5.2. There are radii X, < X_ < Xy < X, independent of n, for the following induction.
Fixn > 1. For each 1 < j < n, assume that P; is smooth, satisfies Equations (5.2) and (5.5) globally,
and obeys (5.12) with n = j. Assume also that these profiles agree with their inner solutions on
[0, X_] and retain the parameter reqularity of Lemma 5.1 throughout [0,a]. For n = 1, there are no
lower positive-order hypotheses. Then the inner order-n solution of Lemma 5.1 has a smooth extension
to X >0, |n| <1, agreeing with it on [0, X_] and retaining its parameter reqularity throughout
[0,a?], satisfying Equations (5.2) and (5.5) globally, and obeying
m,(7) =0 (|| <1), suppy P C [0, X4 ]. (5.12)
Both V,,/ X and F,,/ X extend smoothly to X = 0. The stress defined by (5.9) satisfies
suppx 71 C [X-, Xp],  suppy Tu C [X-, X4] (1 22),

and, for every fixed profile derivative d',

' Tu(X, )] < Corf(X)S(X) M (X < X < Xy ] <), (5.13)
Here Cp, 1, Ny, may depend on the order and derivative; for n > 2 one may take N, ; = 0.
Proof. Step 1: extend the current profiles while preserving the inner solution. We preserve
the inner solution on [0, X_], then choose the extension so that m, () = 0 for every || < 1.
The conditions m,, 1 = m,3 = 0 remove the exterior streamfunction and pressure terms. The
conditions m,, ; = m,» = 0 cancel the integrated time and viscosity terms; m,, 4 = m, 5 = 0
cancel the integrated momentum fluxes, including the pressure contribution. Steps 3 and 4
verify these implications.

Let (¢, UM, Vin, TTIM) be the inner profiles, defined for 0 < X < a? by Lemma 5.1. Let
Tpos be the reserved positive-order patch of Theorem 4.6 (Item (vi)). We choose X_ in the
inner collar of Theorem 4.6(i), where the stress cone inequalities have a uniform positive
margin, and fix, independently of ,

X_ < Xieep < Xeut < a> <infpes, k€ CP([0,00)), 0<x <1,
K(X) =1 (0 <X< Xkeep)r K(X) =0 (X > Xcut)-
The initial extensions are
_ . - . -~ R~
P = Ky, u, = «U,;, E, = Ecpn, R =v2X,

with the products extended by zero past X = a°.
In the R coordinate, the reserved patch Z,os is Jpos = {R > 0': R%/2 € Tpos}- We choose
nonnegative smooth bumps

by, b3, bf, b5, b5 € C&(Jpos),
/O AR =1 (j=1,2), /0 EdR=1 (j=1,2,3),

with mutually disjoint ordered supports, fixed across orders. For five unknown scalar
functions «,, ;(17), B,;(17), we set

2

Un(X, 1) = Un(X, ) + Z;“n,j(ﬂ)b]u(R)/
£
3

£ X0) = B+ L R = S

(5.14)
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At R = 0, the quotient defining ¢, is its smooth extension: near the axis the bumps vanish
and ¢, = ¢,. For each choice of these five coefficient functions, we define the remaining
profiles by

X
F(X) = [ Uil d,

X
V(X)) = = [ (Zoanll) () (5.15)
o X -2 ) ‘_Qn—l
(X, = [ [c PEUES = UL

All lower-order profiles and (),,_; remain fixed in these formulas. The quotient (),,_1/x
is smooth at the axis, as established after (5.6). Equations (5.2) and (5.5) hold globally by
construction. On [0, X_], the cutoff is one and the bumps vanish, so forward integration
from the zero axis values gives

(q)n/ Uy, Vi, Hn) = ( ;n/ uiln’ Vén/ Hgl)
The radial cutoff is independent of 77, and the bumps vanish on [0, 42]. The reconstructed

profiles therefore retain the parameter regularity of Lemma 5.1 on that whole interval, as
required at the next order.

Step 2: solve the five moment equations. On Z,
Uy=0, Eyp=e.f(nR12, e.>0, A>0,

where f is smooth and bounded away from zero. With the lower-order profiles fixed, all
five moments are affine in the five unknown coefficients. For the fifth moment, the pressure
equation gives
e / ( Y UL Y RE+ 1Qn1> X,
0 \itj=n 2 i+j=n 2
The term ),_; depends only on lower orders and is unchanged by the five coefficients.
Using R? = 2X, the pressure equation also gives

2E0E, 1 ("=
orIT, = + = <Z EE, i—Qu 1]
R R\ =

We define the constant moment matrices

(Bu)ij = /0 RFBE(R)AR,  (pr,p2) = (1,1—2A),

(Be); = /0 RYDE(R)AR, (s1,52,53) = (2,2 — 2A, —2A).

Here By is 2 x 2 and Bg is 3 x 3. Let m?l,]- be the moments obtained by setting all five
coefficients in (5.14) to zero and reconstructing the profiles by (5.15). We put

0 m) 2
dUn:< Omn,l ) dEn: m03/1(1,26f)
' mO /(e ’ ' n, * :
ul(8:1) i/ (e.f)
Writing &, = (a1, 002) " and B, = (Bn1, Bna, Bn3)', the five conditions are exactly
m, =0 <— Byea, = —du/n, BEﬁn = _dE,n-
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Lemma A.1 applies because the exponents in each block are distinct and the bump supports
are ordered. Both matrices are therefore invertible, and the required coefficients are

ay = —Bj'dun, B, = —Bg'dpa. (5.16)

The discrepancies are smooth functions of 7, and all fixed derivatives of 1/ f are bounded on
[—1,1]. Thus these coefficients are smooth for discrepancies of any finite size. This proves
m, = 0. The support assertion in (5.12) remains to be checked.

Step 3: close the velocity and pressure outside the correction region. We choose X, beyond
the leading axial-velocity perturbation Uy and every positive-order patch, and before the
terminal outer collar. The first moment gives

F.(X,n) = /000 Un(x,1)dx =my1(y) =0 (X > X4).

Hence Ax(U,) = V,, = 0 there at positive order, while the leading axial-flux moment
correction gives Uy = Vp = 0 there as well. Each term of every () contains a V factor or a
derivative of a V field, and hence vanishes on this same exterior region. At positive order
each product ¢;¢;, i + j = n, contains a positive-order factor. Thus dxI1, = 0 beyond X,
and the third moment gives

I, (X, ) = TTn(0, 1) + /Ow ORI, (R, 7)dR = mys(y) =0 (X > X,).

Thus ¢, Uy, Vi, 11, F, all vanish for X > X . Their smoothness follows from the cutoff
ansatz, the finite solve (5.16), and the integrals (5.15). At the axis,

Fo(X,m) _ (!

is smooth, and (5.2) gives the same conclusion for V;,/X. Compactness of [0, X ;] x [—1,1]
now yields the coefficient bounds

max  sup (950, Pu(X, )| < Cp <00 (n>1,m >0). (5.17)
k+0<m X>0,[y|<1
The support radius is common to all orders; these constants may grow with n and m.

On the reserved interval Zean for later angular-mean corrections, the higher-order velocity
coefficients vanish identically. The support of the inner cutoff and the patch Z,,s both lie to
the left of Zmean. Thus E,, = U, = 0 there, and the first moment gives F, = 0 already beyond
the positive-order patch; (5.2) then gives V,, = 0. In particular,

E,=U,=F,=V,=0 on the reserved mean patch, for every n > 1. (5.18)

Placing X beyond the leading axial-velocity perturbation is essential for the pressure
support: ()g can remain nonzero beyond the positive-order patches.

Step 4: cancel the total tangential residual integrals. The inner equations make both
positive-order stress components zero on [0, X_]. To prove that they also vanish beyond
the outer radius, we use the conservative forms of the tangential residual for any smooth
axisymmetric divergence-free field:

Ry = at(r2u9) + ar(rzurug) + az(rzuzug) — ar(r28ru9 —rug) — Bzz(rzue),
r Ry = 0t (ruy) + 9, (ru,uz) + 9 (r(ug +p)) — 0 (rdyuz) — 0z (ruz).
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Axis parity and compact positive-order supports make the radial boundary terms vanish. At
order 1, the remaining angular moments before differentiation are

/ rug , dr:q3/2_A+/\”/ R?E, dR,
0 0

I

0

Y st dr = g3/ 24 / R? Y UE;dR.
i+j=n 0 i+j=n
They vanish because m,> = m,4 = 0. The product power is independent of the split
i+ j = n, so this cancellation holds before taking derivatives in the physical variables z, t.
The lower angular moment used by axial viscosity vanishes because m,_1, = 0 when n > 2.
When n = 1, the compensated leading profile instead supplies the convergent identity

/000 r* (ugo(r,2,t) = P(r)) dr =0, (5.19)

where P is the fixed pure-power exterior of (A.45), so 92P(r) = 0. Differentiation under the
integral is justified: beyond the varying terminal collar ugy = K(r,t) is independent of z,
while the difference moment itself converges. Thus the order-one angular viscosity term also
has zero total moment.

The axial moments are

/ Ty dr = gl =4 / RU, dR,
0 0

o - (5.20)
/ r ( Y g+ pn> dr = ql_ZA“"/ R ( Y u; +Hn> dR.
0

i+j=n 0 i+j=n
For the pressure contribution, integration by parts gives

| RUaR =~} [ RPoIL, dR.
0 0

The identities m, ; = m,5 = 0 therefore make both integrals in (5.20) vanish. The axial-
viscosity term uses the order-n — 1 axial-flux integral, which also vanishes, including at
order zero. Integrating the conservative equations now gives, order by order,

/ 1’2,@9," dr = at/ 1’21/19,,1 dr + 82/ r? Z Uy,illg,j AT — Oz rZugln_l dr=0, (5.21)
0 0 0 0

i+j=n
/ YRy dr = at/ TUz, dr + az/ r Z Ugilyj+ Pn | dr — 0z | Tl 1dr = 0.
0 0 0 iti=n 0
Here %;,, = g~ A1+ tjq, for j € {6,z}, denotes the order-n tangential residual in physical

variables. In (5.21) at n = 1, the final integral means the convergent integral of ugo — P from
(5.19); differentiation applies to this convergent subtracted integral. Removing the common
physical powers yields

/ R?tg,dR =0, / Rt,, dR = 0.
0 0
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Consequently (5.9) can also be written as

R )
Toa(R) = R [ "ok, (0)do = R [~ o*ra(o) de,

R o0
Toa(R) = =R [ orsa(e)do =R [ orsu(e) o

This representation applies to the signed higher-order stress.

Step 5: locate the stress support and bound the order-one outer term. For n > 2 the residual
itself vanishes beyond X, : its same-order terms have a positive-order factor and its axial
viscosity acts on order n — 1 > 0. The backward representation proves supp 7, C [X—, X].
At n = 1 the only remaining exterior source is —d,;ug in the angular equation. Beyond
X3, the leading profile is the z-independent heat field, so 7; is still supported in the closed
active annulus. For the quantitative edge estimate we restrict further to the terminal collar
where the exterior heat-flow cutoff equals one. There ugy = K(r,t)f,, where K(r,t) =
coos AH(2(1 —t)/s) is the physical heat field of (4.29). The smooth terminal multiplier f,
is constant on its initial plateau and equals one for X > Xj; its exact construction is (A.12),
with a translation of the logarithmic radial coordinate. In the local coordinate y = log X it

has 1 — f, = e~%/% times a smooth factor, with &, = log(X,/X). Direct differentiation gives

—2Dmna, 4 doya, _
az(n) = —2n/L, b:(n) = L =, 02z(Kfo) = Kq 2P (“gayyfo + bzany)'

All fixed y-derivatives of a,b, are bounded on [—1,1]. The derivatives d,f, and dy,f,

are bounded respectively by Ce=*/ % oy 3and Ce /% 6, °. Backward integration gains three
powers of J, by Lemma A.9, applied with ¢ = 4 and j = 3,6. The radial weights and the
conversion between R and J), are bounded smooth factors on this fixed collar. After factoring
out the stress power g~471/2+M1 Lemma A.9 gives the pointwise estimate

T1] < Ce %53, |9'Tq| < Cre=¥/% 6, M. (5.22)

The second estimate in (5.22) follows by differentiating the backward integral; each derivative
adds only a finite inverse power of §;,. Near this edge the inner factor of { is bounded above
and below by positive constants. This proves (5.13) for n = 1; the identity 7; = 0 on [0, X_]
gives the estimate near the inner edge. For n > 2 the common compact interior support
makes every fixed derivative of 7,/ bounded. ([l

5.3. The coefficient induction and finite residual. The preceding lemmas construct and
extend one coefficient from the completed lower orders. Lemma 5.1 solves the inner equations
Equations (5.2) to (5.6), and Lemma 5.2 supplies the extension and support properties while
retaining those equations on 0 < X < X_. In this subsection we apply these lemmas
inductively and estimate the residual of each finite truncation in (5.25), including its physical
derivatives. The gain in decay must grow with the truncation order, while the exponent loss
caused by physical differentiation stays independent of that order, as quantified below in
(5.26).
For a tuple V of physical fields, we write
V| = max [0%"V]. (5.23)
la|+b<m

This is the pointwise maximum of its Cartesian space-time derivatives through order m. We
write U, = Ur,e; + U eg + U e, for the physical velocity coefficient in (5.1), and 7y for the
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leading stress profile of (4.11). We define the finite tuple, before applying any cutoff in g, by

N
N N N A
U[N] = (uglo]w’ pglo]w’ Ts[low}/\/) = 2 (u”’ Pn.q 4 1/2+/\n777) :
n=0
The profiles in this sum already include their radial cutoffs and moment corrections. For a
physical stress pair T = (Tp, T,), we define

Faow(t, p, T) = Z(u,p) + (0, +2/7)Tyeg + (0, + 1/7) Tze,. (5.24)

The added terms are the tangential divergence of the stress retained for the later wave
construction.

Proposition 5.3. Fix the leading profiles of Theorem 4.6. There is a sequence of positive-order profiles
constructed at each order by Lemma 5.1 and then Lemma 5.2, using the finalized lower orders. Every
finite velocity sum uLﬁ]W is divergence-free. On every fixed compact profile range 0 < X < Xpax,
-1 <75 <1, with0 < Xmax < 0, for each N,m > 0and 0 < q < 1, its augmented momentum

residual satisfies
| Fatow UM ] < Cn g N1 K Ky, independent of N. (5.25)

The constants may depend on the fixed profile range, and Cy ,, may depend on N; the exponent loss
K, does not.

Proof. Step 1: construct the sequence and cancel the retained coefficients. At order n, we
apply Lemma 5.1 with the already finalized orders 0,...,n — 1. We then apply Lemma 5.2 to
extend and repair the current profiles, reconstruct V,, I, from Equations (5.2) and (5.5), and
define 7, by (5.9). These operations preserve the equations on the retained inner interval
and the regularity needed to form (), /X at the next order. Both lemmas use the same fixed
radial intervals, so the induction continues for all 7.

Equation (5.2) gives exact incompressibility at each order, hence for every finite sum. The
pressure equation holds globally. Differentiating the stress primitives gives

(aR + Z/R)E,G = —Y9n, (aR + 1/R)771,z = —Tzn.

Thus the tangential residual is exactly minus the stress divergence at each retained order.
The same leading identities hold at order zero by Proposition 4.2. After truncation at N,
every uncancelled product or shifted viscous term has exponent increment at least 21(N +1).
For example, at N = 1 the product of two order-one velocity coefficients and axial viscosity
applied to order one first enter at order two.

Step 2: estimate physical derivatives of the finite residual. The powers of g introduced
by physical differentiation follow directly from the coordinates. For a profile g(x, /,/q,7)
smooth in its Cartesian arguments on a compact profile range, a derivative with a = ||
transverse, k axial and [ time differentiations satisfies

oL s (x 1/ VA m)])| < Cul1+ o))" ligleng” /225, m=a+k+1 (5.26)

This is the chain rule with 9; = ¢ 'L~!(—4q0, + Xox + Dnd,) and 9, = g~ PL~1(2nq0, —
21 Xdx + doy); transverse differentiation introduces a factor g 1/?
profiles.

The powers of n generated by differentiating g'" enter the coefficient constants. The
exponent reduction depends only on the number and type of physical derivatives. On the
common stress support, X > X, > 0, so r~1 = g~1/2(2X)~1/2 also has derivative losses

in these smooth Cartesian
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independent of N; near the axis the velocity is estimated through its smooth Cartesian
representative. There are only finitely many terms in a fixed truncated residual. Applying
(5.26) to them gives (5.25), with K;;, independent of N. ([l

5.4. Divergence-preserving summation of the coefficients. The finite tuples 2/!N! have the
improving residual decay in (5.25), but the constants C,, ,, in their coefficient bounds (5.17)
may grow too quickly for the full formal series (5.1) to converge. We obtain smooth fields
by multiplying the nth positive-order term by x(c,q), where x = 1 near zero and x = 0
beyond one, and choosing ¢, — co, as in (5.34). Later terms then vanish outside successively
smaller neighborhoods of g = 0. On a compact set with g bounded below, only finitely many
terms remain. We must show that the finite residual bound of Proposition 5.3 survives these
cutoffs. This is the conclusion (5.36) of Lemma 5.4, applied to the augmented residual (5.24).

To preserve incompressibility, we apply these cutoffs to vector potentials before differenti-
ating. An axisymmetric Stokes streamfunction S gives such a potential: if S/7? is smooth in
(r2,z,t), then

A= §€9 = %(—xz, x1,0), curl A = —az—ser + ar—SeZ.
r r r r

The assumed smoothness of S/r% as a function of (1’2, z,t) makes the potential smooth
in Cartesian coordinates. For the positive-order profiles constructed above, the physical
streamfunctions and their vector potentials are

Fn - X-AX(un)/ Sn = qliA+AnFnz An == (Sn/r)ef)/

(5.27)
Uzn = asSn/ TUypn = _azSn-

Here s = 12/2, as in (4.1). Indeed curl A, = U ney + Uy ne; gives the radial and axial velocity
components. In Cartesian coordinates, using > = 29X,

-An == %(_xZI X1, O) - %in‘F)\n%
Since F,/ X is smooth at X = 0, this expression extends smoothly across the axis for 4 > 0.
Lemma 5.2 supplies common supports and bounds on every fixed coefficient derivative,
with no bound uniform in # required.

Cutting off A, and taking its curl includes the extra velocity term from differentiating
the cutoff, so the result remains divergence-free. We formulate the summation argument
for tuples of physical fields, allowing its later application to the wave and mean correction
sequence. For the present application its indices are j = n, its decay orders are g, = 2nh,
and its entries are

Al’l = 'Al’l/ B}’l = u@,neez pn — q*ZAJr/\an/ Tn — q*A71/2+)\n7;l.

Its differential polynomial will be Fgq,, from (5.24). In the lemma, U; denotes a tuple of
physical fields, not the axial profile U, (X, ). We use the derivative notation (5.23) and set
Alog(q) = 1+ |loggl. All estimates in the lemma hold uniformly over its stated domain.
The general argument needs a common domain, increasing decay orders, and derivative
losses independent of the summation index. Let (2 be a domain on which 0 < g < g0 < 1.
Assume that g = ¢(z,t) is smooth, is bounded below on compact subsets of (), and satisfies

1099%q| < Copq' Pt a,b>0, 0<D<1 (5.28)

(—xz,x1,0).
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Let Uy = (uo, po, To) be smooth, with divuy = 0. Assume that for every m there are finite
Cm, Kin, Py, such that |Up|, < Cmq_KmAlog(q)P m. The entries Ty and T; below may be omitted.
For j > 1, suppose that the smooth physical tuples

Z] = (Aj, Bj, Pi, T]), B]‘ = bj(r,z, t)EQ, LI] = (CurlA]-+Bj, P, T]) (529)
are defined on this same domain. Require smooth Cartesian representatives at the axis and

smooth zero extensions at every lateral boundary of their spatial supports. Suppose that, for
every j, m, there are finite constants C; ;,, P, such that

|Zj‘m < Cj,mqgj_gmAlog(Q)Pj’mr 0< k4! < Q2 <00, (530)
where the nonnegative, nondecreasing losses ¢, are independent of ;.
For each finite |, we set UVl = Uy + ij-zl Uj. We write the scalar components of a

tuple as U = (U},...,UNu). A fixed differential polynomial of finite order and degree has,
componentwise, the form

(F(U))* = cao(x, t) Z Cav (X, t Ha“awukaw. (5.31)

Here the output index runs through the flxed f1n1te set 1 < a < Ng, each M, is finite, and
the fixed integers s > 0, d > 1 bound the order and degree: 1 < d,, < d, |Ba| < s, and
1 <kgyr < Ny. For g = (a,b) € ]N af,t = agga? . The coefficient functions, indices, and order
and degree bounds s, d are fixed mdependently of the summation and truncation indices.

For each nonconstant monomial in (5.31), fix a common region (), containing the supports
of its field factors in the base and in every increment, both before and after applying cutoffs.
For the term independent of U, we set (0,0 = Q). For every coefficient ¢, 0 < v < M,, and
every Cartesian space-time multi-index I € N}, require

105 1Cav(x,1)] < Crq X1 Asog ()" ((x,t) € Q). (5.32)

The regions are independent of truncation. Since the coefficient list is finite, the finite
constants Cr, Kj, P; may be chosen common to that list for each fixed I; they are independent
of the truncation index. Thus the bounds hold throughout a comparison of partial sums and
cutoff sums. The terms c,9, which are independent of U, cancel from that comparison. The
following residual hypothesis concerns the full F, including those terms: assume that each
finite partial sum satisfies

(FUN | < Crmnd?' ™ Niog(9)" + Epn, oy — oo, (533)
where K;’; is independent of | and, for every fixed J,m,N, 0 < Ej,, < C],m,NqN . These

bounds, including the flat remainder, are uniform over the full domain at that fixed stage.

Lemma 5.4. There are numbers ajy1 = Zaj, with a; 1< qo, and a fixed smooth cutoff x, equal to
one on [0,1/2] and zero on [1,00), such that

U= U+ ) (curl(x(aq)A;) + x(a;q)Bj, x(ajq)pj, x(a;q)T;) (5.34)
j>1

is locally finite and smooth, and its velocity component u satisfies div u = 0. Its added terms extend
smoothly by zero across the outer boundary g = qo. For every m and | > max(1,m) one has

/ 1
u — ull I < z—fqgm/Z—fm (0 <g< Zu]> (5.35)
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where (), is independent of .
Under the residual hypothesis (5.33), every Cartesian space—time derivative of F (U ) vanishes to
infinite order as q | O:

vm,N 35,C>0 |[F(U)|x<Cq"N  (0<gq<). (5.36)

Proof. We bound the derivatives of each cutoff, choose the cutoffs so the tail is summable
after any fixed number of derivatives, and compare the residual with one finite partial sum
before cutoffs. In these bounds, each prescribed Cartesian derivative reduces the power of g
by an amount independent of the truncation order.

Step 1: bound the cutoff and curl derivatives. For a positive-order derivative of x(aq), the
chain rule gives terms of the form

k
dx®(ag) [T0200 g, Yav=a', Y b=V
v=1 v v
On their support, 1/2 < ag < 1. Using (5.28), the factors g compensate for a*, since aq is
bounded on the cutoff support. Consequently

020} x(aq)| < Cayq 07,
with constants independent of a. Since ¢ = g(z,t), dx,§ = 0x,q = 0. In particular the
commutator in
curl(x(aq)Aj) = x(aq) curl A; + ax'(aq)Vq x A;
is controlled by the assumed derivatives of the potentials. The product rule therefore bounds

derivatives through order m of the jth summand in (5.34) by éj,mqgf b Alog(q)ﬁﬁm, where the
exponent reduction ¢, depends only on m and £, 1.

Step 2: choose the cutoffs and estimate the tail. We choose the scales a; recursively so that
aj41 > 2a;, each cutoff x(a;q) is supported in g < go, and

Cimiog(q)limg? <27 (0<q<a;l, 0<m<j). (5.37)

Only finitely many requirements are imposed at step j, and each holds for all sufficiently
small g because g; > 0. Derivatives through order m of the resulting cutoff increment are
bounded by 27/¢8i’ 2-ln whenever m < j. On a compact subset where g > 6 > 0, all terms
witha; > ¢ ~! vanish. Thus the sum is locally finite. The curl of any vector field is divergence-
free, and x(a;q)B; is divergence-free because its angular amplitude is independent of 6.
Smoothness and the stated support extensions follow termwise.

For fixed m and | > max(1,m), when q < (2a;)~! the first | cutoffs equal one. Since g < 1
and g; is nondecreasing, the remaining terms obey

szquj/%éin < 2*1q8/+1/24§n,

i>]
which proves (5.35).
Step 3: compare the residual with one finite partial sum. The cutoff sum U is now smooth,
and its velocity component is divergence-free. To prove flatness of F(U), we compare it
with F(UV)) for a finite partial sum with sufficiently high residual decay, and control the
change caused by U — UUl. The assumed bound on |Up|,, and (5.30) give

|uU] lm < C],mq_KmAlog(q)P[’mr (5.38)



FINITE TIME BLOWUP FOR NAVIER-STOKES 59

with Kj; > 0 independent of J: every increment has g; > 0, and taking the curl requires one
additional derivative of its potential. The order and degree bounds s, d are those in (5.31).
Subtracting two monomials one factor at a time, then applying the product rule and (5.32),
gives for e = U — U/
_ d-1

|-F<u> - F(um)’m S Cmq Hm|e‘m+s (1 + |um‘m+s + ‘e’m—ks) s (539)
where H,, is independent of J; the finitely many coefficient logarithms are absorbed into
this fixed power of g~!. A polynomial independent of U has zero difference and needs no
estimate.

For fixed derivative order m and decay order N, we choose | > m + s large enough that

% O > NAHy+(d—1)(Kpis+1),  pj— KL >N+1.
We also take ] large enough that gj,1/2 — £}, ; is nonnegative, and then keep ] fixed. After
shrinking the g-neighborhood, x(a;q) = 1 for j < J, the constants and logarithms in (5.38)
are absorbed by g1, and |e|,;+s < 1 by (5.35). Formula (5.39) is then O(g"). The same holds
for (5.33), after absorbing its logarithm by one power and using the flatness of this fixed
Ej . This proves (5.36). The order of choices is (1, N), then ], then the neighborhood and
constants; the comparison uses only the remainder Ej ,, at that fixed truncation. U

A finite block of initial terms with nonpositive decay orders may receive one common
cutoff, applied as in (5.34), and be included in the base Uy. Its cutoff equals one near g = 0,
preserving every comparison with a finite partial sum there.

For smooth vector fields v, e and smooth scalar fields p, 7t, the physical residual comparison
is

RH(v+ep+m)—R(v,p) =0 —Ae+Vr+(v-V)e+ (e-V)v+(e- Ve

For Fyow, we add the difference of the linear tangential stress-divergence term in (5.24). On
the common annular stress support, the cylindrical coefficients and each of their prescribed
Cartesian derivatives are bounded by a fixed negative power of 4. In the final correction
sequence, F = # and there is no stress variable.

The same cutoff choices can meet further normalized estimates when those estimates have
been proved for the coefficients. More precisely, at step j one may add any finite list of
requirements

Bk Aog () 74q7% <271,y >0, (5.40)
to (5.37). For derivatives of the normalized expansion coefficients and boundary weights,
we impose these additional coefficient estimates using the corresponding cutoff product
rules. To recover a full expansion after a fixed truncation N and at a fixed derivative order
m, we choose M > max(N, m) with gyr11/2 > gn+1: the finite block from N + 1 through M
retains its original orders near g = 0, while (5.35) controls the remaining tail at order gn1,
with its fixed exponent reduction ¢),.

5.5. The realized base field. The finite tuples &N from Proposition 5.3 now satisfy the
residual estimates required by Lemma 5.4. In this subsection we apply that lemma to
the coefficient fields and their potentials A, in (5.27) to construct the smooth background
(up, pp). We must also retain the leading profile as in (5.42), the exact heat exterior (4.29), and
the weighted stress bounds (5.43) used to choose the wave amplitudes and their corrections
in Propositions 7.5 and 7.6.
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Proposition 5.5. There are smooth axisymmetric fields (ug, pg) for g > 0 and two physical tangential
stress components 7;,hys, supported where X, < X(r,z,t) < Xy, such that divug = 0 and

%(MB, pB) = —(Br + Z/T)%hys,e €p — (87 + 1/r)7;>hys,z e, + 53. (5.41)

For every fixed 0 < Xmax < oo, uniformly on the profile rectangle [0, Xmax] % [—1,1] in (X, 1), for
every Cartesian space-time derivative 9* and every M > 0, |0°Ep| < Comq™ as q | 0. The constants
may depend on Xmax. The formal expansion of (up, pp, Tonys) has the finite truncations U NI from
Proposition 5.3, with the physical Stokes streamfunctions S, from (5.27) summed before differentiation.
Fix radial endpoints 0 < Xj, < X, < X < Xp; < oo. The rectangle [Xyo, Xpi] % [—1,1] is the
fixed radial enlargement of the closed active annulus [X,, Xp] % [—1,1] from Theorem 4.6(ii), with y
ranging over its full closed parameter interval. Uniformly on this enlarged rectangle, for every fixed
composition 2" of gd,,9x, 9y, as q 1. 0,

2" (q%ug5 — Eo) = O1(4™"), 2"(q%uzp — Up) = O1(¢4™),
2'(q"*urp — Vo/V2X) = O1(q™"), 2'(q%u, 5) = O1(q").

The constants in these estimates may depend on the fixed radial endpoints. With T = gA+V/ 27;hys,
the weighted comparison uses {, 6 from Theorem 4.6(iv) and holds on X, < X < X;, =1 <y < 1:

9T = To)| < Cig?'z6N < Crgl'gs™™N 0<qg<1). (5.43)
q q q
Every fixed physical space-time derivative of ug, pg, Tpnys, Ep extends continuously to 7 = +1 on

compact sets with q > 0. The positive-order corrections ug — u'®) and pg — p'%) vanish for X > X,
with Xy from Lemma 5.2; in particular the leading profile’s exact exterior (4.29) is preserved. On
the reserved interval X € Imean C (Xa, Xv) from Theorem 4.6(vi), for every —1 < u < 1, the base
velocity agrees exactly with the leading profile:

Up = u(O)’ Uz, = 0, unG,B =Ey= Cpatch(1 + 772)_1X_1/2_A' (5.44)

(5.42)

Here u(®) denotes the velocity determined by the leading profile in (4.3).

Proof. Step 1: verify the summation hypotheses and choose the cutoffs. We use the
potentials (5.27) and the physical tuples specified before Lemma 5.4, keeping order zero
intact. The Cartesian formula for A, there verifies regularity at the axis, and Lemma 5.2
supplies the common supports and all fixed coefficient derivative bounds. By (5.26), since
D < 1/2, the tuple of coefficients in (5.27) and (5.1), including the stress components, has
a reduction in the power of g bounded by ¢,, = 2A + m. The coefficient constants absorb
the powers of n generated by differentiating g'*. For the cutoffs, we set ¢ = c¢,,q. For every
integer j > 0,
(994) x(cnq) = (09, ) x(0) ’

o=cnq
sup [(994)'x(cnq)| < sup [(09,) x(0)| =: Cj < e
n>1,4>0 >0

Thus the same derivative estimates hold uniformly after applying the cutoffs. The stress-
divergence coefficient bounds were checked in Proposition 5.3, whose estimate (5.25) is the
lemma’s finite-residual hypothesis with pxy = 2h(N + 1) and no additional remainder. The
hypotheses of Lemma 5.4 are therefore satisfied on each fixed compact profile range. We
apply it to obtain ug, pp, Tohys, With residual € = Fyow (U, P8, Tohys) Pounded by every
power of g with all prescribed physical derivatives.
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Step 2: preserve divergence, support, and the mean-patch velocity. The radial contribution
from differentiating the cutoff appears explicitly in

2
rulh = q*" | x(caq) Vi — fﬂ(cnq)x’(cnv/)ﬂz ;U =g P (cag) U (5:45)

The term containing x’(c,q)F, has the same g>"" prefactor and the common radial support
supplied by Lemma 5.2. Commutation of physical derivatives proves that the divergence is
identically zero across every cutoff transition. Equation (5.18) makes both terms in the radial
bracket zero on the mean patch; the positive-order axial and azimuthal terms also vanish
there. This proves (5.44), including the Stokes streamfunction cutoff contributions.

Step 3: prove the normalized velocity and stress estimates. We use the additional diagonal
bounds in (5.40) to control, through order #, all normalized coefficient and Stokes stream-
function derivatives, the extra streamfunction derivative, and, for n > 2, all derivatives of
Tn/C. The normalized velocity estimates are taken on the fixed enlarged rectangle in the
statement; the weighted stress estimates are on X, < X < X}, —1 < < 1. For estimates
reaching the axis we use the profiles expressed in smooth Cartesian coordinates. The finite
constants include the powers of n and the fixed cutoff derivatives. Thus, in addition to the
lemma’s physical requirements, the cutoff choice gives

12" [x(cag)g® " an)] <27"q"™  (n > max{2,|1]}), (5.46)

where a,, denotes one of E,, Uy, 11, V,,/V/2X,F,/+/2X on the enlarged rectangle, or a com-
ponent of 7,/ for n > 2 on the active radial interior. The same estimate holds for the
expression in brackets in (5.45) after multiplication by g?*". The diagonal choice in the
summation lemma accommodates these finitely many additional seminorms at each order.
The analytic neighborhoods may depend on the order.

At a fixed derivative order, we retain a finite initial block, whose positive-order terms
are all O(g?"), and sum (5.46) from an index at least two and larger than the selected
derivative order. This proves (5.42); in the common normalization g4, the positive-order
radial correction is even O(g>"). For the stress components, the same argument for n > 2
carries the factor {. The single term n = 1 is controlled by (5.22), with a finite inverse power
of ¢ in each derivative. This proves (5.43). The wave construction can therefore use the
fixed positive covariance representation of 7y and treat the higher-order stress by signed
corrections.

Step 4: recover the full expansion and the endpoint extensions. For a fixed formal order N
and fixed derivative order m, we split the summed remainder at ] = max{2N +2,m + 1}:
the finitely many terms N < n < | have their original powers at least g2"(N*1), and the tail
satisfies the displayed geometric estimate

Z zfnqnh < Zlf]q]h < 217]q2h(N+1) (0 <q< 1)

nx]J
The coefficient constants for the finite intermediate block may depend on N, m. The cutoffs
of the finitely many initial terms are identically one for sufficiently small q. This recovers
every fixed original formal order, including after physical differentiation with its fixed
exponent loss. The geometric bounds used for summation therefore do not change the
asymptotic coefficients. The residual conclusion was established in Step 1 by comparison
with a sufficiently long finite partial sum.
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Finally, the cutoff sequence grows at least geometrically, so only finitely many positive-
order terms remain on any compact set with 4 bounded below. For each fixed physical
space-time derivative, we intersect the finitely many parameter neighborhoods of the con-
tributing positive-order coefficients. Their profiles and Stokes streamfunctions extend to this
neighborhood. The order-zero term has the smooth one-sided extension in 77 supplied by
the leading profile and heat construction. Since L > 0, the coordinate map transfers these
extensions to the physical variables, including all the specified derivatives. This proves the
asserted extensions at 7 = £1. U

6. AUXILIARY TORUS AND SEPARATION OF OSCILLATORY SUPPORTS

Fix the background velocity ug, pressure pg, and annular stress Tpys supplied by Proposi-
tion 5.5. Its momentum residual is the divergence of that stress, with the sign in (5.41), plus
a flat remainder. The leading stress will be supplied by the waves of Proposition 7.5, whose
amplitudes evolve under the local background shear through (7.5). We must first localize
the waves to regions where that shear varies little and arrange their supports so that distinct
waves do not produce additional quadratic interactions. The localization must also permit
rapid temporal variation without introducing radial derivatives large enough to spoil the
residual estimates.

We introduce the periodic variable Y € T? = RR?/Z?, independent of the physical
coordinates (7,0, z, t), then obtain physical fields by evaluating it at the fixed map of (r, )
in (6.3). This map allows rapid temporal variation with much smaller additional radial
derivatives. The temporal variation drives the pulse equation in Section 7; the radial
derivative bounds control the errors caused by localization. Oscillations whose supports in
the remaining variables overlap receive disjoint auxiliary supports, so their cross products
vanish after evaluation. Harmonics of the same localized oscillation still interact.

We first derive the evaluated derivative operators in (6.6). Lemma 6.1 gives the support
separation, and Lemma 6.2 supplies a common representation for overlapping bands. We
finish with the coefficient classes in Section 6.4 and their product and derivative rules in
Proposition 6.6.

All preliminary geometric choices are made on one domain 0 < g < gpig. The number
vig may be decreased when the fixed base and pulse coefficients are chosen, before the
correction iteration begins.

6.1. Dyadic charts and derivatives after phase evaluation. Recall ¢ = g(z,t) and A =
1/2+h, D = 1/2—h from (4.1). We work on dyadic regions where g is comparable to
a fixed scale Q. The radial, axial, and temporal coordinates are rescaled by QY2,QP,Q,
respectively, so that the concentrating annulus has bounded size in each region. For a dyadic
index ¢, we set

Q=2 e=Q", S.=# R=- - =

Niok V4 oD’ T o T=1—-t (6.1)
The radius R now uses the fixed band scale Q, whereas in the profile calculations it denoted
V2X =1/ /7 the two representatives satisfy Rehart = 1/4/Q Rprofite- Throughout a chart,
Q, ¢, S, are constants. A physical velocity, pressure, and residual have chart representatives
obtained by multiplication by Q4, Q24, Q*4*1/2, respectively. An integer matrix acts on
the torus while preserving periodicity. Its distinct eigenvalues will give different rates of
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variation in the radial and temporal directions. Fix

3 1
]g:(l 5)/ Ag:4—\ﬁ, Tg:4+\[2' bg:\@_l’

log A 6.2
Oy = (11_bg)/ Oy = (bgll)/ pg = ].Og Tj/ ( )

ks =107°, d, =2((1+h)pg — hxs) > 0.

These vectors satisfy J,v, = Agu, and Jovy = Tgvy, with 1 < Ay < Tg. We define the physical
evaluation map by

Y = 0% 40t (mod Z2). (6.3)
For a field on the extended domain with independent variable Y, the chain rule differentiates
its restriction to this map by the operators

Nabs = 0t - aY/ Eabs =0r- aY/
t=0;+ Naps, t =0, + drrdrilﬁabs-
Here 0; and d, on the extended domain hold Y fixed. Thus physical time and radial
differentiation become t and v, respectively, before restriction.

We call Y the absolute auxiliary variable. Its band representative for band ¢ is the image Y;
under the following integer covering;:

(6.4)

' Q*l*h
Yi=J;Y (modZ?), i=i({)= {mng S J (6.5)

For a function f on the band torus, its pullback to the absolute torus is the composition
fUJZY). A function descends to that band torus when its value is unchanged by every
translation Y — Y 4+ a with | éa € Z2; such translations are called deck translations. Only
large ¢, for which i(¢) > 0, will be used. Writing N; = v; - dy, and L; = v, - dy,, the eigenvector
identities give N,,s = TgiNi and L, = Aéﬁi on band pullbacks. The chart versions of the
physical derivatives are therefore

te = Q1+ht = —EaT + ciN;, C;i = TéQH_h = S*_l,
D, = /Qtv=0r +Mid,R*7'L;, M;= /\;Qd’/Z =< e 8., (6.6)
D, = \/éaz = &dy, Dy = Rflag.

The velocity and residual normalizations following (6.1) will be used throughout. In (6.6),
the slow derivative terms act on R, Z, T while holding the auxiliary variable Y; fixed. The
fast terms act on Y; and arise from the chain rule along the physical phase map. For
example, —edr is the slow time term and c;N; is the fast time term. The velocity and
residual normalizations give the time factor Q*A+1/20=4 — Q" and the viscous factor
Q2A+1/2Q—AQ—1 — ¢

The integer i(¢) in (6.5) satisfies

1Q1h iy Q1" i(0) i(0)

— < T, < , Ay’ = (T, 7 )Ps.

Tg S, g = S, 8 ( 8 )
These inequalities prove both comparisons in (6.6): the choice of covering index makes c;
comparable to S 1 and the choice of d, leaves only the factor e in M;, apart from its
power of S.. These are the two derivative scales used below.
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The absolute coordinate derivatives t,d,,dy, t commute: the only variable coefficient is
a function of r multiplying a constant torus direction. Cylindrical frame coefficients, such
as 1/R, must still be retained when differentiating vector components. Every correction
depending on the auxiliary variable is supported away from the axis, so no smoothness of
1o at r = 0 is required. Auxiliary periodicity imposes no spatial periodicity after restriction
to (6.3).

We will also integrate along each of the two torus directions. On a Fourier mode of
frequency n, this requires division by the scalar product of that direction with n. Both
directions satisfy the bound

C C
vy n| > ——, Uy n| > — neZ*\{0}). 6.7
’7’ |—1_’_|n‘ ’t |_1—|—|1’l’ ( \{}> ( )

Indeed v, - 1 = (17 + 1) — /2 ny; multiplication by its algebraic conjugate gives the nonzero
integer (11 + n2)? — 2n3. The conjugate has absolute value at most C|n|. For v, we use
(np —my) + V217 and the same argument. The inverse directional operators on zero-mean
torus functions therefore have only a finite loss of torus derivatives; they are used in
Lemma 8.2 and in the mean correction equations.

6.2. Slow cutoffs and disjoint auxiliary rectangles. We next assign supports to the localized
oscillations. The squared partition of unity formed from the slow cutoffs in (6.9) will recover
the target stress when their covariances are summed in (7.30). To eliminate cross terms
between distinct local oscillations, we place them in disjoint auxiliary rectangles whenever
their slow supports meet, as proved in Lemma 6.1.

We choose a smooth squared partition Y, x,(9)*> = 1, with x, supported where q/Q €
[1/2,2]. In each band we choose a product squared partition ¥, x¢,(R, Z, T)?> = 1 whose
mesh is S; % in each coordinate and whose supports extend at most one mesh length on
either side of a grid point. Normalizing translates of a smooth bump by the square root of
their squared sum constructs both partitions. To specify which boxes and labels we use, we

write
r z 11—t

C((”, th) = (\/@l @/ Q> ’ By = supp Xsa-

Fix a sufficiently large lower band index £y, and decrease gy s0 that gz < 2~/ The closed
active part of band ¢ at T > 0, expressed in this chart, is

0<q<quig 3<q/Q<2, T>0,
X, <72/ (29) < X } '
We select the indices, representatives, and labels by
Ty ={a:By, N A # 2}, X0, € Bya N Ay,
Ir={(a,0):L>0,acT,ocec{+ —}}

For v = ({,a,0) € T, we define its slow cutoff and its closed support in physical slow
coordinates by

Ag = {Cg(?’,z,t) :
(6.8)

ﬂV(R/ Z’ T) = Xf(q)Xf,a(Rl Z/ T)/

(6.9)
K’Y = Supp(r,z,t) (17’7 °© C/)
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The supports are taken in the coordinate domain, including its smooth extension near 7 = 0.
The signs duplicate the cutoff, so on the active shell the partition identity is

Mear) = Meayr 2 2 (e 0Ce)? = 1.
¢ acly
Representatives and all other discrete choices are fixed before taking derivatives.

On these supports, R lies in a fixed compact subinterval of (0,00) and Z, T in fixed
bounded intervals. These bounds may depend on the fixed profile scale C. Derivatives of any
fixed order in (R, Z, T) of these cutoffs are bounded by powers of S,. The same statements
hold on fixed small enlargements within the coordinate domain, using the smooth base
extension from Proposition 5.5.

Each label receives a small rectangle in its band torus. Its coordinates are chosen along
vy, v, SO that the pulse coordinate will advance at unit speed under t.. For each label we will
choose a center ¢, € T?. We write (YY) = ]éY (mod Z?) for the covering in (6.5). Given
ro > 0, we define a band rectangle, its enlargement, and their preimages on the absolute
torus by

Ry ={cy+&or+nve: [¢],Iy] <ro}  (mod Z2),

Rj = {cy +Cvr+nov; 2 |E], || <21}  (mod 7%, (6.10)
R =1, (Ry), R =m ) (RY).

We take ry small enough that the enlarged parametrizations are injective. We choose a
representative of c, in R2. On a local lift of R.,, the coordinates are

Yi_Cy_kcopy:(:gvr"f’ﬂgvt; ]Cg\,mg\ < 1o,
g0 2 (6.11)
o Ci '
Here kcopy € Z? selects the local lift; the same coordinates extend to Ri; . The dual coordinates
satisty Ly, = Ni¢; = 0 and Njn; = L;{; = 1. Since ¢; is constant within the chart, (6.6)
gives
D,v = D,v =0, t,o =1, Ni¢e = 0. (6.12)
Thus v measures normalized time along a rectangle while staying constant under the

normalized spatial derivatives. We now choose the centers so that these local coordinates
can be used without cross products between different local oscillations.

Lemma 6.1. For the labels T and slow supports K., in Equations (6.8) and (6.9), there exist centers
cy and a radius ro > 0, common to all labels and independent of the band, such that the enlarged
rectangles in (6.10) are injectively parametrized and

y#7, KNKy#2 — RPFARDT =0 (6.13)

Proof. Step 1: bound the number of possible interactions. If two dyadic supports meet,
then q/Q,q/Q" € [1/2,2], so |¢ — ¢'| < 2. We enlarge each mesh box by a fixed factor. We
join two distinct labels if these enlarged slow boxes intersect in physical coordinates and their
band indices differ by at most four; we also join opposite signs of one box. This graph has
bounded degree. In fact, for |[¢ — ¢'| < 4, the changes of physical scale in each coordinate are
bounded, as are the ratios £2/(¢')?. A box can consequently meet only a bounded number
of enlarged boxes of any such band. The degrees and the number of colors required are
independent of the band.
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There is also a fixed bound on the differences of covering indices i(¢). If all bands have
£ > {y, then, for |[¢ — /| < 4,

1+ h)log2+8/4
long

0 — i) <1+ < Aoy 6.14)
after taking an integer upper bound. This follows by subtracting ((1 + h)¢log2 —
2log()/ log T, and using the mean value theorem; flooring adds at most one.

Step 2: separate the centers under the relevant coverings. We greedily color the countable
graph with finitely many colors. We choose one rational center ¢, € T? for each color v, and
assign ¢, = ¢, when label -y has that color. The color centers are chosen subject to all the
ordered constraints

cu F# ]gAcv (mod Z2) (0 <A < Amax), unless (A, v, u) = (0,v,v). (6.15)

Each excluded equality is a proper closed constraint on the finite tuple of centers. For a
self-pair and A > 0, this uses that | ? — I is invertible. Their complement is open and dense
and contains a rational tuple. Thus all the finitely many forbidden differences have a positive
separation from the integer lattice.

Step 3: choose one rectangle size. We take rectangles in the eigenvector coordinates
around these centers, small enough to be injective on the band torus and to retain that
separation after a fixed enlargement. If a point belonged to the lifted rectangles of adjacent
labels of levels i and i + A, it would give ¢, — ]éécv = ]gAev — ¢, modulo the lattice, with
lev| + |eu| < Crp. The finite bound on A contradicts (6.15) for one sufficiently small fixed ry.
By Step 1 every pair with overlapping slow supports was joined in the graph. This proves
(6.13), including the separation needed for supports of derivatives. O

For the remainder of the construction, we fix the centers c, and radius ry supplied by
Lemma 6.1, together with one integer Anax satisfying (6.14). In particular, for a family
(E,)yer, with supports taken in (r,z,t,Y) uniformly in 6,

[suppF, C K, x R3* forally €T| = F,F, =0 (y#7).
The same identity holds for derivatives of smoothly extended fields and after evaluation on
(6.3).
We choose a nonzero smooth transverse cutoff x, € C°((—ro,70)), with 0 < x4 < 1. The
time cutoff 0 < ¢ <1 is rescaled from a fixed function and has

P(v) =1 if |lv—Ls/2| < Ls/5, supp ¢ C {|v — Ls/2| < Ls/3}. (6.16)

These cutoffs lie strictly inside the enlarged rectangles. Multiplication by i will give temporal
support inside the rectangle after the pulse equation has been solved there.

6.3. A common torus for overlapping bands. The rectangle R, in (6.10), for a label in
band /, is expressed in the band coordinate Y; = 7 (Y) of (6.5). To add fields from
overlapping bands, we first express these rectangles and fields on the same torus H, without
changing their physical evaluations. Lemma 6.2 gives uniformly bounded derivative factors
for this change of representation and preserves normalized Haar averages. Fix (z,t) with
0 < q(z,t) < qbig- For a sufficiently small neighborhood U of this point, we set

Dy =supp( xe(q(z,t)),  L(U)={{:D,NU # T},

. 6.17
io = ZEn%l(rl})l(f), H = 7;,(Y). (617)
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We choose U so that its band indices differ by at most four. Then (6.14) gives the factorization
Ay :Z(f) —ip € {0/-~-/Amax}/ TTi(g)y = TTA, © Ty,

| . ; . (6.18)
Yi=J'H, RM=ml(R,), RP=n1RY.

We define Rﬁ? + by the same preimage formula with Ri . Since 71, is surjective, the separation
in (6.13) also holds for these common-torus rectangles. A sum of band fields now has the

representation
Y. A=Y fulJg'H).
LeL(U) teL(U)

Lemma 6.2. For U, iy, H as in (6.17), each change H — Y; has uniformly bounded derivative factors,
and ’RE consists of 148 < 148max disjoint lifts of R.,.. Haar averages on the absolute, common, and
band tori agree whenever the function is a pullback from the respective torus. Radial integration at
fixed (z,t), torus translation, averaging, and directional Fourier inversion on zero-mean functions
preserve common-torus descent and introduce no new dyadic band.

Proof. Step 1: compare the covering maps and their averages. We write A = A,. The matrix
norms of ]? are bounded because 0 < A < A« The preimage rectangles are indexed by a
finite quotient:

RE= L etk o o) (mod 22): 2 Iyl <o,
[ez?/ 522

#(2?/]32%) = | det Jg|* = 14%,

Here ¢, denotes the chosen representative in IR?>. Haar compatibility can be checked on
Fourier characters:

/sz;\H) dH = /Tzf(Y,-) dy;. (6.19)

Indeed a character of frequency n pulls back to frequency ( ]gA)Tn, which is zero exactly
when n = 0.

Step 2: preserve the common representation under the stated operations. Radial
integration fixes (z,t), and hence g = g(z,t). It leaves every band cutoff unchanged even
though it can pass through many radial grid boxes. Torus translations commute with deck
translations; averaging and directional Fourier multipliers preserve the lattice of pullback
frequencies. These facts prove the preservation claims. 0

Fields are defined on the extended domain with the independent variable Y, using the
original physical normalization; the common torus is a local representation. On overlapping
neighborhoods U, V, fix the same normalized band chart and write fi;, fv for the two
common-torus representatives. Their compatibility is the identity

fuR,Z,T,18Y) = fu(R, Z,T,1¢"V)Y) (6.20)

at points over U N V. Both sides equal the original field in that chart, so the identity also
holds on the support closures where the set of overlapping dyadic supports changes.

For a fixed band ¢ € L(U), we write A = Ay. On its chart, a field descending to
H=] éOY has the operators in (6.6) with i replaced by iy, while Q remains fixed. In particular,
Ciy = Tg_ Ac: and M;, = Ag_AMi. Since A is bounded by (6.18), the change of torus leaves the
powers of ¢ in the derivative bounds unchanged.
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Radial integration can collect more terms than pointwise multiplication. The mesh gives
the following bounds for sums over slow labels, with S, = /% when several bands are
compared.

Lemma 6.3 (Number of relevant labels). There is a constant C, independent of the band and point,
such that
sup#{yeTl:(r,zt) € K,} <C.
(rz,t)
For a fixed band {, compact chart set B C IR®, and bounded normalized radial interval I,
#{(¢,a,0) €T : By, NB # @} < CsS),
sup#{({,a,0) €T : By, N (Irx x {Z} x {T}) # @} < C,S3.
zT
The same bounds hold for fixed-factor enlargements of the mesh boxes.

Proof. At a point, the dyadic partition and each one-dimensional grid partition have bounded
overlap; the two signs add a factor of two. On a bounded interval, a mesh of size 523 has
O(Scz) positions. A compact chart varies three coordinates, giving O(S?) boxes; a radial line
varies only one, giving O(S3). Fixed-factor enlargement changes only the constants. U

During radial integration the possible bands are fixed:
L(z,t) ={l:(z,t) € Dy}, q = q(z,t) is independent of r.

The selected slow supports lie in a uniformly bounded normalized radial interval. Thus
Lemma 6.3 bounds the number of labels met by the integral by O(S2;), where So¢ = (2 for
any (o € L(U). All these S, are comparable. Counting the common-torus lifts adds at most
the fixed factor 14%max, The sum over these labels therefore permits polynomial growth in S,
without changing the bands or their covering-index differences.

To solve an amplitude equation from the beginning of a pulse to its current coordinate v,
we need the earlier points on the same lifted rectangle. The slow and transverse coordinates
remain fixed along this path. A source formed from several bands may be a function of
H without being a function of a particular Y;: it can take different values at the distinct
preimages of that band-torus point. We therefore describe the path separately on each lifted
rectangle. The linear functional A;(w) = v; - w/ (1 + bg,) satisfies A¢(v,) = 0, Ap(vr) = 1.
Within one lifted band rectangle, we write #,(H) = A[(IgAH — ¢y — keopy). For w € [0, L], we
define

Hy = H+ Ty %ci(w — v(H))ov;
= Hy + Tg_Acz-wvt, Hy=H — Tg_A(ng(H) +70)0r.
This is the point with the same slow coordinates and band transverse coordinate ¢¢, and with
pulse coordinate w. Thus a source f(R,Z, T, H) is evaluated along the path as f(R,Z, T, Hy),
without averaging over the other preimages. Since A;] gA = TgA/\t, at fixed w one has

(6.21)

A
DyHy =1—1vA;,  Dpov= T?At =0(S,). (6.22)

1
Higher derivatives of these affine maps vanish. Equivalently, in the original auxiliary
coordinate Y, the pathis Y’ =Y + T (17 — 17g)vt. A deck translation preserving H translates
this path by the same amount and reindexes the rectangle copy. A uniquely specified solution
with zero initial data therefore descends to the common torus. The precise differentiated
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inverse estimate is proved in Proposition 7.2; (6.22) supplies its coordinate change without a
new power of &.

6.4. Coefficient bounds and their algebra. The residual estimates must account for both the
size of a correction and its vanishing at the boundary of its support. Let f, g denote angular
mean coefficients and a, b denote labelled wave amplitudes. Their products and normalized
derivatives appear in the correction equations, for example

fs, fa, ab, D, f, D,a.

We define three classes in Definitions 6.4 and 6.5 to record the size of a mean coefficient, a
wave amplitude, and a radial moment, respectively:

feM,, Ay € Wy, F(Z,T) € S,.

The exponent « records a power of e. We measure radial vanishing by the weight ¢ in (6.23)
and temporal decay by an envelope P, satisfying 0 < P, < 1o0on 0 < v < L. Its formula
will be given in (7.12). The estimates are imposed at every fixed derivative order so that
the shell extensions are smooth and the bounds survive the products and derivatives in
Proposition 6.6.

Recall the flat edge weight of Theorem 4.6. On the fixed active interval X, < X < Xj, it
may be written

aa ah

0(X) = eXP<_log2(X/Xa)  1og?(Xy/X)

) , 5(X) = min{1,log(X/X,),log(X,/X)},

(6.23)
where a,,a, > 0 are fixed; we extend { by zero outside the interval. For every b > 0 and
finite N, {?5~N tends to zero faster than any power at either boundary. Both { and é depend
only on X, so they are constant along (6.21).

The rapidly varying phase and its amplitude have different derivative scales. A coefficient
derivative acts on the amplitude with the oscillatory exponential factored out. Fix a finite
stage j, and use normalized chart representatives. For a coefficient a, we write

do'a =0Q0z00n 9fa, €N

These derivatives hold the band, label, representative, and harmonic integer fixed. The
auxiliary coordinate derivatives measure each representative separately and transform by the
chain rule when iy changes. In the definitions below, C;; > 0 and b; ;,d;; > 0 may depend
on j, I and the fixed profile data, and are uniform in band, label, rectangle copy, and point.

Definition 6.4 (Mean and moment coefficients). A smooth coefficient f = f(R,Z,T,H)
belongs to M, if it descends to each applicable common torus with representatives satisfying
(6.20), extends smoothly by zero outside the active radial shell, and on X, < X < X, satisfies

df =0,  VI€Nj3IC;bj,d:
9] < Cretsg 6,

It may depend on H; it has no auxiliary rectangle restriction or pulse-envelope bound. For a
function F = F(Z, T), define

FeS, <= VI€Nj3Cjybj:

|E)IZ,TF| < C]',IS’XSZM .

(6.24)

(6.25)
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Radial moment normalization. The moments to be estimated in S, include the radial measure
and weight in their normalization: if f. = Q" fypys, then

M. (Z,T) = / RO(f.)y dR = Qv (e+1)/2 / P fongs)y dr. (6.26)

The auxiliary Haar average removes the dependence on Y; by (6.19), it can be taken on any
applicable common torus. The same scaling identity holds before averaging.
Phase, envelope, and support of a wave. For each label -y, we prescribe local data

@y =py6+¢,(R,Z,TH), k=[],  kpyez\{0},
0<P, <1 (0<v<Ly), H; C Z\{0}, |A| < co.

Here p, is fixed for each label, ¢, is defined on its enlarged lifted rectangles, and the
harmonic set 7 is independent of the band. The pulse construction specifies the phases
and envelopes in Equations (7.3) and (7.12).

We write x. = (R,Z,T) and K} = Cy(K,). On each component of R, we use the
coordinates ¢, v from (6.11). The domains and allowed supports are

& ={(x., H): He R},
0" = O, N {o(H) € supp ¢}.

(6.27)

The slow coordinates range over the chart domain, and X = QR?/(2q). Replacing the closed
rectangle in £, by Rg "+ gives the open enlarged domain 53; .

Definition 6.5 (Labelled wave coefficients). For v € I and m € Z \ {0}, a smooth amplitude
aym on EF belongs to W, if its local formulas agree whenever lifts represent the same
common-torus point, satisfy (6.20) on overlapping neighborhoods, and

dpym =0, supp(aq,mle,) C Q.

It extends smoothly by zero across the slow and transverse support boundaries and both
shell edges. On &, N {X, < X < X;}, its bounds are

VI € Ng HC]',[, bj,[, dj,l :
10| < Cjre*SP'\/T57%1P,  0<v< L,

These are amplitude derivatives; P, is only a pointwise weight. The continuation beyond
v = 0, L has no envelope bound or temporal zero-extension condition.

(6.29)

Cut-off fields and sums. An actual cut-off coefficient additionally has

cut cut : :
supp a,,,, C 23" and smooth zero extension in v.

No divisibility by 7,, x4, ¢ is assumed.
Let a, be a finite or locally finite family of amplitudes, with labels 7, € I' and harmonics
m, € J, representing a real wave

w = nggikwqu)w_
v
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Here k., is the integer k in (6.27) for the band of . We collect equal label-harmonic pairs
before testing membership in W,:

_ ik, m® —
w=F ¥ A", A= L a
T met; vy )=(y,m)

Then w € W, means that every A, ,, belongs to W,, with the uniform bounds in (6.29).

The bounds at every fixed derivative order justify smooth zero extension at the shell
edges: { and /T absorb every allowed inverse power of J, including those introduced by
differentiation. We can now determine the size and support of the products that occur in the
momentum residual.

Proposition 6.6. Each class in Section 6.4 is closed under finite sums at a fixed exponent. For
a, B € R, products satisfy

MaM‘B C M!H—ﬁl MaWﬁ C Wa+ﬁ- (6.30)
For ay;,m € Wy and b., v € Wpg with the same label,

Aoyl € {

Before cutoff, a zero harmonic satisfies the mean bounds on its labelled rectangle. Actual waves with
distinct labels satisfy, for every pair of derivative multi-indices I, ],

(0'wy)(@wy) =0 (v #7)
For C € {M, W}, every coefficient derivative in a fixed common-torus representative preserves the €

exponent in its defining bounds. The operators below also preserve (6.20) and therefore act on the
classes by

Wi, m+m' # 0, with harmonic m +m’, 631)
Mayp, m—+m' =0, after temporal cutoff. '

operator mapping
OR,Z,T Co — Cy
Dr Ca _> C%*Ks
D, = ¢dy Ca —> Cosr (6.32)
Q1+hNabs = CioNio Co — Cy
—edr Co — Cyiq.

These mappings concern amplitudes with the phase factored out. The local coordinate derivative
bounds, including those for 0y, retain the prescribed supports. The wave rules are local to the labelled
rectangles before cutoff, and hold for smoothly extended fields on the common torus after cutoff.
Products, differentiation, and angular averaging preserve finite band-independent harmonic sets at
every fixed stage.

Proof. The triangle inequality gives closure under finite sums at a fixed exponent.

Step 1: multiply the coefficient bounds. Leibniz” formula bounds each fixed derivative of
a product using finitely many derivative bounds for its factors. Powers of S, and 5! add
and are allowed to increase. The weight bounds in Equations (6.30) and (6.31) follow from
0<?<1,0<P,<1,and

Z, m+m' =0,
VCP,, m+m' #0.

A mean coefficient may have larger radial or auxiliary support than a wave coefficient. Their
product is supported within the wave’s support and retains its envelope bound.

’<g PP, <\/tp, gng{
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Step 2: separate labels and select angular harmonics. The support of a derivative of a
smoothly extended function is contained in its original closed support. After the time cutoff
has provided this smooth extension, Lemma 6.1 therefore eliminates all cross-label products
of actual fields. Before that cutoff, the coefficient algebra is used only on its labelled band
rectangle.

Recall that (-)g is the physical angular average and (-)y is normalized Haar averaging in
the auxiliary variable. By Lemma 6.2, the latter can be computed in any applicable torus
coordinates. Within one label the product harmonic is m + m’. Because kp, is a nonzero
integer, angular averaging gives

I __

<El a /eik(m+m’)d>7>9 _ a’y,ma'y,m’/ m+m = 0/
mby,m -

T 0, m+m' # 0.

In particular,
(a7, €™ 1) =0 (m #0), f°=f—{(f)y foranangular mean f.

The second expression recalls the auxiliary zero-mean projection in (3.9); it is different
from both the physical angular mean and the radial prefix average Ax(f) of (4.6). A mean
coefficient may therefore have a nonzero auxiliary projection f°. Differentiation preserves
each harmonic integer and products take pairwise sums, so finitely many operations preserve
a finite harmonic set at a fixed stage.

Step 3: apply the normalized derivative operators. The coordinate coefficients of D, and
all their coefficient derivatives are bounded by C IS*KSSS’ on the active annulus. Together
with (6.6), these bounds prove the exponent estimates in (6.32); changing from a band to a
common torus contributes only the bounded matrices of Lemma 6.2. The local 0y bounds
follow directly from (6.24) and (6.29).

In a fixed band chart, dr 7 v preserves (6.20), since the covering maps are independent
of the slow coordinates. The auxiliary terms M; £;, and c;, N;, represent the same absolute
operators Q%2 L s and Q" N,,s on every common torus. Thus the remaining operators
in (6.32) also preserve compatibility. These derivative rules concern amplitude coefficients;
differentiating ¢’ ®r also differentiates the phase and introduces its explicitly retained factor
km.

Differentiation, integration, translation, averaging, and Fourier multipliers in (R, Z, T, H)
preserve independence of 6. g

The wave support convention also fits the initial-value equations used to construct pulses.
The path (6.21) fixes the same slow and transverse variables. If a source vanishes there
along the whole rectangle, its linear solution with zero initial data is identically zero; after
multiplication by 1, it is supported in the original rectangle. Smooth source extension
and smooth dependence of the linear equation give smooth extension at those boundaries.
The mapping estimates at every fixed derivative order are proved in Proposition 7.2. The
correction cycle of Proposition 9.6 preserves containment in these prescribed supports; its
estimates require no divisibility by the original cutoff factors.

7. OSCILLATORY REALIZATION AND CORRECTION OF THE RESIDUAL STRESS

We fix the background (up, pg) of Proposition 5.5 and the charts, slow cutoffs, and
auxiliary rectangles of Equations (6.1), (6.9) and (6.10). We construct waves whose averaged
quadratic velocity products supply the prescribed radial fluxes of azimuthal and axial
momentum in the leading stress 7y, with the physical normalization in (7.30). Their principal
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linearized evolution must also agree with the background shear and viscous diffusion in
(7.5). The supports allow us to solve these problems locally and sum the waves without cross
terms between distinct labels, by Lemma 6.1. For subsequent corrections, we solve the same
amplitude equation with a prescribed harmonic source using the inverse in Proposition 7.2.
A second linear operator, £ in Proposition 7.6, prescribes a signed change in the leading
covariance.

The common ingredient is a linear amplitude equation determined by the background
shear and viscosity. We choose phases for which the homogeneous solution t} in Lemma 7.4
grows and then decays. Its Gaussian bound (7.16) makes the solution exponentially small
near both ends of its interval. We call this solution a pulse. We compute the covariance
of two pulses with different phase gradients and choose their amplitudes to match the
stress. The strict cone condition (7.1) permits positive squared amplitudes in Proposition 7.5;
linearizing at those fixed amplitudes permits subsequent stress increments of either sign.
Finally, we take curls of supported vector potentials to enforce exact incompressibility in
Lemma 7.7. The additional velocity terms and cutoff errors remain in the covariance estimate
of Corollary 7.8 and the residual identity (7.40).

All calculations use normalized chart representatives until physical factors are displayed.
A band, its representative, its discrete labels, and its integer frequencies are fixed before
differentiation. Constants for derivatives of any fixed order may depend on the fixed profiles
and that order; in applications they may also depend on the finite correction stage. They
remain uniform over bands, labels, and rectangle copies.

7.1. Phase construction and a frame orthogonal to its gradient. We first construct the phase
® in (7.3) that approximately follows transport by the background, controlling the defect in
the leading transport terms as in (7.9). For a harmonic ¢/*”'®, the leading incompressibility
condition on its amplitude t,, is V,® - t,, = 0. The frame B in (7.8) for this two-dimensional
plane will compare the undamped principal equation with a diagonal system having one
positive and one negative eigenvalue, as in (7.10).

Fix a label v = (¢,a,0) from (6.8). On each of its lifted rectangles we use the slow
point x, = (R,Z,T), transverse coordinate {;, and pulse coordinate v € [0,L;], where
Ls = 2rg/c;i =< S, as in (6.11). Recall Q = 27¢, ¢ = Q", and S, = (2 from (6.1). The
normalized spatial derivatives are those in (6.6); write V. f = (D,f, R"19¢f, D.f). A prime
means d, with x, and §, fixed. In coefficient estimates, D! denotes ordinary derivatives
in the listed slow and auxiliary coordinates; the individual operators D,, D, retain their
normalized meanings.

We write the chart base velocity as be, + Vey + Ge,, and set F = V/R and g = (RFg, Gg).
Thus F is angular velocity, and g is the radial shear in the tangential component order (6, z).
We identify a tangential two-vector with the vector in span(ey, e;) having those components.
By (5.42), b = O(e) and the tangential velocity differs from its order-zero value by O(e?), in
every fixed slow derivative. A subscript 0 denotes an order-zero quantity evaluated at the
chosen representative xJ ..

The positive lower bounds in Theorem 4.6(iii) allow us to define the following tangential
frame and growth parameters:

A
N = % K=N*,  Aj=—2FRNp(2FNp + [g0]) >0,  co <0,

|80 ~ 2F,Np

We use the quarter turn K = (=N, Np), so N, K are an orthonormal pair in the tangential
plane, and take Ay > 0. The definitions of a,bs,vs in Equations (4.11) and (4.20) give
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90 = Fo(—a,bs) and A3 = 2aF2(1 — 2/v,). In particular, A3 > 0 and ¢y < 0 follow from the
profile bounds; they are not additional choices.

The phase choice must also retain the stress directions allowed by Lemma 4.5. Before
freezing N, K, cy, that pointwise condition is equivalently

76,* -K
0 76,* N
For this equivalence, the frame, ¢y, and target are evaluated at the same point. Indeed,
5 = (vs — 2) /2, while the absolute quotient without ¢y equals |J.|/(P. — v5). At an annulus
boundary the stress vanishes; there the quotient means the one-sided limit obtained from
the smooth unit stress direction in Theorem 4.6(iii).

The strict margin on the closed annulus permits us to choose one u, > 0 such that
uy/+/1+ u2 exceeds the supremum of |co(7o« - K)/ (7o, - N)|, with this interpretation at the
edges. We now freeze N, K, ¢ at each representative. Uniform continuity of the leading stress
direction preserves the strict inequalities, with a uniform margin, throughout sufficiently
small slow boxes. The frequency and shear bounds, the positive lower bound for Ay, and
the frame bounds also hold on fixed small enlargements of the active slow supports. We
take these slow neighborhoods to be enlargements of the mesh boxes by one fixed factor,
relative to T > 0, so every point remains within CS;3 of its representative. Derivatives at
T = 0 are understood one-sidedly. The uniform cone margin persists on each neighborhood’s
intersection with the closed active annulus, using the limiting stress direction at its radial
edges. All these bounds and margins are uniform over bands and labels.

The stress has two components, so we use two phases with different covariance directions
in each slow box. The phase gradient will change along the pulse until viscous damping
exceeds shear amplification. On the rectangle of sign o € {+1, —1}, we define

A u U0
_ —-1/2 2 0 o * *

We take Bs > 0. The carrier frequency k keeps ¢k? of order one, so viscosity remains in the
leading amplitude equation. To choose the angular and axial wave numbers p, p,, we first set

~ U+ g0
R =Bs | K- .
(p/ OIPZ) S < Ls|g0|2>
Angular periodicity requires kp to be an integer. We take kp to be a nearest nonzero integer

to kp, with a fixed rule at ties, and leave p, unchanged. All these wave numbers are constants
for the label. With xg = 0B,su. /2, we define the phase on a lifted rectangle by

® = pb+ p.Z/e+ xoR — v(pF + p.G), (7.3)

ne = V.® = (xo — v(pFr + p:Gr), p/R, p. —ev(pFz + p-Gz)). (7.4)

For a source coefficient f,, € C3 and a nonzero integer m, the principal amplitude problem
is to find t,, € C®> and a pressure coefficient 71, € C satisfying ne - t,, = 0 and

th, + Kty +m?dty, +ikmnem, = —fu,  d= ek*|ne|* (7.5)

Here K is defined below. This equation retains transport in the pulse coordinate, the base
tangential velocity and radial shear, and the viscous term in which both derivatives act on the
exponential. The two factors 2F in K include the cylindrical connection terms: radial motion

Tos N <0, <1,  To.=(Q/9)*?T,. (7.1)

C
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changes the tangential frame as well as the base swirl. Eliminating the normal pressure term
while differentiating ne - t,, = 0 gives the projected evolution operator Ag:

0  —2F 0 T (T
k= (2FtREe 0 0], g ks el 2(%) ). (7.6)
Gr 0 0 nol

The slow transport, the error in phase transport, and the remaining viscous terms occur in
the residual beyond (7.5); Proposition 9.1 estimates them. For later use, we fix the geometric
coordinates and frame explicitly. Write 1 tan = (H@9, N z). Since kp € Z \ {0} and R > 0,
the component ngp g = p/R is nonzero. We may therefore define

n n
p= 2B Ny = ((Ka)o —(Ka)e),  Sa= —2 . (7.7)
| "N® tan ‘ | N tan ’

The corresponding basis of ng and frame are

1 1
u= [er — SaKu, Na], B=U <C0\/]_—{—7$2 —Com) . (78)

The next lemma compares the actual phase normal and projected operator with their
reference values. In the resulting coordinates, the amplitude equation has two scalar reference
growth rates and a small matrix error.

Lemma 7.1. For the labels and phases in Equations (6.8), (7.2) and (7.3), there exists a sufficiently
small g, > 0, common to all labels and fixed derivative orders, such that every rectangle on 0 < g < g
has the following properties. Every e*"®, m € Z\ {0}, is single-valued in 0, with nonzero angular
frequency. On the rectangle 0 < v < L,

|ne — Bs(s(v),K)| + |np| < C/S.,  Eij:= (t. +bD, + Fdg + GD,)® = O(eS5).  (7.9)
The estimate for Ey in (7.9) holds in every fixed coefficient derivative, with a corresponding polynomial
degree. The coefficients extend smoothly to the fixed enlargement. All fixed mixed derivatives in the
slow, transverse, and pulse coordinates of ne, and of the frames used here, have polynomial bounds in
S*-

The real 3 x 2 matrix B in (7.8) has columns forming a basis of ng, and is also viewed as a map
C? — {t € C®: ng - t = 0}. It has a uniformly bounded left inverse B* and satisfies

B'(AgB — B)) — diag(A,—A)+E, A(t) = ——20 __ |E[<C/S..  (7.10)

V1+5@)?2
For the damping coefficient d in (7.5), put dyef = ek?B2(1 + s?). Then
ld — dyet| < C/S.. (7.11)

Proof. Step 1: periodicity and estimates for the phase. Because kp € Z \ {0}, the angular
frequency kmp is a nonzero integer for every m # 0. This proves the periodicity assertion.
Write Hp = pF + p,G. Since D,v = D,v = 0 and the base is independent of the auxiliary
variable,

D,® =xg—v(Ho)r, R '9®=p/R,  D.®=p.—ev(Ho)z.
These are precisely the three entries of ng. Before rounding, (p/Ro, pz) - §o = —0Bsu/ Ls.
The slow box has diameter O(S;3), the base comparison contributes O(e?), and rounding
contributes O(k~1). Consequently the error in pFg + p-Gr is O(S;% + €2 + k). Multiplica-
tion by v = O(S,), together with the tangential error O(S; ! + ¢S.), proves the first estimate



76 OPENAI

in (7.9) after one choice of g.. Differentiation in the pulse coordinate gives |ny| < C/S,. Dif-
ferentiating any fixed number of times introduces only powers of S;; the discrete rounding
is not differentiated. For the phase transport we compute each term:

t,® = —Hgp + EU(H(D)T, Fog® + GD,d = He — EUG(H@)Z.

Consequently

Eik = SU((H@)T — G(Hq))z) + bl’lq:.,r.
Every term has a factor ¢ or b = O(¢), and the remaining derivatives of fixed order have
polynomial bounds in S.. This proves the differentiated phase-defect estimates as well as
the value estimate. Since ek? =< 1 and By is bounded above and below, (7.11) follows.

Step 2: coordinates on the moving plane. It remains to bound the frame (7.8) and express
the projected evolution in its coordinates. The phase comparison and the lower bound on B;
bound ¢ tan| away from zero. The vector N, in (7.7) is the perpendicular close to N. Let M
be the 2 x 2 matrix in (7.8). Then
(ng)u =1
NF)© T

T
L a1 6
p=M <N;>'

The matrices U, M, B and these left inverses are uniformly bounded.

Step 3: diagonalization at the reference normal. For n.s = Bs(s, K), write t = x(e, — sK) +
yN € n,, and form Ky from the reference coefficients. Since go = |go|N,

(Kot)r = 2FysKgx — 2FyNyy,
Myef - Kot = 2BsFo{Kg(1 + s?)x — sNpy}.
Let e = e, — sK. The vectors ¢, N are orthogonal, with squared lengths 1 + s2,1. Directly,
—Koe = (—2FysKy, —2Fpep — g0), —IKCoN = (2Fy)Ny, 0),
where each ordered pair gives the radial and tangential parts. Therefore
e-(—Koe) =sK-g0=0, e-(—KoN)=2FNy, N-(—Kpe)=—(2FNg+ |g0|)-
Dividing the first coordinate by 1 + s? gives the reference undamped matrix in (x,y):

( 0 2F0N9/(1—|—52)>
—(2FNp + [gol) 0 ‘

Its eigenvectors are the columns of M, with eigenvalues A, —A. To compare this matrix with
the actual evolution, first use the value estimates for the base coefficients and ng — n,¢. They
change the algebraic projection —K + nenlK/|ne|* by O(S;1). Also K, — K and s, — s are
O(S; 1), so the actual frame and its left inverse differ from their reference values by that
order. Expressing the algebraic projection in these frames therefore changes the reference
matrix by O(S;!). The moving-normal term —nq (1) /|ne|* has the same bound, since
|nf| = O(S;1) and |ne| is bounded below. Also s’ = O(S; 1), so the definitions of U, M give
u',M" = O(S;1). Hence B' = U'M + UM’ = O(S;!), and multiplication by the bounded
B! gives —B!B' = O(S;!). These contributions give the error E in (7.10).

We now specify why this choice of 4. works for every fixed derivative order. The value
comparisons in Step 1 require only finitely many smallness conditions. For example, we can
require

Se++k <1
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to bound the errors multiplied by v = O(S.) by C/S.. Since e = 27", k=1 < ¢1/2, and
S. = /2, this holds for all sufficiently large band indices. The bound 1 < ek* < 4fore<1
gives fixed positive upper and lower bounds for B;. We make the phase-normal error smaller
than half this lower bound. The estimate |ngan| > Bs — C/S. then keeps the tangential
phase normal uniformly nonzero; the same lower bound applies to |ne|. The formula
det M = —2¢pv/1 + s? and the fixed lower bound for |c| likewise bound | det M| away from
zero. Thus one lower bound on the band index, or equivalently one upper bound 4. on g,
makes every denominator in the frame and its left inverse uniformly nonzero.

With that domain fixed, any prescribed number of coefficient derivatives of the base
coefficients and the phase normal n¢ has a bound C 1Y, Applying the product and quotient
rules to the displayed frame formulas gives bounds of the same form for U, M, B, B’ and
their pulse derivatives, using the lower bounds just established. Differentiating the phase
defect retains its factor e: the band is fixed, and every fixed derivative of b is O(¢). These
arguments require bounds on the higher derivatives, with constants and polynomial degrees
allowed to depend on I; they impose no further smallness condition on those derivatives.
Consequently they use the same g,. O

7.2. Solving the pulse equation and controlling derivatives. The frame B from Lemma 7.1
reduces (7.5) to an ordinary differential equation along each pulse. In this subsection we
will first solve it with zero initial amplitude and a prescribed source f,, obtaining the
linear inverse used to remove later harmonics in Proposition 7.2. We will then solve the
zero-source equation with a specified nonzero initial amplitude to produce the pulses for
the leading covariance in Lemma 7.4. Localizing both solutions requires decay at both ends
of the interval. Subtracting the reference damping from the growing eigenvalue defines the
common envelope
[

P(0) = exp ( /L (@) — deg(w) dw) . (7.12)
We also write P, = P(v), as in the coefficient class (6.29). The estimates (7.14) below show
that a source bounded by this envelope has a response with the same envelope, at the cost
of polynomial factors in S.. Multiplying a solution by i will therefore change its principal
equation only where the solution and source are exponentially small, as shown after (7.40).

Proposition 7.2. Fix « € R, a finite set of harmonics 0 < |m| < M, and a label at level i on a
common torus H = Y;,, with i — iy bounded as in Lemma 6.2. For each harmonic, let fy,(x., H) € C3
be a coefficient descending to H, smooth on the fixed enlargement of that label’s rectangles. Assume
that it has a fixed closed slow support contained in the label’s slow support, a compact transverse
support contained in supp X, and support in the closed active shell X, < X < X, with smooth zero
extension across all these support boundaries. Assume also that on X, < X < Xpand 0 < v < L,
for every fixed multi-index I of derivatives in (R, Z, T, H),

ID'fiu| < Cre*SU\/T57 P (0).
On the domain 0 < q < q. fixed in Lemma 7.1, there is a unique amplitude t,, satisfying ne - t,, =0,
with zero initial data, and a pressure coefficient 71, such that (7.5) holds. They are given by

t = Apty — m*dt, — Proj,. fms tn(0) =0,

i ne Kty —nly-tw+ne - fu
= — . 7.13
T = em |ne|? (7.13)
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Here proj, s f=f-—ne(ne-f)/|ne|?is orthogonal projection. The source is evaluated along the
path Hy, in Equation (6.21), with x, = (R, Z, T) and the transverse coordinate fixed. The coefficients
descend to the same common torus and preserve the specified slow, transverse, and shell supports,

including smooth zero extension there. The solution is defined on the entire closed pulse interval
0<v< L. On X, <X < Xy, for every fixed I,

D't| < Cle*s¥ /TP (v), (7.14)
D!, | < Chert1/28% /7 671 P(v). (7.15)

Constants and degrees may depend on M, I, and the prescribed source bounds. The threshold q.
does not depend on M, , or the correction stage. If the source has uniform one-sided derivatives in
the slow variables at T = 0 on compact sets with g > 0, the solution and pressure have the same
one-sided derivatives.

Only descent to the common torus H is required in Proposition 7.2: the source may take
different values at distinct preimages of a band-torus point. No orthogonality to n¢ or
divisibility by either rectangle cutoff is assumed. The support conclusion concerns the slow,
transverse, and shell variables; no temporal zero extension is asserted before multiplication
by .

Proof. The moving frame gives a two-dimensional equation. We first bound its forward
propagator by P(v)/P(w), then use the resulting Duhamel formula for values and derivatives.
Finally, we check support, descent, and the normal pressure equation.

Step 1: the envelope and forward propagator. The scalar reference growth rate is
A Ao(1+y%) _
It vanishes at y = u,, and its derivative in the pulse coordinate is

%anet(ls(v)l) = —M*AOL’;C'(U)’ ((1 Fs(0)?) "2 421+ ui)—m) .

Because u./2 < |s(v)| < 3u,/2, this derivative lies between —C/L; and —c/L,. By (7.12),
(log P)" = apet(|s(v)|), and both log P and its first derivative vanish at v = L;/2. Integrating
these derivative bounds twice from the midpoint gives

e—C(U—Ls/Z)Z/Ls < P(ZJ) < e—C(U—Ls/2)2/Ls <1. (7.16)

The envelope therefore decays on both sides of the midpoint. To show that the sourced
amplitude t,, has the same decay, we write t,, = Bz,, using the actual moving frame. The
coordinate vector z,, satisfies

Zh = AwZm 4 gm,  Am=diag(A, —A) +E—m?dl,,  gu=—B° proj,; fu-  (7.17)
Let V;,(v, w) be the forward fundamental matrix for the homogeneous equation z’ = Az,

normalized by V,,(w,w) = I; thus 9,V,,(v,w) = A (v)Viu(v, w). The scalar nature of the
damping gives the exact identity

Vin(0,w) = exp <—(m2 _1) / " d(a) da> Vi (0, w). (7.18)

w
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The Euclidean norm inequality for the m = 1 equation is dy|z| < (A —dyes + C/Ss)|z|. As
Ls/ S, is bounded, it follows that

[Vi(o,w)|| < CP(0)/P(w), 0<w<ovo<L, m#0. (7.19)

This value bound is uniform in all nonzero integers m, since the exponential in (7.18) is at
most one.

Step 2: values and coefficient derivatives. The zero initial condition gives Duhamel’s
formula. The bound on g, (w) contains P(w), which cancels the denominator in (7.19);
integration contributes L; = O(S.):

Zm(v) = /Ov Vin(0,0)gm(w) dw, |2y (v)| < Ce*SPT/T670P(0),

after enlarging by for the frame factors. To differentiate this formula, first use the slow vari-
ables, the transverse coordinate at v = 0, and the pulse coordinate. In the next equation, D!
differentiates only the slow variables and initial transverse coordinate, holding v fixed. These
parameter derivatives commute with d,, so differentiating the two-dimensional equation
gives

I

(D'zy)" = AwD'zyy + D'gn+ Y ( >(D]Am)DI]zm. (7.20)
0<J<I

All these parameter derivatives of the zero initial data vanish. If the coefficient derivatives

obey |D/A,,| < C;SY, an induction using (7.19) increases the polynomial degree by at most
1 b1, b
+ max{by J??gxz(cf +bi_p)}

at the Ith step. The inverse-distance exponent can be enlarged to the maximum of the source
and lower-order exponents. The slow point is fixed in the integral, so 1/ and J are fixed
there. Pulse-coordinate derivatives then follow from (7.17). This proves every fixed-order
derivative estimate with no decrease of a. Differentiation in the moving frame retains the

constraint n¢ - t,;, = 0 and accounts for derivatives of the plane né.

Step 3: common-torus coordinates and support. The preceding estimates used g¢, v on one
lifted rectangle. To express the derivative estimates in H, we use the directions v;, v; from
(6.2) and recall the linear functional A¢(w) = v - w/ (1 +bg), so Ai(v;) = 0 and As(v;) = 1.
For a current point H with pulse coordinate v(H), the point on the same path at pulse
coordinate w is o

Hy, = H+ Tg*(HO)ci(w —v(H))wvs.
Since v is an eigenvector of |, with eigenvalue T,

DyHy =L —vdi,  DjHy,=0 (a>2),  Dyo=Ty “A/c; = O(S.).

Thus the pullback H — H, at fixed w has bounded derivatives, and returning to the current
common coordinate introduces only powers of S, multiplying fixed derivatives in the pulse
coordinate. Together with Step 2, this proves (7.14) in the stated coefficient variables. Deck
translations reindex the copies and commute with this path. Uniqueness of the initial-value
equation with zero data proves descent to H, without identifying sources on different
preimages of the finer band torus. The path holds the slow and transverse points fixed. If
the source vanishes along their whole rectangle, the solution does also. The differentiated
equation, applied at their support boundaries, proves smooth zero extension and support
containment.
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Step 4: the constraint and pressure. The definition of Ag gives
Ne -ty = —Ng -ty — m*d(ne - ty), (e - tw) = —m*d(ne - tw).
Zero initial data therefore preserve ng - t,, = 0. Substitution in the projected equation yields

£ 4 Kty + 2ty + frn = \:fP("@ Kty — 1l by + 10+ fun).
Multiplication of (7.13) by ikmnge gives the negative of this normal vector. Thus (t,, 7T,)
satisfies the full principal cancellation (7.5). The factor (km)~! = O(e!/2) and the fixed
coefficient-derivative bounds prove (7.15). In particular, normal components of the source
have been canceled as well. On a compact set with g4 > 0, the base has the one-sided
endpoint derivative data of Proposition 5.5. The same parameter-dependent equations and
differentiated Duhamel formulas extend those endpoint derivatives from the source to ¢,
and then to 71,,. ]

The harmonic factor in (7.18) only adds damping. Consequently the later appearance of
higher harmonics does not force a smaller space-time domain for these inverses.

Corollary 7.3. The solution operators fu, +— (tm, 70w ) for the projected amplitude equation with
tm(0) = 0 are defined at every finite correction stage on the same domain 0 < q < q.. Increasing the
finite harmonic set or the derivative order changes constants and polynomial degrees, but does not
require shrinking this domain.

Proof. The frame and damping comparisons require only the single finite choice in Lemma 7.1.
The exact factor (7.18) makes every higher harmonic at least as damped in value as the first.
In (7.20), the extra factors of m and coefficient derivatives enlarge only the constants and
polynomial degrees in the source bounds. Thus the previously chosen threshold g, remains
valid. U

The zero-data inverse is now available for prescribed harmonic sources. For the leading
stress, we instead need a nonzero real solution whose radial component stays comparable to
P(v). We choose its initial value in the growing coordinate of the frame B; its amplitude and
direction must remain controlled through the subsequent decay.

Lemma 7.4. For each sign o, let t = B(z,,z_)T solve (1)) = Agth — dt with z, (0) = P(0),
z_(0) = 0. This specifies the real amplitude of the homogeneous m = 1 problem, with pressure given
by (7.13) at f, = 0. With K,, N, s, as in (7.7), write t = x(e, — s,K;) + yN,. Then

cP(v) < x(v) < CP(v), ZEZ? = coy/1+5(v)2 +0(S; ). (7.21)

Every fixed derivative of this homogeneous solution in the coefficient variables or pulse coordinate is

bounded by C 1SYP(v). Its homogeneous pressure, given by (7.13) with f = 0, has the extra factor
1/2

e’

Proof. We control the ratio of the decaying and growing frame coordinates, then convert
to the radial and tangential coordinates x,y. Write E = (E;;). While z; > 0, the ratio
r =z_/z, satisfies

r = Er + (—2/\ + Ey» — EH)?’ — E127’2, 7’(0) =0.
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Let ¢y > 0be a uniform lower bound for A. For a sufficiently large fixed K} and all sufficiently
large S,
—2¢) Ky, +C(1+ Kp/Si + K2/ S?%)

:I:rl‘r::th/S* < 5 < 0.
Thus |r| < K, /S,. Since z(0) = P(0) > 0, the envelope definition gives
zZi\/ 1 z+(v) Cv _ CL,
) = —(d-— = — < <C.
(log %) = (@ — dyes) + Eny + Erar = O(S71), ’10g oy | S5, S5 SC

This prevents z from reaching zero and proves cP < z; < CP on the whole interval.
Multiplication by the matrix in (7.8) gives x = z4 +z_ =z, (1+r) and y = covV'1 + s?(z4 —
z_) = coV1+5?z4(1 —r). These identities give (7.21). Differentiating the coordinate
equation and using (7.19) proves the derivative estimates just as in (7.20); the initial value
P(0) is fixed with the label. The pressure formula supplies the extra factor &'/2. 0

Energy transfer from the shear. The pulse equation also identifies the source of the
homogeneous growth. For the real amplitude t = ¢!, the constraint ng - t = 0 makes the
normal term in Aet orthogonal to t. Moreover,

t- Kt = —2Ft,tg + (2F + RFR)t,tg + Griyt. = g - (E:(tp, £2)).
Taking the scalar product of t' = Agt — dt with t gives

1d

2dv
The first term gives energy exchange with the base shear; the second gives viscous dissipation.
The vector t,(ty, t,) records transport of azimuthal and axial momentum across a cylinder.
At the representative point, decompose such a flux vector as T = TyN + TxK. The energy
transfer is —go - T = —|go|Tn; the covariance construction also prescribes the transverse
component Tx. We therefore need both components of the covariance to match the prescribed
momentum flux.
Viscosity remains a leading-order term in the pulse equation. At viscosity one, the base
velocity and radial length give Reynolds number of order ¢~". The carrier wavelength is
VQ/k =< QY/2+h/2 whereas the physical amplitude of the leading oscillations constructed
below has order Q=4+/e = Q~1/27"/2 up to powers of S,. The powers of Q in their product
cancel. Thus ek? =< 1 in the pulse equation throughout the correction process.

1 = —g- (1t 1)) — ek |na Pt (7.22)

7.3. Covariance of the leading oscillations and its linearization. The two real homogeneous
pulses 1 from Lemma 7.4 determine two covariance directions in each slow box. Their
scalar amplitudes a4+ will be chosen in Proposition 7.5 so that a positive combination of these
directions equals the leading stress. In this subsection we will compute the two covariances,
solve for the squared amplitudes, and then differentiate this relation to obtain signed stress
corrections using £ from Proposition 7.6.

Recall the angular and auxiliary averages in (3.7), with normalized Haar measure on the
auxiliary torus. They are taken at fixed slow variables, before evaluation at the physical
phase map. For real velocity fields w, v on the extended domain, we write Wn = (wy, w;).
The product w,wn records radial transport of azimuthal and axial momentum. At each
fixed slow point, we define the covariance C(w) and symmetric cross term B(w, v) by

C(w) = ({(wrWan)e)y, B(w,v) = ((WyVtan + UrWian)g)y- (7.23)
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The averages can be computed on any applicable common torus by Lemma 6.2. Expansion
of the product gives DC(w)[v] = B(w, v).

Write B = (¢,a) for a slow box and v = (B, ) for one of its two rectangle labels. The two
signs have the same slow cutoff 775 = 77(g ) = 1](5,—); thus the squared partition sums over §,
with each box counted once. On the slow neighborhood of 8, we define

be = x3(Co)p(0)tg cos(k®y), o€ {+,-},
and extend by zero off that sign’s auxiliary rectangle. The factors x,, ¢ give smooth extension
there. The field b, includes neither the slow cutoff 775 nor a scalar amplitude. The two signs
have disjoint auxiliary supports.

LetH = [C(by) | C(b-)], areal 2 x 2 matrix depending on the slow point. Its columns have
component order (76, rz). For any real numbers a,,a_, disjointness gives C(ay by +a_b_) =
H(a3,a%)T. Thus the nonnegative span of its columns is exactly the set of stresses obtainable
by these two waves. The strict cone condition will give positive coefficients for the leading
stress, whose square roots define the real wave amplitudes.

Proposition 7.5. For each slow box B, use the homogeneous pulses of Lemma 7.4 to form by and H as
above, and use the order-zero target To. = (Q/q) "/ Ty. After a further single decrease of g, the
matrix H is invertible throughout each enlarged slow neighborhood, and the components of H~ T .
are positive on its intersection with X, < X < X,. We may therefore define, with componentwise
square roots,

y=H"'To., av=1\Yo, Wo=+e) asbs. (7.24)
o=+
The squared amplitudes satisfy, for every fixed slow multi-index I on X, < X < Xp,
Yo >¢v/S:l, D'yl < CiSUgsT. (7.25)

The coefficients a, extend smoothly by zero at the shell edges. On the label’s slow neighborhood, the
harmonic coefficients of Wy obey the derivative and envelope estimates of W1 5. Multiplication by the
slow cutoff gives 15Wo € Wy /2. Before that multiplication, the covariance is

C(Wo) = €To,x. (7.26)
This positive-coefficient decomposition uses only the order-zero target 7 ..

Proof. The proof of Lemma 7.1 applies throughout these neighborhoods: their diameter
remains O(S;?), and the base comparison holds on the enlarged annulus. The phase and
homogeneous-pulse estimates, and hence the column estimates below, hold there with
uniform constants.

Step 1: compute and estimate the covariance columns. The angular frequency kp is a
nonzero integer, so the angular average of cos?(k®;) is exactly 1/2. We may compute the
auxiliary average on the band torus. There the rectangle parametrization has area element
| det(vr, vt)| dq dg, with djg = c; dv. Recall that x, are the geometric coordinates of 1 in
Lemma 7.4. This amplitude is independent of ¢, and has radial component x. Therefore the

column H, equals
det(v,, v Ls
H, = |(2f)| ( / 2 dgg> G /0 PP do. (7.27)

Define the corresponding positive scalar by

Ls
hU — |det(;’hvt>| (/X;dé’g) Ci/o llszz do.
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The Gaussian envelope and the region where ¢ = 1 give
Ls
cvLs < / lpzxzdv < CvLg, / ]v
0

Indeed the substitution w = (v — Ls/2)/+/Ls reduces these to integrals of e~ and |wl|e—".
Hence h, < ¢;v/Ls < S;1/2, and the normalized x*i? average of |v — Ls/2|/LS is O(S;1/2).
The definitions of K;, N, s, in (7.7) give the tangential part of the pulse: th . = —s,xK, +

yN,. By Lemma 7.4, its ratio to x differs by O(S;!) from —s(v)K + cg\/1 +s(v)2N. The
preceding weighted average concentrates near v = Ls/2, Where s = ous. Thus, setting

—coy/1 + u2 > 0, we obtain
Hy = he(—AN — cu. K +ey), les| < CS;l/Z. (7.28)

The derivatives of the covariance columns and homogeneous solutions have polynomial
bounds by Lemma 7.4.

L/2’ 2 x?dov < C.

Step 2: solve for positive squared amplitudes. First omit the errors e, in (7.28). For a target
T = Ty N + TkK, the two scalar equations then give

hiys = 3(=Tn/Ac = T/ i), hoy- = 3(=Tn/Ac + Tic/us).
Thus the reference cone is Ty < 0, |Tx| < (u+/A¢)(—Tn). The two formulas above give the
positive coefficient decomposition. Our choice of u, and the uniform leading cone margin
give |Tx|/us < (1 —1n.)(—Tn/Ac) for some fixed 17, > 0 and T = Ty, by (7.1). Freezing
N, K, cy at the representative changes this normalized cone inequality by an error tending

uniformly to zero. The smooth limiting stress direction gives the same comparison at the
radial edges. The errors in (7.28) preserve this strict inequality and give

|detH| >¢/S,,  |[H Y <CVS.,  cV/Si|T| <y < CV/S4|T|. (7.29)
Step 3: derivatives, shell edges, and covariance. Apply the leading stress bounds (4.27) in

the chart. Differentiating HH™! = I, gives polynomial bounds for all fixed derivatives of
H-L; differentiating y = H_176,* then proves (7.25). For |I| > 1, the chain rule gives

Dlﬂg- — Z Z L, y(lf/Z n H DIV]/O’-

n=1L+-+I,=I v=1
[Iy|=1

The bounds in (7.25) therefore imply

IDlay| < C18H\/T o6,
The same bound holds for I = 0. Its right-hand side tends to zero at each shell edge for every
fixed derivative order, so the zero extension of a, is smooth. The bounds for a,, Lemma 7.4,
and the cutoffs x,, ¢ give the local derivative and envelope bounds for Wp. Multiplication by

11p then gives 175Wy € Wy /2. Disjointness of the two rectangles and (7.24) yield C(Wy) = eHy,
which is (7.26). ]

Each slow box now has the required local covariance. Multiplication by the common slow
cutoff 75 multiplies (7.26) by 17/523. Returning to physical velocities and summing slow boxes
and bands gives the leading physical stress pair

Y, QngeTo=q o (7.30)
:(Z,ﬂ)
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To check the scale explicitly, A = 1/2 + h gives
Q 2eTy, = Q 2AHN(Q/ )12 g = Q- A+I+1/2q=A-1/2 0 _ o=A=1/27
We then use ) g 17[23 = 1; cross-label products vanish by the disjoint auxiliary supports.

The sum supplies the leading physical stress. Later residuals require stress increments of
either sign, which we obtain by varying the amplitudes to first order about this fixed positive
representation. We keep the positive coefficients a, fixed at their values in Proposition 7.5.
Let « € R, and let X(R, Z,T) € M, be a real two-vector independent of both angular and
auxiliary variables. This auxiliary independence is an additional requirement here; the class
M, alone allows auxiliary dependence. On the label’s slow neighborhood, we define

d
dy =HY(Z/e),  ba, = ( Z)", LY =/e Y dach,. (7.31)
2a, —
The divisions are componentwise and are defined first on X, < X < X;, where a, > 0. The
estimates below justify smooth zero extension at the shell edges.

Proposition 7.6. For every a € R and every real two-vector ©(R,Z, T) € M, independent of the
angular and auxiliary variables, (7.31) defines a linear operation LX. Its harmonic coefficients on
the slow neighborhood satisfy the local derivative and envelope bounds of W, _1 /», with smooth zero
extension at the shell edges. With the slow cutoffs shown explicitly, its bounds and covariance are

;7[;/32 € W,x,l/z, B(Wo,/.:Z) =2, C(U[;EZ) € Moy_1q. (732)
The denominator a, remains this fixed coefficient at every correction stage.

No sign or relative-size restriction is imposed on X in Proposition 7.6.

Proof. Apply Leibniz’ rule to ds = H™1(X/¢), using (7.29) and the differentiated inverse
bounds proved in Proposition 7.5. The weighted derivative bounds on X give |D!(dy)s| <
Cre*18% 75~ Every derivative of y; /2 is a sum of terms of the form Cy,*1/2[T*_, DIy, .
The k numerator weights cancel all but ¢ ~1/2 in the denominator, by (7.25). Leibniz therefore
gives

ID16a,| < Cre*~18% /2 5. (7.33)
The remaining square-root edge weight proves smooth zero extension; Lemma 7.4 gives
the local wave estimates. Multiplication by 7 gives the supported wave class. Write

a=(ay,a_)" and éa = (day,éa_)T, and let © denote componentwise multiplication. Since
these scalar coefficients are independent of the averaging variables, disjoint rectangles give
the exact bilinear identity

B(Wy, LX) = eH(2a ® da) = eHdy, = X. (7.34)

The factor 1/2 for the real cosine has already entered (7.27); the factor 2 in this cross identity
explains the denominator in (7.31). In C(13£LX), both wave factors have exponent « —1/2,
so the class product rule gives the last assertion in (7.32). U

In particular, the covariance identity before the curl correction is
CWo+ LX) =Ty + X+ C(LY).

Thus L is a right inverse of DC(Wj). The quadratic remainder C (LX) is retained in the stress.
The same squared partition used for the leading covariance also assembles this linear inverse
across the slow boxes. Write Wy g and L for the local constructions before multiplication



FINITE TIME BLOWUP FOR NAVIER-STOKES 85

by the slow cutoff. For a real two-vector stress o (r,z,t), independent of the angular and
auxiliary variables, whose normalized representatives QZAO are in M,, set

Ophys = Y Q7A77/3W0,;3,
p=(La)

Byl = Y, Q MpL(Q%0).

p=(ta)
Each summand uses the scale Q = 27/ of its label 8 = (¢,a). The sums are locally finite for
g > 0. For overlapping slow supports, disjointness of the assigned rectangles, the squared
partitions, and the physical factor Q24 give B (W&;hys, L2 o) = 0. In a chart of scale Q,

(7.35)

phys
set ¥ = Q>4 and define the normalized representatives by
WE = QMg LR = QAL%,(Q7Y)

To test wave-class membership, collect all coefficients with the same label and harmonic, as
in Definition 6.5. Bounded overlap of the slow cutoffs and the common-torus bounds give
WSS S W1/2 and L£%% € W,xfl/z, and

B(W@, £5%) = ¥. (7.36)

These definitions are consistent across overlapping charts. Auxiliary independence of the
input allows the scalar coefficients to be taken outside the covariance integral, as required
for the identity in Proposition 7.6.

7.4. Exact curls, retained tails, and the covariance remainder. For the harmonic velocity
t,ekm® orthogonality to the phase gradient, ne - t,, = 0, cancels the leading term in its
divergence. Derivatives of the amplitude ¢, still contribute. Taking the full curl of the vector
potential A,, = C,,e™™® in (7.38) supplies the corrected amplitude t,, + ,, needed for exact
incompressibility: the amplitude from differentiating the exponential is ¢,,, while derivatives
of the potential coefficient C,, and the cylindrical frame give r,,. In this subsection we
will estimate r,, in Lemma 7.7, then the temporal cutoff residual in (7.40), and finally the
covariance of a stress increment formed from the actual velocities in Corollary 7.8.
For a normalized potential A = (A,, Ag, Az), we define

curl, A = (R*laeAZ — D.Ag, D:A, — DA, (Dy + R Ag — R*189A7> . (7.37)

The normalized derivatives include the chain-rule terms for evaluation at (6.3), so curl, A is
the normalized physical curl of the evaluated potential.

Fix a label, a nonzero integer m, and a harmonic coefficient t,, € W, independent of
8, with ng - t,, = 0. We require t,, to be supported in the prescribed slow and transverse
supports and compactly inside the pulse interval, with smooth zero extension across all
these boundaries. We choose the potential so that the amplitude obtained when its curl
differentiates the exponential is t,. The potential coefficient C,, and the oscillating potential
A, are
. i1’lq> Xty
 kmnel|?’
The last identity defines r,,, the difference between the curl amplitude and the prescribed
transverse amplitude. Since C,, is independent of 0, the remainder r,, is

Ym = (_Dz(cm)er Dz(cm)r - Dr(cm)z, (Dr + R_1>(Cm)6)~

Con Ap = Cpe™®, curl, Ay = (b + 1 )™, (7.38)
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Lemma 7.7. For every « € R and nonzero integer m, let t,, € W, satisfy ne - t,, = 0. Assume it
is supported in the prescribed slow and transverse supports and compactly inside the pulse interval,
with smooth zero extension across all these boundaries. The construction (7.38) gives Cp, € Wy11/2
and 1y € Woi1/2 .. The velocity (ty + 1m)e*™® = curl, A, is exactly divergence-free for the
normalized operators and after evaluation at the phase map. Potential and velocity have smooth zero
extensions across their support boundaries. For the full amplitude a,, = t,, + 1y, the scalar product
with the phase normal satisfies

ikmng - am = —((Dy + RY) (am), + D:(am)), Ne - am € Wyi1/2—.- (7.39)
Physical potentials and pressures are obtained from chart ones by multiplication by Q=% and
Q~24, respectively.

Proof. The amplitude from differentiating the exponential in curl, A, is

_ Ng X (1’lq> X tm) . _ qu:o(nd) : tm) _

ikmng x Cy, = =ty PNE = t,.

Every remaining term in curl, A,, differentiates the potential coefficient C,,; or the cylindrical
frame. The factor (km)~! increases the € exponent by 1/2, and applying D, decreases it by at
most ks, by (6.32). The multiplier ne / \nq>|2 has polynomial coefficient bounds by Lemma 7.1.
These estimates prove the two class bounds with all derivatives of fixed order. The normalized
divergence is div.a = (D, + R™1)a, + R~'9gag + D,a,. Since D,(R™') = —R~2, we have
(Dy + R"Y(R71f) = R7!D,f. Substituting (7.37) gives

div, curl, A = R7'D,dpA, — (D, + R"1)D, Ay
+ R 'D,09A, — R 19yD, A,
+D.(D, + R Ag — R71D,04A, = 0,

where the three pairs cancel by commutation. The chain rule preserves this identity after
evaluation at the phase map. Expanding the divergence of a,,e*"®, whose amplitude
coefficient is independent of 6, gives (7.39); division by km and one application of D, give
the exponent improvement 1/2 — ;. The support and smooth extension statements follow
from the coefficient bounds and cutoffs. U

To assemble real velocities, use conjugate pairs. For example, tcos(k®), with real ¢,
has coefficients /2 at harmonics m = 1, —1. The corresponding potential and pressure
coefficients obey the same conjugacy condition. In particular, the pressure associated with a
real cosine velocity mode retains the factor i/ (km) in (7.13).

The temporal cutoff and its residual. For the solution of Proposition 7.2, we set t,, = Wt,,
and 7, = 7Ty, and apply Lemma 7.7 to ... We write 7,, for the curl remainder of this cutoff
amplitude. The solution before multiplication by i may reach both pulse endpoints. The
cutoff makes the potential and pressure zero on an open neighborhood of each endpoint.
On the labelled rectangle 0 < v < Lg, the product rule in (7.5) gives

B+ Kty + m?dty, + ikmngtn + fu = (1 —9) fu + @'ty (7.40)
By (6.16), ¥ = 1 on |v — Ls/2| < Ls/5, where both terms on the right vanish. Wherever
either term remains, |v — Ls/2| > L;s/5, so (7.16) gives an additional factor SCe5+ in every
fixed coefficient derivative estimate. In the iteration, f,,e’"® is an actual supported harmonic

source with smooth zero extension; thus this local identity describes its global uncancelled
remainder as well.
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At a fixed correction stage, converting any fixed derivative estimate to physical variables
introduces a fixed power of Q! and a polynomial in S.. As S, =2, Q =27/, and g < Q,
for each fixed M, C, N we have

g NQMSCe 5 < Cyexp(—cl? + (M + N)llog2+2Clog ) — 0.

Thus the resulting physical derivatives are O(qN ) for every fixed N. These terms remain
separate additive flat residuals throughout subsequent corrections. The same argument
treats homogeneous cutoff tails. The pressure coefficient still satisfies 7, € W, 1,2, while
the exact velocity amplitude is to A+ T, With 7 € Wy 4 /2o

Covariance of the actual velocities. The linear covariance inverse was defined at the fixed
primary wave. During iteration, its increment is added to a divergence-free wave field that
already contains earlier corrections, and the new increment has its own curl remainder. The
exact expansion below identifies the prescribed stress increment and retains three further
contributions: interaction with previous corrections, interaction with the new curl remainder,
and the square of the new velocity.

Corollary 7.8. Fix «,p € R, and use the normalized representatives of (7.35). Suppose U is a real
divergence-free wave field, including its curl remainders, such that

UZWSS‘f’E, uer/z, EEWP.

Let ¥.(R,Z,T) € M, be a real two-vector independent of the angular and auxiliary variables. Apply
Lemma 7.7 to the signed amplitudes LY., obtaining the divergence-free increment V.= L¥L. + R,
where R € Wy _y, is its curl remainder. Then

CU+V)—CU)=X+B(E,L¥)+B(U,R)+C(V). (7.41)
The three remainder terms satisfy
B(E,L*%) € Mp1a-1/2,
B(U,R) € Mys1/2-x,, (7.42)
C(V) € Myy_1.
Taking the radial divergence of each remainder term decreases the € exponent by at most a further «s.
Proof. We expand the quadratic map and use B(W§®, L*L) = X
cCUu+v)-cUu)=8BU,V)+C(V)
= B(W§®, LX) + B(E, L*%) + B(U,R) + C(V)
=X+ B(E, L¥X) + B(U,R) +C(V).
The bounds for B(E, £L2X) and B(U, R) are products of the stated classes. Since x; < 1/2,
V € Wy_1/2,50 C(V) € Mp,_1. This proves (7.41) and (7.42) without any positivity condition

on an accumulated stress. The radial-divergence assertion follows from (6.32); the zeroth-
order cylindrical terms cause no further exponent loss. 0

8. COMPACTLY SUPPORTED MEAN CORRECTIONS

The wave construction in Section 7 provides pulses whose averaged covariance realizes the
leading stress target (7.26), and an inverse for the principal equation of each nonzero angular
harmonic (Proposition 7.2). The angular mean of the residual still requires correction. It
includes quadratic wave products and may depend on the auxiliary torus even though it is
independent of the physical angle (Proposition 8.1). In this section we construct pressure,
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tangential stresses, and divergence-free velocity increments for this mean, with support
inside the active annulus (Proposition 8.3 and Corollary 8.5).

There are two different inversion problems. For an auxiliary-averaged source, a compactly
supported solution ¢ of (D, +e/R)¢p = f, with e € {0,1,2}, requires [ R°fdR = 0; see
Lemma 8.2. For a source depending on the auxiliary torus, inversion of the fast time
derivative requires zero auxiliary average at each slow point (Lemma 8.6). We first derive the
mean momentum equations (Proposition 8.1) and construct the radial inverse (Lemma 8.2),
including the remainder needed when its source depends on the torus. We then apply it to
pressure and divergence-free axial increments (Proposition 8.3), and to tangential stresses
(Corollary 8.5). The integrated equations (8.16) identify three scalar defects P, Jy, J-, defined
in Equations (8.12) and (8.15). A final linear map chooses five velocity coefficients to cancel
their linear changes while preserving two velocity moments (Lemma 8.7); we compute the
nonlinear changes explicitly in Lemma 8.8. The correction cycle in Proposition 9.6 uses these
constructions after each wave update.

Unspecified radial integrals run from zero to infinity. We use the averaging and projection
conventions of Equations (3.7) and (3.9). Recall that (-), takes the angular average compo-
nentwise in the cylindrical basis, whereas (-)y takes Haar average on the auxiliary torus of
Lemma 6.2, and f° = f — (f)y. In particular, an angularly invariant field may still depend
on that torus. The coefficient classes M, and S, are those of Definition 6.4; their estimates
hold for every fixed derivative order. Unless physical variables are displayed, we use the
normalized chart variables and operators of (6.6).

8.1. Conservative momentum equations and integral constraints. In this subsection we
derive the mean momentum equations in divergence form (Proposition 8.1) and state the
two velocity moments (8.2) that the corrections must preserve. The radial integrals of these
equations determine which compactly supported corrections are possible (Proposition 8.4
and Corollary 8.5); divergence form makes the boundary contributions explicit. The calcula-
tion retains the quadratic products of the actual divergence-free field w, including its curl
remainders, as in (8.1). In a common chart with the normalized operators of (6.6), the actual
velocity has the decomposition

u= (b—}—IB,V—FU,G—F’)’) +w, <w>9 =0, Wab = <wawb>9. (81)
Here (b, V,G) is the slow base, (B,v, ) is its angularly invariant correction, and w is the
sum of the divergence-free fields obtained by taking curls of the wave potentials. The indices
in W,; range over a,b € {r,0,z}; thus W includes every curl remainder. The correction
components and W extend smoothly by zero outside the active shell. The mean correction is
divergence-free, meaning (D, + R~!)8 + D,y = 0, and we impose the two integral constraints

M, = /oo R¥v)ydR=0, M, := /OOR<7>ydR =0. (8.2)
0 0

These identities hold at every (Z, T). They are the zero angular-momentum moment and
zero axial-flux integral of the auxiliary-averaged correction, up to normalization; the base
is treated separately. Compactly supported azimuthal potentials preserve the axial-flux
constraint, and the finite-dimensional moment correction preserves both.

Let p,; be the perturbation mean pressure, and put Ay = D% +R7ID, + Dg and X, =
Q%4 Tohys,a for a = 0,z, where the full residual stress tensor is that in (5.41).

Proposition 8.1. Let u have the divergence-free decomposition (8.1), with slow base (b,V,G),
angularly invariant correction (B, v,y), and (w)g = 0. Let py, be its angularly invariant pressure
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correction and let ¥, = Q2A7;,hys,a be the normalized base stress components from (5.41). Retain the
base’s flat residual as a separate additive error: all its derivatives of every fixed order vanish faster than
every power of q. Then the angular mean of the remaining normalized residual is (Dypm — gr, Eo, Ez),
where

Ep = t,0v+ (D, +2/R)(bv+ BV + Bv + Wyy)
+ D, (Go + Vo + 90 + Wy) — e(Ag — R?)v — (D, +2/R)Zg,
E, = t.y + (D, + 1/R)(by + BG + By + W)
+ D:(2GY + 7* + Waz + pu) — eboy — (D +1/R)Z,
g = —t.B— (D, +1/R)(2bB + B>+ W,,)
— Dy (by + GB + By + War) 4+ (2Vv + 0* + Weg) /R 4 e(Ag — R™2)B.

Proof. Incompressibility puts the transport terms in divergence form. For cylindrical compo-
nents of any divergence-free field, the three transport expressions are

(u-Vu), = (D, + 1/R)u? + R’lag(ugur) + D, (uzu,) — u%/R,
(u-Vu)g = (D +2/R) (u,ug) + R 20gu3 + D, (usug),
(u-Vu), = (D; +1/R)(uyu) + R0 (ugu,) + Dyu.

The rotation of the cylindrical frame contributes the centrifugal term in the first row and the
additional u,14/R in the second. Angular differentiation integrates to zero; products with
exactly one factor of w do also. Subtracting the pure base terms therefore leaves the fluxes in
(8.3). The angular derivative terms in the vector Laplacian have zero angular average, leaving
A¢ — R72 in the radial and angular components and A in the axial component. The residual
stress tensor contributes the two displayed radial divergences by (5.41). Excluded pulse tails
have nonzero angular harmonics and hence zero angular mean. The calculation retains the
full covariance of the divergence-free wave field, including the curl remainders. U

(8.3)

8.2. A compactly supported primitive for the cylindrical weights. In this subsection we
construct a radial primitive with support in the active shell (Lemma 8.2). A direct radial
integral can remain nonzero beyond the source support. We will subtract its full radial
integral with a fixed cutoff and retain the resulting error. Since the radial derivative after
phase evaluation also differentiates the auxiliary variable (6.4), both integrals must follow
the corresponding path on the torus. We include that path in the physical definition below.

We define the radial operations first in physical variables, holding (z,t) and the indepen-
dent angular variable fixed. We choose a slow cutoff x,,(X) that is zero on an inner collar,
one on an outer collar, and changes only in a fixed interior portion of the active shell. For a
smooth source g(7,z,t,Y), periodic in Y and smoothly extended by zero outside that shell,
set

Ig(r,Y) = /Org(r’, Y + ((F') —r")o,) dr,

Jg(r,Y) = /Ooog(r’,Y + (") — rdr)vr) dr’, (84)

Leg =18 = XmJ3g-
The shift in Y follows the radial phase map while the physical (z,t) stay fixed. Below the
shell, Zg = 0; above it, Zg = J g. Thus Z.g vanishes for X < X, and X > X;, with smooth
zero extension across both radial edges. The subtraction introduces an error supported
where x,, varies, which we retain in the radial equation.
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For the normalized operators, we use a common torus y = Y, and put M = A;? Qir/2. At
fixed (Z, T), the same symbols denote

R
Tg(R,y) = [ g(R,y+M((R)" —R")o,) dR,

TsRy) = [ g(R,y+M(R)" = R¥)or) dR, =

Leg =18 — xmJ g
Here xm = xm(QR?/(2q)) is the chart representative of the fixed physical cutoff. For
e € {0,1,2}, define
D.=D,+e/R, T.f = R™Z.(R°f), Aef = R™¢(Orxm) T (R°f). (8.6)
At corresponding physical and chart points, with » = \/Q R, the normalization is
f x = Qaf physs
Qail/zriezcrphys(”efphys) = R™‘L, (Ref*) = Tef*-

Here 7 1y is the physical operator defined above. We call A.f the cutoff remainder
introduced by making the primitive compactly supported.

The inverse must preserve the decay order of its source. We also need its cutoff remainder

to be flat when the weighted auxiliary-mean integral vanishes. The next statement provides
both estimates.

Lemma 8.2. Fix a correction stage j, an exponent «, a band, its common torus y = Y;,, and
e € {0,1,2}. Let f € M, be a smooth scalar coefficient. In particular, its smooth zero extension
satisfies, for every fixed multi-index I of derivatives in (R, Z,T,y),

0" f| < C;re*S g5 B,

Then T, f is supported in the same active radial shell and in the projection of the input support to
(Z,T), and belongs to M, under the primitive normalization just defined. Exactly,

D,Tof = f — A.f. (8.7)
If [R*(f)ydR = 0 at every (Z,T), then (A.f)y = 0, and for every fixed I and integer p > 1,
Q1AL < et 180 B, (8.8)

Only finitely many input derivatives are used for each (I, p). Constants and powers may depend on
these indices, the stage, and the fixed profile, but not on the band, label, or point. If f is independent
of Y and [ R°f dR = 0 at every slow point, the cutoff remainder is identically zero.

Proof. We first estimate the primitive without differentiating its rapidly shifted argument.
We then verify the exact radial identity and use torus Fourier inversion to estimate its cutoff
remainder.

Step 1: support and coefficient estimates. Work on a neighborhood with a fixed common
index, as in Lemma 6.2, and put £ = v, -9, and ¢ = R°f. Multiplication by R® preserves
the input estimate on the shell. To estimate Z.g, set U = R% and smoothly extend F(U) =
¢(R)/(d,R%~1) by zero. The shell stays in a fixed compact subset of R > 0, so this change of
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variables and its inverse have bounded derivatives of every fixed order. The exact half-line
representation is

0
A_(Uy) = /700F(U+u,y+Muvr)du,

Ar(Uy) = /O.oo F(U+ u,y + Muv,) du, (8.9)

Jg=A-+A:, ILg=(1—xmA- —xmA+.

At fixed u, the shift depends on neither U nor (Z, T). Consequently a coefficient derivative
differentiates only F and x;,, without a factor M. The input zero extension includes
derivatives of the moving shell, so differentiation creates no boundary terms.

Near the inner edge only the left integral occurs. Write d, = log(X/X,), dy = log(X,/X),
so { = exp(—a,/d> — ab/di) and 6 = min(1,d,, d,), with fixed positive a,,a;,. For every
fixed B, the function s — e~%/5s B is increasing for sufficiently small positive s. On the left
integration segment this bounds the input weight by the same type of weight at its endpoint;
the factors belonging to the opposite edge are bounded and comparable. Near the outer
edge use the right integral and the analogous monotonicity for dj. In the interior the output
weight is bounded below. Integration takes place over bounded length. These observations
apply after every fixed coefficient derivative, proving the M, estimate. Formula (8.9) also
makes the output zero below and above the shell. Multiplication by R*¢ costs only fixed
constants there.

Step 2: the radial equation. The operator dy; + ML on the integrand in (8.9) equals its
u-derivative. Thus it sends A_ to F, A4 to —F, and Jg to zero. Multiplication by d,R% 1,
followed by the product rule for R™¢, gives (8.7). In physical variables the same computation
reads tZ.g = ¢ — (0 Xm)T -

Step 3: the cutoff remainder under the moment condition. The radial identity and
the support bounds are now established. To estimate the remaining cutoff term, we use
cancellation in the full radial integral. Haar measure is translation invariant, and hence
(Tg)y = [(g)ydR. Under the weighted moment condition this is zero for ¢ = R°f. For a
zero-mean torus function H, the Diophantine inequality (6.7) gives

I£7PHlicy < CupllHl[grepss,  p 21 (8.10)

Indeed the Fourier multiplier is (27tiv, - k) ~7; after estimating m + p + 3 derivatives of H,
the remaining series is bounded by Y ;.72 (1 + |k|) 3. Slow and radial derivatives commute
with this multiplier. The zero-average part of the full-line integral therefore satisfies the exact
identity

Jg= (—Mfl)p/RaZﬁpro(U—i—u,y—i—Muv,)du.

It follows by integrating the u-derivative of £L71F° and repeating; every endpoint term
vanishes by compact support. The omitted zero Fourier mode has identically zero full-line
integral at every slow point. Averaging, integration, and slow differentiation of coefficients
commute on the smooth zero extensions, so all its derivatives have zero integral as well. The
same fixed-shift argument handles further coefficient derivatives. For the output derivative
indexed by I, radial input derivatives up to Ir 4 p and torus derivatives up to |I,| +p +3
suffice, together with the slow derivatives specified by I. Since M 1 < Ces5P% and 9 RXm

has interior support, this proves (8.8). Fix a physical normalization and a physical derivative
order, and let L > 0 bound the resulting loss of powers of g, including differentiation after
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phase evaluation. The graph operators give such a finite L, independent of p. For any
prescribed flatness order N > 0, choose p with (a + pxs) > N+ L. Since e = Q" and g < Q,
the strict excess absorbs the fixed powers of S, and gives an O(g") bound for that physical
derivative. No estimate uniform in p is asserted. Finally, if f is independent of Y, then
J(R°f) = [ R°f dR, which vanishes under the stated weighted integral condition. U

The inverse is therefore exact up to a flat cutoff remainder whenever the weighted mean
integral vanishes. This flatness uses estimates at every fixed derivative order. Frequencies
comparable to M can be nearly resonant with v,; their small Fourier coefficients are controlled
by the additional derivatives in the torus variables in (8.10). A fixed finite regularity bound
would give only a fixed finite flatness order.

8.3. Pressure reconstruction and divergence-free velocity corrections. In this subsection
we will apply the radial inverse of Lemma 8.2 first to pressure p,,, then to an azimuthal
vector potential that produces a divergence-free velocity increment (Proposition 8.3). Its
axial component will equal the prescribed source y; up to the cutoff remainder in (8.14).
The pressure source may have a nonzero radial integral of its auxiliary mean. Subtracting a
fixed bump times that integral isolates the obstruction and allows the remaining source to
be integrated with compact support, as in (8.12).
Let Ziean be the reserved interval in X from Theorem 4.6(vi), and set

Iy = {V2X : X € Tmean}-

The mean patch is the region r/,/q € I,,. Choose a fixed bump p € C°(I;;), normalized by
[ p(x)dx = 1. Define

PphyS(rr z,t) = ‘771/25(7’/\/@)/ p= Ql/zpphys-
The bump is independent of the angular and auxiliary variables, and [ pphysdr = [ pdR = 1.
It is fixed independently of the velocity corrections.

The operator Ty reconstructs pressure, and T; reconstructs an azimuthal vector potential.
The operators T; and T, will also recover radial fluxes of axial and azimuthal momentum.
Write ¥ for the azimuthal coefficient of the vector potential. The physical normalizations,
with a star denoting a normalized representative, are

— DA _ O2A+1/2 _RA
U, =Q Uphys, g =Q / 8physs px = Q Pphys, (8.11)
Y, = QA_l/Z‘thys/ Px = Ql/zpphys.
In particular, QZAIC,phyS Sphys = L&« Preservation of the ¢ exponent refers to these normal-

ized representatives, with the integration length included.

Proposition 8.3. Fix the radial operators of Lemma 8.2 and the bump p above.

(i) Pressure. For a smooth shell-supported scalar source (R, Z, T,v), define the radial defect P and
pressure py, by

P = /(gr>y dR, pm = To(gr — pP), /de =1. (8.12)

Then
Drpm —gr = —pP = Ao(gr —0P),  Or{pm)y = (gr)y — PP (8.13)
If gy € My, then P € Sy and p,, € My. A change in g, of class M, produces a pressure change of
that same class. Under this class hypothesis, the cutoff remainder in (8.13) has zero auxiliary mean
and is flat as q | 0 at every fixed derivative order.
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(ii) Axial velocity. Let v4(R, Z, T,y) be a smooth shell-supported desired axial increment satisfying
[ R{va)ydR = 0 at every (Z,T). Define the physical azimuthal vector-potential coefficient ¥ =
1YL (rYaphys), using (8.4), and define its normalized velocity increments by

Y. =Tiya  Ap=—e,¥., Ay=(D,+1/R¥. =y —Aya  (814)

The actual increment (AB,0, Ay) is divergence-free and has (Ay)y = (va)y. If va4 € My, then
Y., Ay € My and AB € Myy1. If 7y, is independent of Y, its zero weighted integral implies Ay = 7,4
pointwise. The pressure and vector potential are compactly supported in the active shell and retain the
projection of the source support to (Z,T).

Proof. Part (i): pressure. The source in (8.12) has zero radial auxiliary-mean integral:

/(gr—pP)ydR:P—P/dezo.

Apply Lemma 8.2 with e = 0, then take its auxiliary average. The moment P lies in S,
when g, € M,: integrate its derivatives of any fixed order over the bounded shell, using the
smooth zero extension and the boundedness of {58 for each finite B. The interior bump pP
lies in M,. Since p is fixed independently of the current velocity, the same argument proves
the difference statement and completes part (i).

Part (ii): axial velocity. The azimuthal potential generates the two physical velocity com-
ponents —9.¥ and (v +1/r)¥. Commutation of the operators t and 0., which differentiate
after evaluation at the phase map, proves that their divergence vanishes exactly:

(t+7r 1 (=0.¥) + 9 ((v+r H)¥) =0.

The weighted primitive identity gives the last equality in (8.14), including its sign. The zero
weighted axial-flux integral gives zero auxiliary average of its cutoff remainder. Finally
Ql/2-P = Q" = ¢, which gives the extra factor of € in AB in (8.14). The remaining claims
follow from Lemma 8.2, completing part (ii). No slow derivative is commuted through Z. in
this argument. O

8.4. Three compatibility defects in the integrated equations. In this subsection we identify
the integral defects left by pressure reconstruction (8.13) and the two tangential equations in
(8.3). We will then construct tangential stresses whose radial divergences cancel the auxiliary-
averaged residuals up to two explicit bump terms (Corollary 8.5). Pressure reconstruction
leaves the integral P in (8.12) to be corrected. The auxiliary averages of the tangential
residuals must likewise have zero weighted radial integrals before they can be represented
by compactly supported stresses (Lemma 8.2). The moment constraints (8.2) remove the time
and axial-viscosity terms from those integrals. The surviving axial fluxes give two further
defects, as in Equations (8.15) and (8.16).

Alongside P in (8.12), define the two flux defects and the second radial moment c, of p by

To = /R2<GU+ Vy+ v+ Wy)ydR,
' , . (8.15)
7 = /R(2G7+72 + W)y dR — 3 /R2<gr)ydR, 6= /Rzde.

Proposition 8.4. Let (B,v,7y) and w be the smooth shell-supported corrections of (8.1). Suppose
that the two moments in (8.2) vanish at every (Z,T), and reconstruct p,, from their radial source g,
by (8.12). For the residual components Eg, E, in (8.3) and the defects Jy, J>, cp in (8.15), one has

/R2<E9)y dR = €3, 7, /R(Ez>y dR = ed7(J. + ¢, P). (8.16)
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Proof. Auxiliary averaging turns D, into dg and t, into —edt. Each radial divergence in (8.3),
including that of the residual stress tensor, is an endpoint term after multiplication by its
indicated weight. Those terms vanish by compact support. The radial viscous integrals
vanish by two integrations by parts:

/RZ(URR YR og —R%0)dR=(2—1—1) /vdR —0,

/R(’YRR-l—R*l’YR)dR = —/’deR—i—/'deR:O.

These formulas are applied to the auxiliary averages. The time terms and axial viscosity
terms are derivatives of the two zero integrals. The pressure moment is fixed by its compactly
supported reconstruction:

1 1
/R<Pm>YdR= —§/R28R<pm>YdR: —§/R2<gr>ydR+cp77.

Substitution in the surviving axial fluxes yields (8.16). Since p is scaled by the moving g, ¢,
can depend on (Z, T). Its full product with P therefore remains inside 9. O

The moments in physical variables and their normalized representatives are related by
(Mo)s = Q"2 (Mg)phys, (Mz)« = Q%" (Mz)phys,
P. = Q" Ppnys, (cp)s = Q" (co)phys, (817)
(Jo)s = Q42 (To)physs  (T2)s = Q47 (T2)phys-

The zero integral constraints are invariant under normalization. Each nonzero correction
target uses the normalization of its corresponding row.

The two tangential residual moments are therefore axial derivatives of Jy and 7. + ¢, P.
We subtract a fixed normalized bump times each weighted residual integral, then apply the
radial inverse. The sources are independent of the auxiliary variable and have zero weighted
integrals, so this inverse is exact. The resulting pair will be the target for an added covariance
of the waves: its weighted radial divergence enters (8.3) with a positive sign through W,
and W,,. Fix interior profiles 0p, 7, with [ ¢%0p(¢) d¢ = [ ¢0.(&) dZ = 1, and define

ophys =4 200(r//7),  Oephys =4 0:(r/ /7).
Their supports lie in the mean patch. In each chart use oy = Q¥ 2a9,phys and 0; = QU phys, SO
[ R%09dR = [ Ro;dR = 1. This fixes the same physical bump functions on chart overlaps.

Corollary 8.5. Under the hypotheses of Proposition 8.4, define the covariance targets
Hp = —T»((Eg)y — 0ped2Tp),
H, = —T1((Ez)y — 0:€97(J= + ¢, P))
They are independent of the auxiliary variable, compactly supported in the active shell, and satisfy
(D, +2/R)Hy = —(Eg)y + 099275,
(Dy +1/R)H; = —(E;)y + 0:€0z(J: + ¢, P).

The radial primitives act at fixed (Z, T). Thus Hy and H, vanish whenever their respective integrands
in (8.18) vanish for every R; the construction does not enlarge support in the axial variable Z.

(8.18)
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Proof. The integrated identities and the normalization of the two bumps give
/R2(<E9>y — Ugﬁazjg) dR = 0,

/R((Ez>y — 0.607(J- + ¢, P)) dR = 0.

Both sources are independent of the auxiliary variable. Their cutoff remainders vanish by
Lemma 8.2, which gives the two identities and the support assertions. U

These radial divergence identities retain the factors édzJy and €dz(J; + c,P) in the
remaining bump terms. We can therefore correct the three defects at fixed (Z, T) without
losing the displayed factors of €dy.

8.5. Inverting the auxiliary-time derivative on zero-mean functions. Corollary 8.5 reduces
the auxiliary-averaged correction to the three integral defects and a compactly supported
stress. The complementary part (Eg, E7) of the mean residual has zero auxiliary average
at every slow point, by (3.9). In this subsection we construct its correction through the
fast time derivative, whose Fourier multiplier is invertible on nonzero torus frequencies
(Equation (6.7)). The axial velocity increment is then realized through its azimuthal potential
in (8.14) to preserve incompressibility.

Recall from Equations (6.4) and (6.6) that Nyps = v¢ - dy acts in the original auxiliary
coordinate. On a common torus y = Yj, the normalized fast time derivative is c; N;j,,
where N;; = v; -9y and ¢;, = TéOQ”h. Here the normalized physical time derivative splits
as t, = —edr +c;Nj,. The slow term —edr differentiates the coefficient’s explicit time
dependence while holding v fixed. The fast term c;,N;, differentiates its auxiliary oscillations
along the physical phase map. We invert the fast term here and retain the slow term in the
residual.

Lemma 8.6. Let N = v; - 9, on T2, with v as in (6.2), and let F be a smooth function of zero Haar

mean. Then N = F has a unique smooth zero-mean solution ¢ = N~'F. This solution is given by
the following Fourier series and satisfies the displayed norm bound for every integer m > 0:

F(k

N7'F = T (k) -
kez2\ {0y <TI0
For a pair Eg, E, € My, of normalized angularly invariant residual coefficients, use this inverse in the
original auxiliary coordinate Y to define the physical tangential update —Né;bls(Eglphys, E;lphys). Here
residuals and velocities have the normalizations in (8.11). This physical definition ensures agreement
on chart overlaps. Its chart representatives are

Ao=—c;'N'E§,  va=—c;'N'E, ¢ ' <CS. (8.20)

1 1

eZm‘ky, ||N_1P||C£zn < CmHFHngH. (819)

Both desired increments Av,y, lie in M, and have zero auxiliary mean at each slow and radial
point. The realization of v, by (8.14) gives the actual velocity increment

(AB, Av, Ay) = (—edzT174, Av, va — Ar17a),
(AB, Av, Ay) € Myi1 X My x M,.

This field is divergence-free and its addition preserves both integral constraints in (8.2). If a = —Aqy,
denotes the cutoff remainder in the axial increment, then its fast-time cancellation equations are

CiONiOAU = —Eg, CZ'ONZ'OA’)/ =—E; + CigNioa- (8.22)

The angular cancellation is exact, and c;,Nj,a is flat at every fixed coefficient derivative order.

(8.21)
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Proof. The divisor bound (6.7) gives |v; - k| =} < C(1 + |k|). Four more derivatives of F than
the requested output leave a summable (1 + |k|)~3 bound on the Fourier series in two
dimensions. This proves (8.19), smoothness, and uniqueness after fixing the zero Fourier
coefficient. The multiplier commutes with every slow coefficient derivative and preserves
reality. It acts at fixed (R, Z, T), so it preserves slow and radial support and their smooth
zero extensions, although it need not preserve auxiliary-torus support.
Let P,F(Y) = F( ]éY). A mode k on the i-torus has frequency ( ]é)Tk in the original
auxiliary coordinate Y. Since J,v; = T,vy,
NabsPi = T;PiNj, NiPi = T, 'PN; (8.23)

abs
The finite covering preserves Haar average, as follows also from its injective map of frequency
lattices. Applying (8.19) in the common frequency coordinate k gives the same fixed
derivative loss in every chart.

In physical variables the update is —Ni)iE;hys. Its chart velocity value has factor

QA-@A/2) T o — Q1 hry o — cl.gl, which proves (8.20). This factor is bounded by CS, by
the choice of covering level and its bounded difference from a band level. For each output
derivative, four additional derivatives in the torus variables suffice, so the class estimates at
every fixed derivative order retain their ¢ exponent. Applying the slow-time term —edt to
these increments gives an additional factor of e.

The desired increments have zero auxiliary mean at each radial point. Hence both desired
integral constraints hold, and the azimuthal-potential realization preserves them exactly. The
bounds for AB and A7y in (8.21) follow from Proposition 8.3(ii). The fast derivative commutes
with Z, J, and Z.: the shifts are translations and x,, is torus independent. Applying it
to Ay = 74+ a proves (8.22). Its last term is flat in every fixed coefficient derivative by
(8.8). Full slow differentiation need not commute with Z.; those derivatives are estimated by
Lemma 8.2 instead. U

8.6. Five-dimensional correction of the moment constraints. We have constructed inverses
for pressure (Proposition 8.3), the auxiliary-averaged tangential residual (Corollary 8.5), and
the part with zero auxiliary average (Lemma 8.6). The remaining quantities are the three
integral defects P, Jp, J. in Equations (8.12) and (8.15). In this subsection we will correct
their linear changes by a velocity increment that also preserves the two constraints (8.2).
Three azimuthal coefficients and two axial coefficients will solve the five equations (8.25).
On the reserved mean patch, the background retains the power law (4.30) by Proposition 5.5.
We will use this form to reduce the equations to independent power moments of supported
bumps. We first construct the fixed linear map for arbitrary targets (Lemma 8.7), then
compute what remains when its targets are the current defects (Lemma 8.8).
In x =7r/,/q € Ly, the base after velocity normalization at g is

G, =0, Vy = a(iy)x_l_u, la(n)| > ap > 0. (8.24)

Here a(n) = 2% ¢aen (14 %) 1. The exact summed-base statement is (5.44). The tangen-
tial coefficients beyond the leading profile are supported elsewhere by (5.18). Multiplication
of their azimuthal potentials by a cutoff in g does not create an axial component on this
patch, because g is independent of radius. Thus (8.24) holds for the summed base used in
the balances. The fixed parameter A is positive.

Lemma 8.7. Suppose that the fixed slow base satisfies (8.24) on the reserved interior interval I, with
A > 0and |a(n)| > ayg > 0. There are three fixed azimuthal bump profiles and two fixed axial bump
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profiles supported in this interval with the following property. At each (Z,T), for arbitrary scalar
targets (P, Jy, J-), their physical rescalings have a unique linear combination (Av,y,) satisfying

/ R2AvdR =0, / RysdR =0,

/(ZV/R)AU dR = —P,
(8.25)
/RZ(GAU 4 V) dR = — ),

/ (2RG74 — RVAD)dR = — J..

The target triple is normalized row by row as in (8.17). The resulting increments are independent
of the angular and auxiliary variables and depend linearly on the targets. For every «, targets in S,
give increments in My, for every fixed coefficient derivative, with constants permitted to depend on
the fixed A. The azimuthal-potential realization (8.14) has Ay = <4 exactly and AB € M. The
two integral constraints are preserved exactly. When the targets are the current defects defined by
Equations (8.12) and (8.15), the last three equations cancel the displayed contributions involving the
fixed base.

Proof. Step 1: choose the five profiles. Normalize every physical row and its target using
g. On the patch, (8.24) splits the rows into an angular block whose powers of x are
2,—2 —2A,—2A, and an axial block whose powers are 1,1 — 2A. Each list contains distinct
powers for the fixed positive A.

To see invertibility explicitly, choose a nonnegative nonzero bump 7y supported near some
xg > 0 inside the patch. Choose a small fixed d > 0 and a sufficiently narrow support so
that its geometrically scaled copies 7;(x) = 11]-_1170(3( /a;j), aj = e, j=0,1,2, lie on disjoint
subintervals of the patch. Their power moments are

/xpﬂj(x) dx = ppe™, oy, = /x”no(x) dx > 0.

For the three angular powers the matrix, after dividing its rows by p,, is the ordinary

Vandermonde matrix in the distinct numbers e?. Its determinant is nonzero. Two copies
give the same argument for the axial block. The remaining factors are nonzero multiples of
a(1).

Step 2: define the coefficients by matrix inversion. Use 179, 771, 112 as the azimuthal profiles
and 770, 171 as the axial profiles. Let Py, Jy 4, Jz,4 denote the physical targets multiplied by the
powers in (8.17), with g in place of Q. Define the matrices

‘M2 ]fl2€2d l’l234d
—ap-2) —ap_ppe~ 2 —ap_oye 4

d

Ui Hie
A, = _ , a=a(n).
(ﬂ}hz/\ a‘ulimed(l 2/\)) (1)
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Step 1 proves that both matrices are invertible. Define
(u()/ uy, uZ)T = Ag_l (0/ _Pq/ _jz,q)T/
(so,s1)" = AZ10, =T )",

2
Avphys(r, z,t) = q’A Z ujiyj(r/ V),
i=0

1
Yaphys (1,2, t) = a4 Y simi(r/ /7).
=0

The matrix Ay enforces the zero angular-momentum constraint and the targets Py =Tz
A; enforces the zero axial-flux constraint and the target —J5,. Since G; = 0, these two
blocks exhaust the five equations. Their inverse defines one physical correction, linear in the
target triple and smooth in the slow variables whenever the targets are smooth. The inverse
may deteriorate as A | 0; no uniformity in that limit is required.

Step 3: normalization, bounds, and axial realization. Passing from g-normalized rows to a
fixed Q chart multiplies each row and its target by the same powers in (8.17) and by bounded
smooth powers of q/Q. Those ratios have bounded derivatives of every fixed order. Matrix
inversion and differentiation therefore cost fixed constants, and the radial weight is bounded
above and below on the fixed interior support. This proves the S, to M, bound. The desired
axial field is slow and its weighted axial-flux integral is zero; Lemma 8.2 gives an identically
vanishing cutoff remainder. Its azimuthal potential and radial velocity component stay in
the mean patch, including between the finitely many bump supports. U

The linear map has now been fixed independently of the target values. Its use in the
nonlinear equations requires the defects of the updated field. The next statement records
the exact difference and the gain available under the bounds used in the iteration. The base
estimates for this gain are local to the support of the azimuthal potential, which includes the
intervals between its bump supports.

Lemma 8.8. Suppose that the slow base satisfies (8.24), with the fixed A > 0 and lower bound
la(n)| > ap > 0. Let (B,v,7y) be a smooth divergence-free mean correction supported in the active
shell, and keep the base and wave field w fixed. Form g, and (P, Jy, J-) by Equations (8.3), (8.12)
and (8.15). Apply Lemma 8.7 with these three defects as its targets, and realize the resulting v, by
(8.14). For the updated mean velocity

(,BneWI Unew, ')’new) = (ﬁ + A,B, v+ Av, v+ A’)’)z
compute gy new from (8.3) and define Rg = gynew — §r — (2V/R)Av. Then
Rg= —t.AB— (Dy+1/R)(26AB +2BAB + (AB)?)
— D (bAy + GAB + BAY + yAB + ABAY) (8.26)
+ (20A0 + (Av)?) /R +e(Ag — R72)AB.
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The defects recomputed from the updated field satisfy
Pnew == /<Rg>Y dR/

(Jo)new = / R%*(yAv 4 vAy + AyAv)y dR, (8.27)

(s7z)new — /R<2’)/A’)/ + (A’)’)2>y dR — % /R2<Rg>y dR.

Suppose in addition that, on the support of the azimuthal potential for this correction, every fixed

coefficient derivative of b is bounded by CieS2', and those of the slow V, G by C;S2'. If the current
corrections satisfy v,y € Moo, B € My 9, and the three targets belong to S, for « > 0.9, then

Rg S sz+0.972;<5/ (Pnew; (jG)new/ (x7z)new) S Sa+0.9721<5-

Proof. Subtract the two radial sources in (8.3). The covariance W is unchanged, and expand-
ing each quadratic product gives (8.26). In the azimuthal flux defect, the terms linear in
the base are | R>(GAv+ VA<y)dR. In the axial flux defect they are [(2RGAy — RVAv) dR,
where the second term comes from the radial source contribution —3 [ R*(2V/R)AvdR.
Since Ay = 1,4, the last three rows of (8.25) cancel the old defects and these linear terms. The
remaining products give (8.27).

For the estimates, Lemma 8.7 gives Av, Ay € M, and AB € M,1. All three increments are
independent of the auxiliary variable. In particular, t.Af = —edrAB. The terms in R, satisfy

term class
—t.AB Myio
(Dy +1/R)(2bAB) | Myto—x,
D, (bAy + GAB) (/)
ZZ)AU/R Ma+0,9
(Av)?/R Mo,
e(Ag—R72)AB | Myi2 2.

The remaining transport products lie in My;2_« . Since « > 0.9, every exponent above is
at least o + 0.9 — 2x,;. Radial integration preserves these estimates after normalizing each
moment by the factors specified above. The radial weight is bounded below on the interior
support of the azimuthal potential, so the stated local base bounds sulffice. U

8.7. Recomputation and compatibility between charts. In this subsection we specify the
order in which the residuals and defects in Equations (8.3), (8.12) and (8.15) are recomputed
after a mean correction, and verify that the constructions agree between charts using
Equations (8.4) and (8.23) and Lemma 6.2. Each correction changes the quadratic fluxes,
so the next source must be computed from the updated divergence-free velocity. A cutoff
remainder with zero auxiliary average can acquire a nonzero average when multiplied by
another term. Its contributions to pressure and to the compatibility integrals in Equations (8.3)
and (8.15) must therefore be retained at the next step.
For fixed base coefficients and stress, an actual velocity tuple (B, v, v, w) determines the

pressure and mean residuals in the following order:

(1) Form W,, = (w,wy)g, using the full wave velocities, and define g, by the third row of

(8.3).

(2) Define P = [(g,)y dR and py = To(gr — pP).

(3) With this pressure, define Ey, E, by the first two rows of (8.3).

(4) Define 7y, J. by (8.15), using the same velocity and radial source.
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These definitions apply again after every change to the velocity. For either mean update, the
new tuple is
(B, 0,7, Wnew = (B+ AB, v+ Av, v + Ay, w).

For the temporal update, use the current E;, E; in (8.20); for the moment update, use the
current (P, Jy, J-) in (8.25). In both cases A7 is the actual axial increment from (8.14). In
particular, its cutoff remainder is included before the products in the four definitions above
are evaluated. After the moment update, Equations (8.26) to (8.27) give the recomputed
defects exactly.

The correction cycle and its exponent estimates are given in Proposition 9.6 and its proof.

The definitions in physical variables ensure consistency across charts. The radial integrals
keep (z,t) fixed, and g = g(z,t) ensures that they introduce no new dyadic bands. One
common index can therefore be fixed on a neighborhood containing all relevant support
closures. The Fourier covariance (8.23) proves agreement on overlaps; the radial formulas
agree by their physical definition. A change of representation uses only bounded differences
of covering indices. The integer-valued covering indices remain fixed during differentiation,
and the coordinate changes preserve the established derivative bounds. All estimates above
hold on the same domain 0 < g < g. fixed before the iteration. On a closed region
g > ¢ > 0, including 7 = %1, only finitely many bands occur; the fixed-shift integrals, the
Fourier inverse, and the finite-dimensional moment correction preserve all one-sided source
derivatives on this closed region, including the endpoint derivatives.

9. RESIDUAL IMPROVEMENT AND THE LOCAL FIELD

The wave and mean constructions in Sections 7 and 8 supply corrections for the different
components of the momentum residual. We now combine them to prove Theorem 3.1.
Starting from the fixed background (up, pp) of Proposition 5.5 and the primary fields
assembled in (7.35) and made divergence-free by Lemma 7.7, we must obtain a local velocity
uoc whose residual and all its derivatives vanish to every order at the singularity, while
preserving the inner velocity growth and the exterior heat flow. Each correction introduces
new nonlinear errors, so we need a decay improvement after a complete cycle of corrections.

A cycle first removes the nonzero angular harmonics by Proposition 7.2, then adjusts the
averaged stress by changing the primary amplitudes through (7.31). The mean equations
remove the part with zero auxiliary average through (8.20), and the five-equation system
(8.25) corrects the three defects in compact support while preserving the two moment
constraints. We prove in Proposition 9.6 that each cycle gains a fixed positive power of e.
All inverses retain the fixed background and primary amplitudes. This permits every finite
stage to be defined on one domain (Lemma 9.7), where the final summation produces the
local field of Proposition 9.9.

The notation guide in Table 1 collects the recurring scales, operators, and field classes.
Throughout this section x; = 1072, and W,, M,, S, have the meaning, at every derivative
order, given in Section 6.4. An exponent is always a power of ¢ = Q" with the normalization
used for these classes. Constants, powers of S, and inverse-distance powers may depend on
a fixed correction stage and a fixed order of amplitude differentiation, but are uniform in
band, label, copy, and point. The angular mean (-)y and auxiliary mean (-)y remain distinct;
their definitions are (3.7). All class estimates refer to normalized chart coefficients. Physical
velocity, pressure, and residual are recovered with the factors Q 4, Q%4 and Q%4172
respectively. In particular, the residual of the physical fields is

RH(u,p) =0+ (u-Viu—Au+Vp, R = Q¥ 229 (u, p).
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We use physical fields in residual identities and normalized coefficients in the estimates
below. The Cartesian space-time jet notation | - |,, is defined in (5.23).

9.1. Residual estimates for velocities constructed by curls. The amplitude equations (7.5)
cancel the principal part of a prescribed source. The corresponding physical velocity also
contains the terms introduced by taking a curl (Lemma 7.7), and its residual contains
derivatives of the amplitudes and background; we will expand these terms in (9.2). We
first estimate these remaining linear terms and the nonlinear interactions in Proposition 9.1
and Lemma 9.2, obtaining the gains needed when successive corrections are added in
Proposition 9.6.

We write an angular harmonic in a fixed label as a exp (ikm®), where m € Z \ {0} and
a is its amplitude. The phase normal ng is defined in (7.4), and the chain-rule operators
for evaluation at Y = Y(r,t) are (6.6). The background coefficients (b, V, G) are those of
Sections 6 and 7.

For a transverse amplitude t,,, the potential in (7.38) gives

ing Xty

cC, = ——
" kmine|?’

curl*(Cmeikmcp) = (tm + rm)eik’”q’, Ay =ty =+ T
Here r,, is the curl correction. If t,, € W,, then Lemma 7.7 gives r,, € W, 1/2_,. The
longitudinal estimate (7.39) applies to the complete amplitude a,,. This distinction matters
in quadratic transport: its advecting factor is the complete divergence-free velocity.

We separate the principal linear operator, which is handled by the amplitude equation,
from the remaining transport, pressure, and viscous terms. For later comparison with the
residual, write the principal amplitude-pressure operator as

Zn(a, 1) = Q" Nopea + Ka + ek®m?|no|?a + ikmnem. (9.1)

The inverse in Proposition 7.2 constructs (t, 7ty ) satisfying %, (tm, 7Tm) = — fm and ne -ty =
0, before the pulse cutoff is applied. The amplitude t,, is not required to have temporal zero
extension before cutoff.

Proposition 9.1. Fix a label, m € Z\ {0}, and o € R. Let f,, € W, satisfy the support and smooth-
extension hypotheses of Proposition 7.2. Assume also that the source harmonic f,e*® extends
smoothly by zero outside the fixed local rectangle, including its pulse endpoints. Let (ty, 7Ty) be the
solution of Ly (tm, Tw) = — fm. The same conclusions hold for a homogeneous pulse t,, € Wy, with
fm = 0. Multiply its potential and pressure by the pulse cutoff and take the curl as in (7.38). Then
the normalized linear residual, after adding the prescribed source f,,e’®, belongs to Wy, 1,2 3.,
apart from additive pulse-cutoff tails whose Cartesian space—time derivatives vanish to infinite order
as q | 0. The pressure amplitude 71, belongs to W11 5.

Proof. We expand the linearized residual as its principal operator (9.1) plus a remainder. For
this expansion, a denotes an arbitrary harmonic amplitude and 7 its pressure amplitude. Let
Ex = (t. +bD; + (V/R)dg + GD,)® be the phase transport defect from (7.9). The remainder
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of the linearization about (b, V,G) is
Ly (a, ) = (—edr + bDy + GD;)a + ikmEya
+ a,(0gb)e, + a.D,(b,V,G) + (b/R)ageg + (D, 7,0, D7)

—e{(Df%—R*lDM—Dg)a—R*Z(ar,ag,O) s
+ 2ikm(ne,Dy + ne .D;)a ©.2)

+ ikm(Dﬂ’lQr + 7’lq>,r/R + Dz”(b,z)a
+ 2ikm(n0/ R)(~a0,7,0) }.

Indeed, transport of a cylindrical vector v by u has the basis term (—ugvy, ugv,,0)/R. Lin-
earizing it gives the connections in K and the displayed b/R term. The scalar Laplacian of
the harmonic contributes the quadratic phase-gradient term to (9.1), its two mixed phase—
amplitude derivative terms to (9.2), and the vector Laplacian contributes the last angular
connection and the R~2 term. The amplitude coefficients are independent of 6.

The transverse-amplitude equation of Proposition 7.2 gives %, (tm, Tm) = — fm, with
Tt € Wyy1/2. The respective gains above « in (9.2) are

term gain
slow transport 1—xs
phase transport defect 1/2
base derivatives and connections 1
pressure-amplitude gradient 1/2 —
viscous amplitude derivatives 1 — 2x;
mixed derivatives and phase divergence | 1/2 — x;
viscous angular connection 1/2

The phase-defect bound permits polynomial factors of S,. Applying the principal velocity
operator to the curl correction preserves its exponent: fast time differentiates an amplitude
coefficient, and ek* = O(1). The potential formula and these chain-rule operators give, at
every derivative order, the common lower bound a 4 1/2 — 3x; for the exponents of these
terms.

The pulse cutoff is applied to the potential and pressure before the curl. The uncancelled
source (1 — ¢)f, and the principal pulse-cutoff derivative 't with its fixed multipliers, are
supported where P, < ¢~“+. For every fixed physical derivative their estimates have the
form CQ MSPe=¢5« hence are flat because S, = ¢2 and Q = 2~ /. Retain these terms in the
additive residual throughout the iteration; apply subsequent forward solves only to the
supported source terms. U

The nonlinear terms require separate estimates for interactions between waves and means
and between two waves. For two waves, incompressibility controls the contraction of the
advecting amplitude with the phase gradient.

For the next lemma, (w - V,)v denotes cylindrical transport with normalized derivatives
(Dy, R719,, D), including differentiation of the cylindrical frame. Thus the lemma estimates
the normalized nonlinear residual.

Lemma 9.2. Let w be a wave in W, and let v be a mean field with tangential components in M, and
radial component in My, 1. The nonzero harmonics of (w - V.)v + (v - V.)w belong to Wy yy_1/2.
For two curl-generated waves w, w' with the same label and exponents a, &', the nonzero harmonics of
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(w-V)w' + (W' - Vi )w belong to Wy o ; the zero harmonic belongs to the mean class My iy —y..
Distinct labels have zero products on their closed supports.

Proof. Mean advection of a wave phase costs k = O(e~1/2). Its radial transport of the ampli-
tude has a radial mean factor of order y + 1 and one D,; axial transport gains one through
D,. Wave transport of a mean costs at most «s radially, and the cylindrical connections
contain no derivatives. These terms are all bounded by the asserted mean—-wave exponent.
For two harmonics of one label, phase differentiation in the transport of a’ exp(ikm'®)
by aexp(ikm®) gives ikm'(a - ng)a’. Equation (7.39) cancels the apparent half-power loss.
Transport terms in which the derivative acts on the amplitude cost at most «;, and the
connections cost none. Products of the weights obey P? < P, and have radial weight {; this
is also stronger than the required /¢ weight for a nonzero output. The support separation
in Lemma 6.1 proves the last assertion. Leibniz’ rule proves each statement for amplitude
derivatives through every fixed order. U

9.2. Sources and errors retained during iteration. To use the estimates in Proposition 9.1
and Lemma 9.2 at successive stages, each new source must satisfy the support and derivative
hypotheses of the pulse inverse in Proposition 7.2. Mean operations can enlarge auxiliary
support, so we must check these hypotheses after a complete cycle. We keep the errors
already flat at the singularity separate from the sources to be corrected, as in (9.3), while
using the full velocity fields in every nonlinear product. The supported sources must remain
inside the fixed enlarged rectangle; Proposition 9.3 establishes these properties.

We use the source supports (), and enlarged domains £ of (6.28). The flat term
below collects the base error £p from (5.41), pulse-cutoff tails, and uncompensated cutoff
remainders. The exact mean balances can contain such flat terms; their definition always
uses the complete current velocity. Angular means may occupy the full auxiliary torus; the
rectangle and envelope conditions below concern the nonzero harmonics.

Proposition 9.3. Fix j € No. Let (ulll, plil) be obtained from the fixed slow base and primary
waves by a finite sequence of the pulse inverse and curl construction, the signed amplitude map for
auxiliary-independent stresses, and the mean maps of Section 8. Suppose that pressure is reconstructed
by (8.12) after each update and all products use the complete velocity fields. There is a physical
residual decomposition

% (ull, plily = glil + Fll. (9.3)
In a common chart, put gl = Q2A+1/2G1il gug FU = Q2412 FI. Then:
(i) Supported sources. On the coarsest common auxiliary torus, the nonzero angular harmonics

have the form
L]] _ <g£]]>9 _ E Z f([y],]meikwmcbvl
vel met; (9.4)
A CZ\{0}, | A <o,
The sum is locally finite, and ] depends on the finite construction but not on the band. The
coefficients satisfy

Supp(fimle,) € Oy film € C(E75C7),
with smooth zero extension across the fixed slow and transverse supports and the enlarged local
torus rectangle. Let a, yu be any lower bounds for the wave and mean exponents furnished by
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applying Propositions 9.1, 7.2, 6.6 and 7.6, Section 8, and Lemma 9.2 along this finite sequence.
Then . _
Al eWs, (60 e M,
The mean coefficients have smooth zero extension outside the active shell. The next pulse inverse
is applied precisely to the coefficients fﬁ[f]m in (9.4).
(ii) Flat remainder. For every fixed j,m, N,

F i < g™, 9.5)
This physical bound is uniform over bands, labels, and points.

(iii) Exact mean equations. Let (BU!, vlil,yUl, wll) be the complete current velocity correction as
in (8.1), and set g . = Q*A1/2E,. Then

Wy = (wi'wy)e, P = /(grmh dr,  pil =To(g/) — pPl),

. . o (9-6)
(G + F) — €500 = (Dol — g EJED),
where gy], E(g”, EQ} are given by (8.3) on this tuple.

Proof. We first prove (i), then track the additive errors in (ii) while preserving the exact mean

equations in (iii).

Part (i): support and coefficient bounds. The primary pulses have the claimed supports and

weighted bounds at every derivative order. Differentiation preserves closed support and the

amplitude class bounds. An explicit D, costs ks each time it occurs; taking further amplitude

derivatives of that estimate enlarges its constants and polynomial degrees, without repeating

that exponent loss.

For products, a mean times a wave inherits the wave’s slow, transverse, and local torus
rectangle support, and its P, factor. Two waves of one label add their integer phase
multipliers. Their zero harmonic is exactly their angular mean, since the angular frequency
kp is a nonzero integer; every other output retains the wave weight by P2 < P,. Different
labels do not interact. Curls, pressure coefficients, and particular pulse propagation preserve
the phase integer. Mean operations cannot introduce a nonzero angular harmonic. Any
subsequent nonzero harmonic product contains a wave factor and therefore inherits that
factor’s support and envelope.

The radial integration, pressure reconstruction, mean-vector-potential construction, and
auxiliary-time inversion in Section 8 preserve all mean-amplitude bounds. For the stress
correction entering Proposition 7.6, subtract a supported interior profile with the same
weighted radial moment as the source. The resulting weighted radial integral can be taken
forward from the left support boundary or backward from the right support boundary,
because the corrected source has zero total moment. Near either boundary, let s be the

corresponding logarithmic distance in (6.23). The weight { is e=*/ s’ times a smooth positive
factor bounded above and below there, with a > 0 fixed. For each fixed M > 0 and integer
k > 0, the following bounds hold for sufficiently small positive J, s:

0 2 2
/ SfMefu/s ds < CM,Q(SSfMefu/é ,
0

dk
dsk

2

2
e—a/s < Ck’as—3ke—a/s ]
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The first bound follows by the substitution v = a/s?; the second follows by differentiation.
Radial weights and the radial Jacobian are bounded on the normalized shell. Differentiating
the radial integral therefore retains (4 M with M’ allowed to depend on the derivative; in
the interior  is bounded below. Thus a source of order « gives a stress correction X € M,.

For the amplitude division, use the same normalization as (7.31): dsx = H"1(Z/¢) and
da, = (dx)s/(2a,). The inverse-matrix bounds and (7.25) give, for every fixed coefficient
multi-index I,

ID!(dg)s| < Cre*~tShigs—M,

ID'(a;")| < CiSYg1207M,
ID16a,| < Crev 1%\ /76~ Mi,

D! (Ve dagby)| < Cret= 128"\ /75~ Mi b,
This recovers (7.33). The last estimate uses the fundamental pulse bounds; after the slow
cutoff it is the W,_1,, estimate of Proposition 7.6. The remaining square-root edge weight
gives smooth extension by zero.

The hypotheses of Proposition 7.2 now hold for each new source. Its prescribed path holds
the slow and transverse variables fixed; zero data along an entire such path give zero solution.
The final cutoff restores the fixed enlarged local torus rectangle support. Smooth source
extensions give smooth extensions of the solution. This proves the support-containment
hypothesis of the inverse; divisibility by the original cutoff is unnecessary:.

The local band set remains fixed: radial paths hold (z,t) fixed, and g depends only on
(z,t); temporal inversion and pulse propagation hold all slow variables fixed. Hence the
common-torus construction of Lemma 6.2 applies at every step of the finite construction. A
radial mean can aggregate polynomially many labels in S., whereas only boundedly many
wave labels overlap at a point. Radial aggregation changes only the polynomial factors in S,
while preserving the common chart and the € exponent.

Parts (ii) and (iii): flat errors and exact means. For an actual increment (w, 77), the residual
changes by
Ru+w,p+m)=%up)+ow—Aw+Vr
+(u-Vw+(w-V)u+ (w-V)w.

The old F enters additively, while all displayed products use actual fields, including their
cutoff curls and remainders from the compactly supported modified radial integral. Add
newly created flat terms to F. At a fixed stage there are finitely many kinds of such
terms. The Gaussian bound in Proposition 9.1 is uniform over labels. The estimate in
Lemma 8.2 bounds each cutoff remainder by any prescribed power of g, using finitely
many additional source derivatives. Summing polynomially many labels preserves these
bounds. Keep Gaussian nonzero-harmonic cutoff tails in the additive residual and exclude
them from subsequent forward pulse inputs. The mean residuals Eg, E, are the exact
conservative balances and may contain flat cutoff remainders, which a fixed mean inverse
may cancel. Remove any canceled contribution from F. The cutoff-remainder bounds
place the remainder in M, for every «, so this update preserves the stated classes and the
exact residual decomposition. This proves (9.5) at each finite stage, hence (ii). Applying
Proposition 8.1 to the complete current tuple, and using (8.12), gives (9.6) and proves (iii). U

The realization step will use a comparison with one fixed finite stage; it will not sum these
flat residuals directly.
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9.3. Initialization and a full correction cycle. We now put the wave and mean corrections
together. The primary pulses, followed by the initial mean corrections, will give the first
set of residual bounds in Proposition 9.5. We then show in Proposition 9.6 that a complete
cycle improves all these bounds while preserving the support and moment conditions. The
induction statement below combines the residual orders in (9.8) with the bounds (9.9) on the
total velocity correction that control its interactions with later increments.

We keep the base (b,V,G), the primary amplitudes, and all inverse operators fixed
throughout the construction. Let w™ = Wg® be the normalized representative of the
assembled primary transverse field in (7.35). For each finite construction write its normalized
velocity and pressure as

u,=b+BV+9,G+y)+w, Px = PBx + Pm + Puws (W)g = (Pw)e =0.  (9.7)

Here pp. is the base pressure, p, consists of the pressure harmonics supplied by the
amplitude equations, and p,, is reconstructed from the current g, by (8.12). The quantities
Eg,E;, P, Jy, J- are then determined by (8.3), (8.12), and (8.15).

Definition 9.4 (Finite correction state). For j € IN U {0}, a state at stage j consists of real
fields of the form (9.7) with the following properties. The wave w is a sum of curls of
supported wave potentials with the fixed label phases, and the mean correction (B, v, y) is
the sum of a curl of an azimuthal potential and a direct azimuthal field. In particular, both
velocity corrections are exactly divergence-free. The source supports, finite harmonic sets,
smooth zero extensions, and physical residual decomposition are as in Proposition 9.3.

The normalized nonzero harmonics gv[éLve of g,[] ], the exact tangential mean residuals, and
the three integral defects obey

Qwave € Wpg, Ey,E, € Mc;, (P, Jo, J-) € Sc;,

1 1., ©8
Bi=2+0, G =1+0, o=5+5,
with the following bounds for the total velocity and pressure corrections
w €Wy, w-wi"€Woes, 0,7 Pm € Mog, BE M. (9.9)

Wave assertions refer to each grouped nonzero harmonic per label. The two normalized
angular-momentum and axial-flux moments are maintained exactly:

/ " R2(0)y dR = 0, / " R{y)ydR = 0. (9.10)
0 0

The pressure reconstruction is part of the state.

Consequently, the radial residual of every such state is —pP plus the flat cutoff remainder
of Proposition 8.3.

Proposition 9.5. Starting with the fixed base and the curls of the primary potentials, perform the
temporal mean update (8.20) and the five-equation correction (8.25), reconstructing pressure by (8.12)
before and after each update. The resulting fields form a state at stage O in the sense of Definition 9.4;
in particular, their residual orders are By = 0.7 and Cj = 1.2.

Proof. We first estimate the primary waves, then remove the torus-dependent means and the
three moment defects. The initialization uses the higher decay order of the auxiliary-averaged
primary residual. The primary transverse amplitudes have exponent 1/2. Their supported
linear residual components have exponent 1 — 3x;, and their nonlinear wave residuals have
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exponent 1 — x;. The exact mean balances (8.3) give g, pm, Eg, E; € Mj_,, and defects in
S1_«, before any mean update.

For the auxiliary means, the primary covariance of Proposition 7.5, assembled by (7.35),
cancels the order-zero auxiliary radial-tangential stress tensor exactly, including derivatives
of the slow partition because the squared partition functions sum to one. To display this
cancellation, write Zgo) for that leading tensor and %, for the full tensor in (8.3). Before the
mean velocities are added, those equations read

(Eg)y = (Or +2/R) ((Wyg)y — Z((;O)) — (0r +2/R)(Zg — Zéo)) +edz(W.e)y,
(E.)y = (g + 1/R) (Wra)y — =) — @k + 1/R)(Z2 — =) + £d7 (Wes + po)y-

The first differences contain at least one curl correction. The tensor cross interaction between
the curl correction and a primary transverse amplitude belongs to M3 ,,_, before applying
the divergence. Axial fluxes, the axial pressure term, and the higher-order auxiliary stress
tensor have residual exponent at least 2 — k5. Thus (Eg)y, (E;)y € My 49.

Set Hy = 1 — ks and apply the temporal update (8.20). The tangential increment is Mg,
and its induced radial velocity component is My, 1. The pressure change has exponent
Hy, since 2V Av/R appears in Ag;. Its contribution to each tangential residual includes an
axial derivative and therefore has the corresponding additional gain. Beyond the cancelled
fast-time term, slow-time differentiation supplies one additional power of ¢, radial linear
fluxes contain b = O(¢) in every fixed-order amplitude derivative on the shell or the induced
radial velocity increment, axial fluxes gain one, and viscosity gains 1 — 2x;s. Radial quadratic
mean fluxes also contain a radial mean. All these residual changes have exponent at least
Hy + 1 — 2x,. Mean interaction with w € Wj ,, has wave exponent at least Hy. Defects remain
in Sp, after pressure is recomputed.

Now use the five-equation correction map (8.25) at order Hy and recompute pressure. Its
slow increments have no fast-time term. The preceding tangential and wave estimates still
hold. In the defect changes, the term 2VAv/R and its two contributions to the weighted
flux moments are the linear contributions to AP, A7y, AJ, canceled by this system. Every
other term contains slow-time differentiation of the induced radial velocity, a radial flux with
b or another radial mean, an axial derivative, radial viscosity, or an additional tangential
mean in v?, v, ¥>. These have gain greater than 0.8 above Hy. Hence the remaining defects
have exponent greater than 1.8 — «;, and both tangential means retain exponent 1.49. These
estimates imply (9.8) with By = 0.7 and Cj = 1.2.

The primary curl correction has exponent 1 — x; > 0.68. All mean increments and pressure
changes have exponent Hy > 0.9, with radial exponent Hy +1 > 1.9. This proves (9.9).
The prescribed temporal increments have zero auxiliary mean. The first two homogeneous
equations of the correction system enforce (9.10), and the mean-field reconstruction preserves
the prescribed auxiliary mean exactly. U

(9.11)

The initialization provides the bounds at stage zero. We now repeat the four corrections
and compare every new error with the bounds required at the next stage. The total corrections
in (9.9) remain available when estimating interactions with the new increments.

Proposition 9.6. Let (ull, pl) be a state at stage j as in Definition 9.4. There is a state (ul+], pUi+1l),
constructed with the same base, primary amplitudes, supports, and inverse operators, whose residual
orders are
_ 1 _ 1
B]‘+1—B]'+E, ]*+1_C]*+E
It is obtained by the following ordered corrections:
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(i) solve the inhomogeneous amplitude equation for each supported nonzero harmonic;
(ii) change the wave amplitudes to correct the auxiliary-averaged tangential residual;
(iii) apply the temporal mean inverse to the part with zero auxiliary average;
(iv) apply the five-equation correction to the three current defects.

Pressure is reconstructed after each correction. Wave and meridional velocity increments are realized
by their potentials; azimuthal mean increments are added directly. The cumulative bounds (9.9) and
the exact moments (9.10) are preserved.

Proof. The four steps below implement (i)—(iv) in order. For this cycle abbreviate B = % +0;j

and C, = B+ 5 = 1+0j. At every occurrence of g, and p,; below, an asserted improved
order concerns their changes; the total corrections continue to satisfy (9.9). Within each step,
w, B, v,y denote the fields before that step. An increment replaces them by

w+ Aw, (B+ AB, v+ Av, v+ Av).

Compute g;new from these complete fields using (8.3), and set

Pnew = /<gr,new>Y dR/ Pmnew = TO <gr,new - ppnew>-

All residuals and defects in the next step are computed from this updated state.

Step 1: Cancel the supported harmonics. We apply Proposition 7.2 to each grouped
supported source, with zero initial data at the entrance to the prescribed path in the common
auxiliary torus. For source coefficient f,,, the normalized harmonic increments are

ing X (Ptwm) ; ‘
Awy, = curl, <Z>m‘r:f|2n1)elkm¢) ’ pr,m = wﬂmelkmq), gm(tm; nm) = _fm.
Assemble these fields with their physical rescalings over all labels and harmonics, retaining

conjugate pairs. The velocity increment has class Wg, and its pressure has class Wg_1,5. The
new nonzero harmonic errors have the following exponents:

linear error B+1/2— 3«

cross with old exact waves B+1/2—x;
particular-correction self-interaction 2B —xs
cross with total mean correction B+04

The first row follows from Proposition 9.1; the other three follow from Lemma 9.2. The mean
covariance changes caused by these increments have exponent at least B4 1/2 = C,; a radial
divergence costs xs. The exact balances and linear pressure map therefore give

EG, Ez,Agr,Apm S Mc*stl (P,j@, S7Z) S SC*ny

The preserved angular-momentum and axial-flux constraints and the exact integrated identi-
ties (8.16) improve the weighted moments by one:

/ R(Eg)y dR, / R(E:)ydR € Sc.11_x.. 9.12)

The axial identity includes c,P inside its axial derivative. This term accounts for the
normalized correction —pP left in the radial equation after pressure reconstruction.

Step 2: Correct the auxiliary-averaged residual by adjusting the stress. A compactly
supported stress can cancel the auxiliary-averaged tangential residual once its total weighted
radial moments have been removed. We make this correction in physical coordinates so
that the stress agrees across charts. Use the residual components Ey, E, of (8.3), supported
in the prescribed annulus, and retain the background residual separately with its flatness
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bound. Their auxiliary averages in physical coordinates are F, = Q 2471/2(Ey)y and
F = Q7 2471/2(E,)y; these definitions agree between charts. For e € {1,2}, choose a fixed
interior profile b, satisfying [ x°b.(x) dx = 1, put be(r,z,t) = q_(3+1)/2b6(r/\/ﬁ), and set

Me — /Ooo r‘—’Fg(”) d?’, U'g(?’) = —r ¢ '/Or(l’/)e(Fe(rl) . be(r/)Mg) d?’/.

The radial integrals are taken with (z,t) fixed. The integral has zero total moment, since
f r°(Fo — beM,) dr = M, — M, = 0. Its lower endpoint fixes the integration constant, and the
zero weighted moment makes ¢, vanish beyond the annulus supporting the source. Thus o,
is compactly supported and (9, + e/r)o, = —F, + b.M,. Define the normalized tensor pair
Y. = Q*A(03,01). The weighted radial-integral estimate in the proof of Proposition 9.3 gives
Y € Mc, .. Since the construction uses the auxiliary averages F,, the result is independent
of every auxiliary torus coordinate, including when the original fields have nonzero Fourier
modes on that torus.

Apply the amplitude-correction operator E;ilys from (7.35), which sums the localized
operators in physical coordinates, to the pair o = (0, 07). Its normalized representative £*X.
belongs to the supported class Wg_,, and has the prescribed symmetrized cross covariance
> with w™ = WS, by (7.36). Each local summand uses (7.31) before its slow cutoff and
physical rescaling. For each sign o € {+, —}, the formula divides the known numerator by
the fixed positive primary amplitude 2, /Y, so it permits increments of either sign without
requiring a square root of the current covariance or y + dx. We use the pressure coefficient
for the homogeneous amplitude equation (with source zero) and construct the velocity by
taking the curl, as in Lemma 7.7. The covariance identity is for the paired signs of one slow
label; summing the resulting covariances uses each slow label once and the squared slow
partition. The quadratic self-interaction of the correction remains in the residual.

The nonzero harmonic errors now have exponents

linear error B+1/2—4x;
mean interaction B+0.4 —«,
cross with old exact waves B+1/2—2xk;

signed-correction self-interaction 2B — 3ks.

For the auxiliary mean, split the old exact wave as its fixed primary transverse amplitude
plus a remainder in Wy 3. More explicitly, write the signed increment as s = t; 4 r5, with
transverse amplitude t; and curl remainder r;, and set #(a,b) = ((a®@b+b®a)g)y. Then
its exact covariance change is

(AW)y = B(w™, ts) + B(w — wi™, ts) + B(w,rs) + ((s @ )g)y. (9.13)

The radial-tangential components of the first term equal X, whose divergence cancels
F. — b,M,. The remaining tensor terms, before divergence, have exponents

transverse correction with old-wave remainder | B + 0.68 — ks = C, + 0.18 — «;
signed curl correction times old exact wave Ci +1/2 — 2k
signed-correction self-interaction 2B —2Ks = Ci + 0 — 2Ks.

These are the remainders in the exact covariance expansion of Corollary 7.8. Their radial
divergence incurs one loss of x;. Axial fluxes gain one on tensor changes of order at least
Cs« — k5. The changes in g, p,; are of order at least C, — 2x;, and the pressure effect on E,
gains one. The retained moment-correction term b, M, is of order C, + 1 — x; by (9.12). Since
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0.18 — 2x; > 0.17 and 0j — 3x; > 0.17, the state after pressure reconstruction satisfies
(Eo)y, (Ez)y € Mc, 1017, Eg,E. € My, (P, Jp, J-=) € SH, H=C,—2x. (9.14)

Step 3: Remove the nonconstant auxiliary means. The auxiliary averages now have the
improved order in (9.14). The complementary parts still have order H and can be canceled
by the temporal mean inverse. For the current exact mean residuals, set E; = E, — (E,)y,
a = 0,z. The temporal inverse (8.20) prescribes

_ . —1x7—1po _ A —1In7—1po
Av = ci, N‘O Eg, Ya = —C;, Ni0 E7,

1

Y. =Tivs,  AB=—edz¥.,, Ay=(D,+RHY,.

The inverse Nigl is the zero-average inverse from Lemma 8.6. The prescribed tangential
increments have class My and the induced radial velocity increment has class Mpy1. Re-
compute pressure. The term 2VAv /R again has order H in Ag;, so Ap,, € Mp. Every other
part of Ag, has the following orders: the fast-time derivative of AB has order H + 1; radial
fluxes contain b or an old or new radial mean; axial fluxes gain one; the other quadratic
azimuthal-velocity terms have order at least H + 0.9; and the viscous term contains a factor ¢
and at most two radial derivative losses.

Write A for the actual axial increment and -y, for the prescribed increment in (8.20). Since
t, = —edr + ¢, Nj,, the fast-time identities are

CigNioAU = —E;,
CZ'ONZ'OA’)’ = —E; + fax,
Fax = ¢iyNig(Ay = 7a).

The last term is the flat axial reconstruction remainder from Lemma 8.6. The wave covariance
is unchanged during this mean update. Subtracting the two versions of (8.3) gives

Egnew — (Eo)y = — €d7Av —e(Ag — R2)Av
+ (Dy +2/R)((b + B)Av + (V +v)AB + ABAV)
+ D, ((G+7)Av+ (V +v)Ay + AyAv),

Enew — (Ez)y = —€d7Ay — eAoAy + Fax
+ (Dy +1/R) ((b + B)Ay + (G + 1) AB + ABAY)
+Dz(2(G +7)A7 + (A7) + Dpw).-

Using (9.9), the bounds \DI bl <C 1552’ on the shell, and the increment orders above, the four
types of terms have the following lower bounds for their class exponents:

0’/

term | slow time radial flux axial flux  viscosity
exponent‘ H+1 H+1—x H+1 H+1— 2x,.

Thus the displayed residual changes, after subtracting F,4 in the axial component, belong
to My 41-2«,. Retain F,y in the additive flat term. The wave change is in Wg by interaction
with the waves already added, whose total satisfies the Wy, bound. Remainders from the
compactly supported modified radial integral enter the additive flat term while their actual
velocities continue to be used. We have therefore reached

Ey, E; € Mmin(c*+0.17,H+172K5)’ (P/ /P jz) € Sp.
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Step 4: Enforce the three compatibility conditions for compact support. The tangential
residuals have improved, while the compatibility defects still have order H. Apply the five-
equation correction map (8.25) to these defects at order H. The azimuthal and prescribed
axial increments are slow, supported on the fixed support of the test-function profiles in the
five-equation correction system, and in My. Their induced radial velocity increment is in
Mp41. The first two rows preserve (9.10); the last three remove the linear contributions to
the changes in (P, Jo, J=). Recompute pressure from the new actual fields.

The preceding bounds for changes in the nonzero harmonics and in the tangential mean
residuals still apply; a slow correction from this system has no fast-time term to cancel.
To estimate the remaining defects, subtract 2VAv/R from Ag,. The remainder contains
slow-time differentiation of the induced radial velocity, radial derivatives of bAB and of
products involving old or new radial means, axial flux derivatives, products of Av with old
or new means, and the radial viscous term. They have exponent at least H + 0.9 — 2x;. In
AJy and AJ;, the terms beyond the linear contributions canceled by this system are products
of tangential means or moments of this same radial remainder; see the exact formulas (8.27).
Hence

(P, J9, J2) € SH109-2x, = SC,+0.9—4x,-

The cycle closes with the inequalities

min{} — 3xs, 3 — ks, B— 5,04} > 0.4,
min{} — 4x;,0.4 — &5, § — 2k, B — 35} > 0.4 — «s,
H-B=1}-2,>01  min{0.17,1 —4x,} = 0.17 > 0.1,
0.9 — 4xs > 0.1.

We used B > 0.7. Thus the wave, full tangential mean, and defect orders all improve by 0.1.
The smallest signed increment order is B — x; > 0.69999 > 0.68; particular increments start at
B > 0.7. Every new mean-velocity and mean-pressure increment has decay exponent above
0.9, and every radial mean-velocity increment has exponent above 1.9. Finite summation
therefore preserves (9.9). The pressure reconstruction gives the asserted radial residual.
Proposition 9.3 supplies the source hypotheses for the next cycle, completing the induction.

O

9.4. A common domain and physical derivative estimates. To apply the summation lemma
Lemma 5.4, all finite states (1!, pll) must exist on one domain (Lemma 9.7). We also
need their gains in decay to survive differentiation in the physical variables: for each
fixed derivative order, the loss in powers of 4 must be independent of the correction stage.
Constants in the bounds may still depend on the stage, as in Lemma 9.8.

Lemma 9.7. There exists quig > 0, independent of the correction stage and derivative order, such that
every finite partial sum above, before applying summation cutoffs, is well defined on 0 < q < gpjg.
For every fixed stage and output amplitude derivative, its construction and estimate require finitely
many input amplitude derivatives. The constants may depend on the correction stage.

Proof. Choose 0 < gpig < . once, so that the pulse estimates hold for g < gpig, with the fixed
background, the stated positive lower bound for ||, the primary covariance, and the fixed
supports of the normalized mean-correction profiles. All later inhomogeneous amplitude
problems are linear equations with these fixed coefficients and known sources. The same
threshold applies to every harmonic: (7.18) expresses its propagator as the fundamental
propagator multiplied by a forward damping factor of magnitude at most one. At each
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fixed derivative order, differentiation introduces powers of the harmonic integer into the
constants and permits polynomial growth in S.. It does not require a smaller g-threshold;
see Corollary 7.3.

Signed updates divide by the original 2,/y, in (7.31); the finite-dimensional correction
system uses the fixed linear map of Lemma 8.7. Pressure, temporal inverses, and the
modified radial integrals defining the mean potentials are fixed linear maps. All inverse
coefficients and denominators are fixed by the primary construction. Consequently, these
finite operations are defined on the same domain for sources of arbitrary size, including
near qpig, and each cycle improves the decay exponent on that domain.

To count the input derivatives required at each stage, regard the finite construction as a
directed acyclic graph of sums, products, derivatives, and the proved inverses. Its vertices
are intermediate expressions and its source vertices are the input fields. For a source vertex
a, let D, ,(m) be a sufficient number of derivatives of input a to bound derivatives through
order m of the expression at vertex v. If the operation at v requires d,,, additional derivatives
of its input at w, define

Dv,a(m) = maXx Dw,a(m + dv,w)r
w—o

with initial values Dy, ,(m) = m when the source vertices b = a, and D ,(m) = 0 when b # a.
The graph has finitely many vertices at each fixed correction stage, so all resulting derivative
counts are finite. Differentiating a pulse equation to order m gives an equation involving
amplitude derivatives of order at most m; lower-order derivatives are already controlled.
Torus inverses require finitely many additional amplitude derivatives, while the modified
radial integrals preserve the stated derivative bounds. Flatness of the cutoff remainder at
a chosen power uses finitely many integrations by parts of the same exact integral. These
counts specify how many source derivatives must be estimated. The explicit € losses instead
specify reductions in the decay exponent. For example, estimating additional amplitude
derivatives of N™!D,f retains the single explicit radial loss associated with D,. After
constructing and estimating each finite-stage coefficient as a function of independent slow
and auxiliary variables, evaluate it at the auxiliary phase map Y = Y(r, t) and differentiate
with respect to (x, t). O

We group the base and finite initialization into Uy = (ul%, pl%)). For j > 1, let Ay be the
sum of the physical wave-potential increments in the cycle from stage j — 1 to stage j. Let
'¥; be the sum of its physical azimuthal-potential coefficients, and let b; be the sum of its

direct azimuthal velocity coefficients in physical variables. For the remaining summation
argument, we use B; for the azimuthal vector representative in (5.29) and define

A]' = A}N —|—T]'€9, B]' = bj@g,

pi=p—pi™l, Z = (4B p)),
Au]‘ = CuﬂA]‘ +B; = ulll — MU?H/ (9.15)

J

j=1
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Thus Z; is the tuple in (5.29), with the optional stress entry omitted. In a fixed Q chart,

linearity of Ty and the fixed choice of p give the pressure increment explicitly:
Q*pj=pl —pl" 016
+To(g! — g/ = p(Pll — PU1))). ’

Here p%], gy ], Pl are the normalized quantities in (9.7) and (9.6). The pressure differences
from intermediate steps telescope to (9.16).
Lemma 9.8. For every Cartesian space—time derivative order m,

|Zilm + |Attjln < Cipmg®™ (1 + [logq)Tim, — gj = {gj — oo, 9.17)

where £y, is independent of j and includes the additional spatial differentiation recovering velocities
from wave and mean vector potentials. The finite partial sums satisfy

[, P [ < Cjmg ™ (1 + [og q]) i,
with Ky, independent of j. Their residuals satisfy
1% (ull, pU) |y < Cj g5 (1 + | log q]) o + Ej Ejm < Cijmng" for every N, (9.18)
with Ky, independent of j.

Proof. On perturbation supports 7 < 1/Q and g < Q. In a fixed chart Q is held fixed while
differentiating. The graph operators of (6.6) give the following losses in powers of Q for an
amplitude coefficient:

radial physical derivative 1/2 + hxs

axial physical derivative D=1/2—-h (9.19)

time physical derivative 1+h '
derivative of the cylindrical frame 1/2.

For instance, the coefficient multiplying an auxiliary-coordinate derivative in the physical
radial derivative is rd'_lAiP = O(QV2¢7%SP), while Tgi,0 = O(Q'"SP). Each additional
fixed derivative contributes a fixed reduction in the power of Q. These exponent bounds
remain uniform when the relevant chart indices differ by a bounded amount.

The label phase satisfies |V, ®| < CQ1/28P and |0:®| < CQ1-"SP; the axial term
p.Z /€ costs Q Pe! = Q2. More generally, (7.3) and (6.12) give, for every fixed pair of
nonnegative integers a,b witha +b > 1,

VI30, | < CypQ /2 M0,

uniformly over bands and labels. In each chart, the pulse coordinate has zero physical spatial
derivatives and a fixed first physical time derivative; the remaining factors have the stated
slow derivative bounds. Set

Sx:%+%, Stzl—i-%.
Since k < 2Q"/2, the chain rule gives
j —as.—bs; P,
’vza?ezkmd>| < Ca,b,mQ asy bsts*n,b,m‘

These costs dominate (9.19). The finitely many harmonic integers at a fixed stage change
constants only: a quadratic residual can at most double the current harmonic range, and
inverse and curl operations preserve each integer. Thus the range is finite independently of
band.
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For a class exponent &, Leibniz’ rule now gives Cartesian space-time derivatives of
the normalized coefficient bounded by CQ"~%+~0stSP The factors /Z6~™ and (6™
are bounded on the closed shell for every fixed M and cause no additional power loss.
Physical velocity, pressure, wave-potential, and mean-potential rescalings are respectively
Q=4,Q724,QY274,Q1/2-4, all bounded by Q~24. The factor (km)~! is already included
in the normalized chart wave potential, before physical rescaling. An additional spatial
derivative covers recovery of a velocity from a wave or mean vector potential. A sufficient
common choice is

Uy =2A+ (m+1)(1+3h/2),
Every retained stage-j increment has normalized exponent at least j/10, and its physical
prefactor is bounded by Q~24. This proves (9.17).

Apply the same calculation to (9.9), to the fixed background, and to (9.8). Converting the
residual from normalized to physical coordinates adds a fixed power of 4. The remaining
radial residual consists of —pP, expressed in physical coordinates, and its cutoff remainder.
Equation (9.5) supplies E; , uniformly over all labels at each fixed stage. This proves (9.18)
and the bound for the total correction. On overlapping coordinate representations, the fields
agree under the prescribed torus coordinate changes and relabeling. Together with their
smooth zero extensions, this gives the estimates across support and band boundaries.  [J

9.5. Realization of the local field. The finite partial sums (ul!, pll) now have arbitrarily
high residual decay on a common domain (Lemmas 9.7 and 9.8), with the physical derivative
bounds required by Lemma 5.4. In this subsection we sum their potentials with shrinking
cutoffs to obtain the local velocity u,. of Proposition 9.9. It remains to verify that this
summation preserves the endpoint regularity, exterior heat flow, and inner growth asserted
in Theorem 3.1(ii)—(iv).

Proposition 9.9. There are smooth fields (U, Proc) 01 Q. obtained by summing the finite correc-
tions above, such that div uy,. = 0 and all conclusions of Theorem 3.1 hold.

Proof. We apply the summation lemma with F(u,p) = % (u,p), using q. = qpigz from
Lemma 9.7 and shrinking the earlier local thresholds to this common value. The inputs
are the velocity and pressure fields. Step 1 verifies the hypotheses of Lemma 5.4. Steps
2-5 establish Theorem 3.1(i)—(iv), respectively: Cartesian regularity, endpoint regularity, the
exterior formula and flat residual, and the inner swirl asymptotic.

Step 1: Representatives and the summation hypotheses. Take Uy to consist of the fixed
slow base and the finite initialization block. If necessary cut that block once inside g < gp;g,
on its wave and mean potentials before differentiation, and on its direct angular means and
pressures. The cutoff equals one near g = 0, so each finite state agrees there with its original
expression.

For j > 1, use the representatives Z; = (A}, B, p;) from (9.15). Their mean-potential part
gives

Curl(‘ij,’g) = (—azlfj, 0, (ay + 1’71)‘?]‘).

Since B; = bjes and dyb; = 0, multiplying B; by a function of g(z,t) preserves its zero
divergence. All these representatives have smooth zero extensions and vanish near the axis
for each fixed t < 1; their vanishing near the axis gives a smooth Cartesian extension there.

Lemma 9.7 supplies one domain for every finite partial sum before summation cutoffs.
The similarity identities give (5.28), and g > 1 —t gives the required local lower bound.
Lemma 9.8 supplies (5.30) with ¢; = hj/10 and exponent reductions independent of j.
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For the fixed background and initialization, derivatives through order m are bounded by
Cmq % (1 + |logg|)Pn. Finally, (9.18) is (5.33) for the fixed differential polynomial
F(u,p) =%u,p) =0+ (u-V)u—Au+ Vp,

with p; = ho; — oco. The estimate (9.18) concerns the actual pointwise residual, after
evaluating the auxiliary variables at Y (r,t). The finite-stage flat term is uniform over its
infinitely many dyadic labels. The finite initialization cutoff only adds errors supported away
from q = 0, which also meet that fixed-stage flatness condition. These residual estimates
are uniform on the whole local domain: choose a fixed bounded interval in X containing all
slow and annular correction supports. The estimates above and (5.41) apply there. Outside
it, every finite state agrees with the exact exterior heat field of (4.29), with its centrifugal
pressure, so its residual is identically zero.

Step 2: The summed fields and their Cartesian regularity. Lemma 5.4 therefore gives
potentials whose locally finite sum defines a velocity satisfying div u,. = 0, and

Vm, N |%(ulow ploc) |m = O(qN) (q \ 0) (9.20)
The tail estimate compares the constructed field with one fixed finite state and its flat
remainder. The flat residuals separated at each finite stage are estimated through this
comparison and are not summed. To identify the potentials and pressure of the summed
fields, let Ao, Boeg, po be the representatives of Uy: the realized slow base from (5.27), together
with the finite initialization and its pressure. Define

A=A+ Y x(ajq)4;

j>1

Beg = Boeg + Y x(a;9)Bj, (9.21)
j=1

Poc = po+ Y_x(ajq)pj, e = curl A+ Bey.
j=1
This gives the required vector potential, azimuthal field, and pressure. At the axis the base
Stokes streamfunctions have the form 72 times a smooth function of (1’2, z,t), so the base
vector potential is smooth in Cartesian coordinates. The base angular field is r times such

a scalar times ¢y. All annular representatives vanish in a neighborhood of the axis at each
t < 1. Thus (9.21) proves Theorem 3.1(i).

Step 3: One-sided regularity away from the singular point. It remains to verify the endpoint
regularity away from g = 0. Fix a compact spatial set and 0 < ¢ < ¢’ < g,. Only finitely
many terms in the expansion in powers of g2 and correction stages have nonzero cutoff
factors on a neighborhood of ¢ < g < ¢/, because both cutoff sequences tend to infinity.
There are also finitely many dyadic bands and slow labels on this compact set. The base
profiles and their Stokes streamfunctions have bounds for derivatives of every fixed order on
the closed parameter range —1 < # < 1, by Theorem 4.6 and Proposition 5.5. The geometry
chooses its labels, representatives, rounded frequencies, and enlarged local torus rectangles
from the closed T > 0 range and keeps these discrete choices fixed as T — 0. The pulse
inverse acts along a path with the physical slow variables fixed, within T > 0. Differentiating
its fixed linear ODE gives the bounds at every derivative order. These bounds, the quotient
bound (7.33) using the fixed positive primary amplitudes, and the radial and temporal mean
maps give finite one-sided bounds for every fixed derivative of each wave potential, mean
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vector potential, azimuthal mean component, and pressure whose cutoff is nonzero on the
chosen neighborhood. Their smooth zero extensions cover every support boundary.

Coordinate conversion has denominator L > 1 —2h > 0, so on g > c it preserves these
bounds for derivatives of each fixed order. On annular supports r is bounded away from
zero; at the axis use the preceding Cartesian factors. The finite sum therefore has uniformly
bounded Cartesian space—-time derivatives of every order up to T = 0, also inside the active
shell. Bounding one additional time derivative and applying the fundamental theorem of
calculus gives the uniform one-sided limit of each derivative. The same theorem on compact
spatial subsets proves compatibility with spatial derivatives; compatibility between limits of
consecutive time derivatives follows by integration in time. This proves Theorem 3.1(ii) for
A, Bey, proc themselves.

Step 4: The exterior heat field and flat residual. All annular wave and mean correction
potentials, azimuthal mean components, and pressures vanish beyond X;. The zero total
axial moments of the leading profile and of each coefficient in the expansion in powers of
7" also make their Stokes streamfunctions vanish in the common exterior. Consequently,
for a fixed Xext beyond all slow supports, A = 0 and B = K. The leading-profile pressure,
normalized to vanish at radial infinity, and the compactly supported pressure corrections of
positive order give precisely — [~ K(p, T)?dp/p there. Using (4.29), define

Hext(s) = 2%coH (4s), K(r,7) = r 7 H e (T/12).
This is (3.5). The integral formula (A.34) gives, for every integer m > 0,
sup [HU (5)] < 2% cool (W) n (1 + 1) < o0,

s>0
where (b),, is the rising factorial and (b)g = 1. Indeed, the factor (1 + Zv)~"~" in that
integral is at most one for every Z,v > 0. Thus the required derivative bounds hold on the
full nonnegative half-line. By Lemma A.6, K solves the radial heat equation; its centrifugal
pressure makes the Navier-Stokes residual identically zero in the exterior. Together with the
background residual estimates on compact sets of profile variables in (5.41) and (9.20), this
proves all of Theorem 3.1(iii).

Step 5: The inner velocity growth. Finally choose any fixed Xin € (0, X,) where the positive
leading azimuthal velocity is eg = Eo(Xin,0) > 0. All annular corrections vanish there.
The realized expansion in powers of g2 in (5.1) has its leading value plus a remainder
O(g*") after removing the velocity factor g4, at the fixed point (X,7) = (Xin,0) in profile
coordinates. Atz = 0 one has # = 0 and g4 = 7, hence

u@,loc( \% 2Xi.1’1T/ O/ O/ 1- T) = TﬁA (e() + O<T2h>).
This is Theorem 3.1(iv), and completes its proof. ([l

10. COMPACT FORCING AND WHOLE-SPACE BREAKDOWN

In this section we turn the fields supplied by Theorem 3.1 into the whole-space solution
and force in Theorem 1.1. We write the local fields as

1 = curl A + Bey, ploc.

Here A and B are the representatives constructed in (9.21), and B is independent of 6. We
first work at viscosity one. The local velocity has the growth (3.6) required for Theorem 1.1;
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we must give it zero initial datum and compact spatial support, while making its momentum
residual the restriction of a force in C&°(R® x (0, ); R3) (Proposition 10.1 and Lemma 10.3).

We multiply the vector potential, azimuthal coefficient, and pressure by cutoffs equal
to one near (0,1). We then prove that every derivative of the resulting residual has a
uniform limit as t T 1 (Lemma 10.2), and construct a force attaining those limits from ¢ > 1
(Lemma 10.3). The equation gives a uniform energy bound before time one (Lemma 10.4).
Finally, comparison with any smooth solution of bounded kinetic energy (Lemma 10.5)
transfers the local velocity growth to that solution, giving the contradiction needed for
Theorem 1.1. Rescaling gives arbitrary positive viscosity and the periodic construction
(Corollary 10.6).

10.1. Localization within the local domain. In this subsection we localize the velocity and
pressure inside the domain of Theorem 3.1. We first recall why the chosen vector potential
A is smooth at the axis (Theorem 3.1(i)) and vanishes in the heat exterior (3.5). These
properties will allow us to take its curl after localization and to estimate the force at time
one (Lemma 10.2). For the background coefficients U, in (5.1), the Stokes streamfunctions
and their sum are

X
S, = ql—A+2nh / un(X/,ﬂ) dX/, S =8+ Z X(CnCI)Sn/

70 n>1 (10.1)

S
-Abase = 76(%

The cutoffs x(cnq) are those used in Proposition 5.5. By (4.28) and (5.10), fO°° U,(X,n7)dX =0
for every n > 0. Thus each radial integral in (10.1) vanishes beyond the common support of

the axial coefficients. Near the axis, S = rza(rz, z,t) for a smooth scalar a, and hence

(S/r)eg = a(r?,z,t)(—x2,x1,0).

This formula gives the smooth Cartesian representative of the background potential.
Every wave velocity is the curl of its supported physical potential. For a prescribed axial
mean increment 7y, phys, the mean construction uses the azimuthal potential coefficient

Y = rill—c(r’)/d,phys)r Icg - Ig - ijg/

with the radial operations defined in (8.4). Beyond the source and the transition of X,
we have x,, = 1and Zg = Jg, so ¥ = 0. These wave and mean potentials, with their
summation cutoffs, are the terms added to Apsse in (9.21). The direct azimuthal mean
increments are included in B. Evaluation at Y(r, t) preserves their independence of 6, and
all the annular corrections vanish near the axis for each fixed ¢t < 1. In particular, for the
fixed Xext in Theorem 3.1, the chosen potential satisfies A = 0 on X > Xext.

We now choose cutoffs supported inside the local domain Q. = {t > 0, g < 4.}, where
T =1 —t. Applying the spatial cutoff before taking the curl preserves incompressibility, and
the temporal cutoff gives zero initial datum.

Proposition 10.1. There are a compact set K C R, a smooth vector field u and a smooth scalar field
p on R® x [0,1), with supp u(-,+) Usupp p(-, ) C K for every 0 < t < 1, satisfying

divu =0, u(-,t) =p(-,t) =0 for all sufficiently small t > 0. (10.2)
They agree with u'*, p° on a spatial neighborhood of the origin for all times sufficiently close to 1.
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Proof. To keep a fixed spatial cutoff inside the local domain, we need an upper bound for g in
terms of z and 7. The coordinates in (3.2) give such a bound uniformly in r. If 1 — 52 > 1/2,
then g < 27; otherwise || > 2712 and g < (v/2|z])'/P. Consequently

q < Co(t+ |z|P). (10.3)

We choose 0 < 19 < 1/2 and zp > 0 with Co(1 + zé/D) < g«/2. For any fixed rg > 0, we

choose a smooth axisymmetric cutoff 0 < x, < 1, smooth as a function of r2,z, such that
xx=1 (r<ro/2, |z| <z0/2), supp xx € {r <ro, |z| < zo}.
We also choose a smooth function 0 < x; < 1 of t with
xt(tH) =0 (1—t>1), xt(H)=1 (0<1—-t<1/2), c(x, t) = xx(x)xe(t).

By (10.3), the support of ¢ for t < 1 lies in q < ¢, /2. In particular it stays a fixed distance in
the g coordinate from the outer boundary of (),. On that domain we define

u = curl(cA) + cBey, p = cp', (10.4)
and extend by zero outside the cutoff support. The product rule gives
u=cul® +Vex A, divu = divcurl(cA) +r19y(cB) = 0.

The Cartesian representatives recalled above make the fields smooth at the axis. The cutoffs
and the margin from g = g, give smooth zero extension elsewhere. The support is contained
in K = supp xx, and the temporal cutoff gives (10.2). Both cutoffs are one near (0,1), so the
local fields are unchanged there. U

For 0 <t < 1 we define
f=%2u,p) =0mu+ (u-V)u—Au+ Vp. (10.5)

This definition includes every derivative of the cutoffs. Taking its divergence gives

3
—Ap = Z 8i8j(uiu]-) — lef
ij=1
Thus the localized pressure satisfies the Poisson equation with the corresponding force-
divergence term; the force may have nonzero divergence.

10.2. Limits of force derivatives at the terminal time. The force in (10.5) is so far defined
only for t < 1. A smooth extension requires compatible limits of all its derivatives as ¢ 1 1.
Flatness of the local residual in (3.4) controls these limits at the origin; away from the origin,
the endpoint bounds in Theorem 3.1(ii) and the exact exterior heat flow (3.5) control the
terms introduced by localization. In this subsection we first establish the derivative limits
(Lemma 10.2), then construct an extension with compact time support (Lemma 10.3).

Lemma 10.2. For every spatial multi-index « and integer j > 0, 8?‘(8{ f converges uniformly on R®
as t 1 1. There are functions F; € C§°(1R3; ]R3), all supported in K, such that

1tigla§a{ flx,t) = %F(x),  F(0) = 0. (10.6)

These are the derivative limits of f from t < 1, compatible under spatial and time differentiation.
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Proof. We first establish endpoint bounds away from the origin. On compact spatial sets
with g bounded below and bounded away from g., Theorem 3.1(ii) bounds every physical
derivative of the actual potentials and the scalar fields. More precisely, on such a compact
set Ky, for G = A, Bey, ploc and t < t' < 1, the fundamental theorem of calculus gives
sup 980G (-, ') — 3%9)G(-, )| < |’ —t| sup [8%0]7'Gl.
Ko Kox[tt']
The last supremum is bounded independently of ¢, ' near one. Thus each fixed derivative is
uniformly Cauchy as t 1 1. All constants here may depend on the positive lower bound for 4.

The argument using finitely many nonzero cutoff terms in Proposition 9.9 supplies these
bounds on the closed parameter range —1 < < 1, for the actual representatives and
the smooth Cartesian factors in their near-axis representations, with the labels and integer
frequencies fixed. Multiplication by the fixed cutoffs and the finite differential expression
(10.5) preserve the bounds.

The remaining region has r bounded below and g sufficiently small, so X > X\ and
the velocity is the exterior azimuthal field K(r, T)ey of (3.5). In terms of the heat profile H
defined by (A.32),

K(r,T) = coos H(27/5), s =1r?/2. (10.7)
Thus the function in Theorem 3.1 is Hext(Z) = 2coH.(4Z). For each j, differentiating the
integral in (A.32) is justified uniformly for Z > 0 by a constant times e~ “v*/. It follows that

K(p, 7)?

OLK (r, T)| < Cpr 172, af;p' < Cip A (10.8)

The pressure is normalized to vanish at radial infinity. On a compact positive-radius
interval r € [r_,ry], with r_ > 0, the second majorant is integrable for p > r_. Dominated
convergence therefore justifies

. © . /K ,TZ
oLp'(r, ) = —/r o} ((pp ) > dp.

It also gives a uniform bound and a one-sided limit for each derivative on compact positive-
radius intervals. Here d; = —d,. Further radial derivatives of the pressure follow by
differentiating the lower endpoint; those of K follow directly from (10.7). This proves the
required smooth one-sided extension to T = 0 using the integral on 7 > 0. In this region
A =0, so the localized fields involve only these smooth exterior quantities and fixed cutoffs.
The heat equation for K and 9,p'° = K?/r also show directly that the uncut exterior residual
is exactly zero.

These two regions cover the terminal slice away from the origin: if z # 0, then g >
|z|'/P > 0; if z = 0 and x # 0, then r > 0 and the preceding exterior argument applies on a
small neighborhood. Hence every Cartesian space-time derivative of the force converges
uniformly on compact spatial sets avoiding the origin.

Near the origin the cutoffs equal one. We use (3.4) on X < X, and the exact zero residual
for larger X. For every a, j, N this gives, on a fixed neighborhood of (0,1),

i N
0201 f (x, )| < Cojn (T + [2]P)7. (10.9)

For a prescribed tolerance, we first choose a small ball and then a late enough time so that this
bound is below the tolerance there. A finite cover of the rest of K gives uniform convergence
outside that ball. All these derivatives vanish off K. They are therefore uniformly Cauchy
on R3, and their limits vanish at the origin.
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We define F; to be the uniform limit for « = 0. Passing to the limit in the fundamental
theorem of calculus along spatial coordinate segments identifies every other limit as o%F;.
Thus F; is smooth and has the stated support. Passing to the limit in the corresponding
identity in time gives

. 1 .
89 (x, ) = DF; (x) — /t %91 £ (x,5) ds. (10.10)

This proves compatibility of the derivative limits under spatial and time differentiation and
completes (10.6). O

The limits F; give the Taylor coefficients needed to continue the force through time one.
We realize them with time cutoffs whose supports shrink with the derivative order, so that
the extension is also compactly supported in time. Such a smooth compactly supported force
satisfies the decay conditions in [8, (5)]; the zero datum satisfies its initial-data conditions as
well.

Lemma 10.3. The force in (10.5) extends to f € CZ°(R3 x (0, 00);R?), with support contained in
K % [0,2].

Proof. We choose xo € CZ°(R), equal to one near zero and zero for arguments at least one.
Foro=t—1 >0, we set

f(x,1+0) Z)(O (bjo) = Fi(x), (10.11)

where the increasing integers b]- > 1 are Chosen below. The product rule and 0 < ¢ < b]._1 on
the support of each summand give

030y (XO(th >H < Cjmb}"™ NE | - (10.12)

Indeed, when a derivatives fall on the cutoff, their factor b7 is multiplied by a monomial of

degree j —m + a; its bound is b; G=m+a)

zero are absent. We set by = 1, and for j > 1 define

. Terms whose monomial has been differentiated to

bj =min{beN: b> bj,1, 317}1&;6 ermbmf]HFjH(ju <27/
a+m<[j/2]

where the maximum is over nonnegative integers a, m. This is a finite set of constraints, and
m — j < 0 in each of them; thus the defining set of integers is nonempty. With this choice,
(10.12) is at most 27/ whenever |a| +m < |j/2].

Every fixed differentiated tail now converges uniformly. At o = 0 the cutoff in each fixed
summand is constant near zero, so its m-th derivative contributes only when j = m, giving
Fy. Uniform differentiated convergence and (10.10) show that (10.11) matches all mixed
space—time derivative limits from t < 1. Each summand retains support in K and is zero
for ¢ > 1. The same uniform convergence proves smoothness at those support boundaries.
Finally, the original force is zero near t = 0, by (10.2) and the construction of p.

To state the decay bounds, we choose R with IC C B(0, R) and write My, = ||050}" f||co-
Compact support gives, for every integer k > 0,

10297 £ (x,1)] < Mam(3+ R)¥(1 + |x| +)7F
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10.3. Energy and comparison. In this subsection we first prove that the smooth compactly
supported force f of Lemma 10.3 gives a uniform energy bound for the constructed velocity
u up to time one (Lemma 10.4). We then show that any smooth solution with the same
force, zero datum, and bounded kinetic energy agrees with it on every shorter time interval
(Lemma 10.5). This comparison will transfer the local velocity growth (3.6) to a hypothetical
global smooth solution. In these whole-space energy estimates, || - ||, denotes the spatial
L?(R3) norm, and unmarked spatial integrals are over R3.

Lemma 10.4. Let F(t) = [ || f(s)]|l2ds for 0 < t < 1. Then F(1) < oo, and
t
()12 +z/ IVus)|3ds < F()2  (0<t<1). (10.13)
0

In particular the kinetic energy is uniformly bounded, and the total dissipation on [0,1) is finite.

Proof. On each [0,T], T < 1, the localized velocity and pressure are smooth with fixed
compact spatial support. Integrating the equation against u therefore gives

o I B + (013 = (£, (o). (10.14)

For § > 0, we divide this identity by (||u(t)||3 4 62)!/2, discard dissipation, and use Cauchy-
Schwarz. Integration from the zero datum and ¢ | 0 yield |lu(t)|2 < F(t). Returning to
(10.14) and integrating gives

(Ol +2 [ [Vu(e)3ds <2 [ F(6)F(5)ds = (1)

The compact smooth force has F(1) < co. Monotone convergence gives finite integrated
dissipation on [0, 1), using the bounds for t < 1 alone. O

The comparison argument uses smoothness and a uniform spatial L? bound on [0, T],
where T < 1. These hypotheses leave the growth of spatial derivatives at infinity unrestricted.
We recover the pressure gradient from the equation before passing to the limit in the localized
energy identity.

Lemma 10.5. Fix T < 1. If v, P is a smooth solution of (1.1) at viscosity one on R3 x [0, T|], with
the force f of Lemma 10.3, zero initial velocity, and v € L®([0, T]; L*(R3)), then v = u on that
interval, where u is the localized velocity of Proposition 10.1.

Proof. We estimate the difference of the two solutions on expanding balls. The pressure
term requires separate control because no spatial growth condition has been imposed on P.
Constants denoted by Cr below may depend on T and the stated bounds for the fields, but
not on the cutoff radius. We set
w=7—1U, m=P-—p, 8ij = UiVj — Ujllj = W;W; + Wil + U;Wj.

We use the convention (div g); = }.;9;gi;. On [0, T], [[w(t)|l2 < Cr and Y5 ; [|gi;(t)[l1 < Cr.
The common force cancels, so

dw~+ (v-Vw+ (w-V)u=Aw -V, divw = 0. (10.15)

Pressure gradient. Let R; be the Riesz transform with Fourier multiplier i¢;/|¢|, and define
the distribution

3
T = Y RiR;gij. (10.16)
ij=1
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Its multiplier is —¢;¢; /(¢ |2, with the value at zero irrelevant. Since the Fourier transform of
an L! function is bounded, 7. lies uniformly in H~*(R%) for each s > 3/2: its squared norm
is bounded by a constant times [|g||7 [s(1+4 |¢]?)*d¢. The multiplier gives

A, = — Za,a]gl]
L]

We claim that V7t = V7, in the space-time interior. For a € C®(0, T), the conservative form

of (10.15) gives
T T T T
/ aVrcdt:A/ awdH—/ a’wdt—div/ agdt.
0 0 0 0

The three terms on the right belong respectively to H~2, L2, and H3: the last assertion
follows from ¢ € L°LL and the Fourier estimate above with s = 2. Also 7. € L{°H, 2, so

T
H, ::/ (V- V) dt € H3(R).
0

Taking divergence of the difference equation gives At = —};,9;9;¢;; = Arm,.. Hence
AH, = 0. The Fourier transform of H, is a weighted L? function supported at {0}, and is
therefore zero. Testing also in space proves the claim. This determines the pressure gradient
under the stated hypotheses, with the spatial growth of P unrestricted.

Pressure flux. We now bound the pressure contribution at the boundary of an expanding
ball in terms of the weighted dissipation inside it. We first estimate [ 7tw - Vxg by powers of
a weighted L® norm of w that can be absorbed by dissipation. We choose 0 < ¢ < 1 smooth,
compactly supported and equal to one on the unit ball. For R > 1, we write ¢r(x) = ¢(x/R),
XR = qo%, and set

1/2
Ee= [xelol,  Ax={ [xelVoR) T Be=lgkule
The Sobolev inequality and the product rule imply
Br < C[V(gkw)ll2 < C(Ar + R™1[w]|2). (10.17)

We use the standard L7 boundedness of Riesz transforms for 1 < p < oo; see [14]. For
multiplication by a scalar function a and a linear operator 7, we write [a, T]g = a(Tg) —
T (ag). Multiplication of (10.16) by ¢% then gives

gr7e = ) RiRj(¢kgii) + Y@k, RiRj]gi;- (10.18)
] ij

The first sum has L3/2 norm at most Cr(Bgr + 1), since
lgrwiwillaz < Brllwlla,  [lokwinllsz < [[wl2]|ule.

The nonlocal kernel of R;R; is bounded by C|x —y| 3. The possible multiple of the identity
cancels in the commutator, whose kernel is therefore bounded in absolute value by

Kr(x —y) =Clx —y|_3min{|x —y|/R,1}.

Direct radial integration gives

R )
IKr |22 < C [R—m/ r—2/3dr+/ r—zdr} J—
0 R
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Young’s convolution inequality bounds the second sum in (10.18) in L*/3 by CrR~3/4. These
identities hold first for compact smooth cutoffs of g, then for ¢ by convergence in L!, the
uniform commutator bound, and convergence of its Riesz transforms in H~*. In particular
7, is locally integrable in space and time.
The equality of pressure gradients, tested against the compact vector field a(f) xgrw, now
gives
/nw -Vxrdx = / mew - Vxrdx for almost every t € (0, T).

Since |Vxr| < CR™1¢%, the two terms in (10.18) pair with CR™1¢%|w|. Interpolation yields

lpkwlls < llpkwlls < B ?[lwlly?,  lgRewlls < BY*[lwlz"™.
Consequently
‘/nw-V)(R < CrR™! [(BR+1)B}{2+R—3/4B§;/4} : (10.19)

Difference energy. The pressure flux can now be included in the energy estimate for the
difference. All integrations have compact support, so smoothness suffices. Pairing (10.15)
with xrw gives

1

1
EE}H—AQ = —/XR(w-V)u-w+§/|w|2AXR

1
+§/\wlzv-V)(R—|—/7rw-VXR.

We take R large enough that g = 1 on a neighborhood of supp u. Then v = w on supp V xy,
and the transport flux is bounded by

CR [ ghlwl < CrRBY™,

Here ¢%|w| = (¢}|w])'/?|w|'/? and Holder’s inequality give the last bound. The Laplacian
term is at most CTR 2. Using (10.17) in (10.19), every power of Ag in these flux bounds is at
most 3/2 < 2. Young's inequality therefore gives

1 1 C
EE% + EA% < ||Vu|lEr + % for almost every t € (0, T).

For example, RflA‘;’{/ 2 < (SA%2 + CsR™%; the terms of powers 1/2 and 3/4 have the same
required bound. The coefficient ||Vu||« is bounded on [0, T|, and Eg(0) = 0. Gronwall gives

!/

2Ct t -t CT
< =T - < =T,
Er(t) < = /Oexp (z/ 1V u(a)]| da> ds < =

Since xr = 1 on each fixed ball for all sufficiently large R, letting R — co gives w = 0
throughout [0, T]. O

10.4. Growth, lifespan, and viscosity. The force extension and energy estimate are now
established for the localized fields (1, p) (Lemma 10.3, (10.13)). In this subsection we use the
inner growth asymptotic (3.6) from Theorem 3.1 to identify the maximal classical lifespan
and, with the comparison lemma (Lemma 10.5), exclude a global smooth solution of bounded
energy. A spatial rescaling then gives the result for every fixed positive viscosity without
changing the singular time.
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Proof of Theorem 1.1. The field constructed above solves the equation exactly on [0,1), by
(10.5). Smoothness and fixed compact support give u € C([0, T]; H®) for each T < 1. The
force has the required smoothness and support by Lemma 10.3, and Lemma 10.4 gives
bounded energy.

For the fixed Xj, in Theorem 3.1, we take the Cartesian points

xr = (V2XinT,0,0), t=1-r. (10.20)
Along this path z = 0, ¢ = 7, and the spatial and time cutoffs in (10.4) equal one for all
sufficiently small T > 0. Hence (3.6) gives

ug(x,1—7) =7 *(eo + O(Tzh)) — H-o00. (10.21)

Here the annular corrections vanish in the fixed inner similarity region, and the cutoff sum
of terms with n > 1 in the expansion in powers of g?" satisfies the stated relative-error
estimate. The summation cutoffs remain in this estimate. The points x; along which the
velocity diverges converge to the origin. The embedding H*(R?®) — L*(IR?) excludes a
classical H® continuation through time one. In the classical H? class, the same difference
energy calculation is justified by Sobolev approximation and H®> < W'*; Gronwall gives
uniqueness on every shorter interval. Thus the maximal classical existence interval is [0,1).

Suppose that a global smooth solution v, P with the same data had uniformly bounded
kinetic energy. For every T < 1, Lemma 10.5 applies on the closed interval [0, T]. It follows
that v = u throughout [0,1). Equation (10.21) then contradicts the boundedness of the
smooth v on a compact neighborhood of (0,1). The force is nonzero, since (10.13) would
otherwise give u = 0.

Finally, for fixed v > 0, we define

wy(x,t) = Vvu(x/v/v,t),
po(x,t) =vp(x/Vv,t),  folx,t) = Vv f(x/Vut).
With y = x/+/v, the chain rule gives
Ottty + (uy - Vi )uy — vAxuy + Vipy
=Vv[ow+ (u-Vy)u—Aju+Vyp|(y,t) = fu(x,t),
Vi uy(x,t) = (Vy-u)(y, t) =0.

The datum remains zero and the common spatial support becomes K, = /v K. Time is
unchanged, and

(10.22)

3507 fi(x,£) = v IMD2(95a1 £) (x/ /v, 1)
Thus the force remains smooth and compactly supported in K, x [0,2], and satisfies all
required decay bounds for each fixed v > 0. The energy and dissipation scale by

1 1
(O3 = v lu®)F v [ IVulBde =12 [ |Vulgar  (1023)
0 0

Growth occurs at /v x; at the same time one. Any smooth bounded-energy competitor
vy, P, for the rescaled data would give the viscosity-one competitor

oy, ) =vo,(Vuy,t),  Plyt)=vR(ryt), o) =v2lu(b)]3.
This competitor has already been excluded. The theorem follows for every fixed positive
viscosity. O
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10.5. The periodic equations. The fixed compact support of the velocity, pressure, and force
(Proposition 10.1 and Lemma 10.3) also allows a periodic construction. In this subsection
we rescale their supports into the interior of a fundamental cube, then sum their integer
translates. The translates have disjoint supports, so the momentum equation is preserved,
including its nonlinear term. The pressure is periodic as well, as required in the erratum to
the problem statement [8].

The periodic domain and the interior of its fundamental cube are

T =R3/Z%, Qo= (-1/2,1/2)%
The following corollary gives the periodic breakdown alternative (D) in [8].

Corollary 10.6. For every v > 0, there is a smooth force on T x [0, 00), compactly supported in
time, for which the solution (U, Pper) of the periodic Navier—Stokes equations with viscosity v and
zero initial velocity is smooth on [0,1) and satisfies
lim sup [[U(#)|[ o 3y = o0.
1
Its velocity and pressure have support in a fixed compact subset of the interior of Qo at every time
before one. There is no global smooth periodic solution for the same datum and force.

Proof. At a fixed viscosity v, we take the whole-space fields and force already constructed
and denote them here by u, p, f. Their common spatial support is contained in K, = /v K,
as in the viscosity rescaling (10.22). We choose A > 1 so large that A7, €@ Qo, and put
to=1— A"2. For t > tj, we set

a(x,t) = Au(Ax, A2 (t — t)),
p(x,t) = A2p(Ax, A% (t — to)),

Fx,t) = A3f(Ax, A2(t — k).
The first two formulas are used for t < 1, and the force formula is used for all ¢ > t,. We
extend all three by zero for t < t;. They are smooth across t = ty, since the original fields and
force vanish on an interval after their initial time. Each term of the momentum equation is
A3 times its original value, so the viscosity stays equal to v. The original time one is reached
precisely when A2(t — tg) = 1, namely at t = 1.
The periodic fields are defined by

U(x,t) = Y u(x+kt), 0<t<1,

kez3

Poer(x,t) = Y plx+kt), 0<t<1,
kez3

Foer(x,t) = Y f(x+k,t), t>0.
kez3

Distinct translates have disjoint support, with a positive gap between them. Derivatives
commute with the locally finite sums, and at every point at most one translate is nonzero. In
particular,
(U-V)U(x,t) = Y (u(x+kt)-V)i(x+kt).
kez3
Thus the periodized velocity, pressure and force solve the equation exactly:

QU+ (U-V)U—vAU + VPper = Fper,  divU =0,  U(-,0) =0.
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The force is smooth, with time support contained in [tg, 1 + A~2]. On the torus this implies
every decay estimate |00} Fper ()[|co < Cam,n (14 t)"N. For the path x; defined in (10.20),
the rescaled growth path is

=AW rx,, fr=1- 121

It remains inside Qo near (0,1), where the zeroth translate is the only nonzero term. By
(10.21) and (10.22),

Up(Xr, tr) = AV T (0 + O(TZh)) — H-o0.
Finally, on each [0, T] with T < 1, two smooth periodic solutions with the same force and
datum have difference w obeying
1d
2dt
Periodic integration removes both the transport and pressure terms. Gronwall gives equality

of the solutions through T. A global smooth competitor would therefore coincide with U
before time one and contradict its velocity blowup at t = 1. O

]2 g0y + VI Vo0l 22 sy < 11V U022 o

APPENDIX A. MATCHING RADIAL MOMENTS AND CONSTRUCTING THE HEAT EXTERIOR

In this appendix we construct the outer part of the leading profile (U, E, IT) in Theorem 4.6.
Its pressure integral supplies the datum Il for the regular axis problem (Lemma A.5). Its
moment conditions, including (A.8), ensure that the radially integrated leading residual
stress 7y vanishes in the exterior after the heat replacement (Lemma A.8). The construction
must satisfy both requirements while retaining the strict stress cone inequalities on the
designated radial intervals (Propositions A.4, A.7 and A.10).

We begin with finite-dimensional moment corrections (Lemmas A.1 and A.2) that will also
be used to attach the axis profile (Proposition B.8) and modify the shear (Proposition C.2).
We then build the outer profile from a prescribed inner reference profile (Section A.2). Its
terminal power law E, is finally replaced by an exact heat flow, with compensating moment
corrections that preserve the pressure datum and exterior stress conditions (Lemmas A.6
and A.8 and Proposition A.7).

A.l. Adjusting finitely many moments. Changes to a profile on a compact radial interval
alter its cumulative moments (4.15). In this subsection we correct these changes by adding
fixed smooth bumps with adjustable coefficients. The following results show that distinct
power weights give independent moment changes (Lemma A.1) and that the resulting
quadratic moment equations can be solved for small discrepancies (Lemma A.2). They will
allow each radial modification to preserve the data prescribed farther out, by Lemma 4.4.

Lemma A.1. Let ay, ..., ay be distinct real numbers. For each j let B; be a nonnegative, nonzero
smooth function supported in the interior of a compact interval I; C (0, 00), with Iy < - -+ < L. The
matrix

Bi]' = /0 xti ](X) dx
is invertible. The assertion also holds for exponential weights in a logarithmic coordinate. If these

data vary smoothly over a compact parameter set and the stated separations persist, the inverse and
each fixed parameter derivative of it are bounded.
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Proof. A nonzero linear combination of m distinct powers has at most m — 1 distinct positive
zeros. Indeed, divide by the least power; if the quotient had m zeros, Rolle’s theorem would
give m — 1 zeros of its derivative, contrary to the induction hypothesis for the remaining

m — 1 powers. Consequently det[x;‘i] is nonzero whenever 0 < x; < --- < Xy, and has
constant sign on that connected set. Multilinearity gives
detB = det[x}'] T Bj(x;) dx1 - - - dxw # 0.
I XXy, :
J

The integrand has one sign and is nonzero on a set of positive measure. The substitution
x = ¢¥ proves the logarithmic version. Compactness and differentiation of B~!B = Id prove
the last assertion. This assertion does not give a uniform inverse when two exponents
approach one another. O

Some of the moment weights approach one another as A tends to zero. To choose
corrections small enough to preserve the cone, we need the resulting loss in the inverse
bound. For identical translated bumps B(y —c1) and B(y —c2), put A = co —¢1 > 0 and
b(s) = [ e!B(t) dt. Dividing row i by %! gives

1A
B = <ZE§3 iszAzgz;§> / det B = b(s1)b(sy) (22 — e12). (A1)
For a fixed bump and fixed A > 0, one has ||[B~!|| = O(A~!) when s; — s, = A and the slopes
remain in a fixed compact interval; it is bounded when their limiting separation is nonzero.
The same O(A~!) bound for moment matrices with weights 1, x~* and bumps supported on
ordered disjoint intervals follows by expanding x~* = 1 — Alog x + O(A?): the two bump
averages of log x have strictly separated values.

The rank calculation controls the linearized moment map. The actual moments are
quadratic in the velocity profiles, so the correction coefficients must solve a finite system
with a quadratic remainder. The following estimate gives a small solution and controls its
parameter derivatives. No simultaneous smallness of all derivative orders is required.

Lemma A.2. Let K = [—1,1] and suppose a finite family of correction coefficients ¢ € R™ changes
the required moments, after taking specified linear combinations of the moments and dividing each
resulting component by a specified nonzero factor, by

F,(c) = B(n7)c + Qy(c,c), n € K. (A2)

Here B and the bilinear map Q are smooth, and B is invertible on K, and the prescribed moment
discrepancy is d € C®(K;R™). Write By = supy ||B7Y||, ko = supy || Q||, and dy = dllcoqxy- If
Sﬁ%Kodo S 1,
there is a unique solution of F,(c) = d(n) in the ball ||c||co < 2Bodo. It is smooth in 17 and is selected
by iteration from zero of ¢ — B(17) "1 (d(n) — Qy(c,c)). If Q = 0, there is no smallness requirement.

For any preselected finite k, let By be the operator norm of multiplication by B~ on C*¥(K), and let
Ky be the corresponding bilinear norm of Q. If also 8B%xx||d||cx < 1, the same branch satisfies

lleller < 2Bkl cx- (A.3)

Proof. For r = 2Bydp the map ¢ — B~1(d — Q(c, c)) preserves the closed C ball of radius .
Its Lipschitz constant there is at most 2Boxor < 1/2. The same inequality makes B+ D Q(c, ¢)
invertible, so the pointwise implicit function theorem gives smoothness, including one-sided
endpoint derivatives. Applying the identical contraction argument in the Banach algebra
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C¥(K) gives (A.3). The iterations are the same as in C’, so their limits agree. All other
fixed derivatives are finite by implicit differentiation, with constants depending on the
corresponding data. An additional parameter in a fixed compact set, such as the pulse
amplitude below, is treated in exactly the same way. U

The correction estimates depend on the radial support scale. For example, if 6V =
0. L;(1)B;(X/p), then
195056V [l < Cronp™" el

For bumps of fixed width in log X, the analogous estimate uses (Xdx)". Thus small co-
efficients preserve any fixed collection of strict inequalities involving finitely many field
derivatives on that patch. This estimate controls the moment-correction bumps. The rapid
modulation preceding a correction has separate radial-derivative estimates.

For the five cumulative integrals of (4.15), the linearized system separates into two axial
and three azimuthal corrections on a power-law interval. We now identify their weights so
that the preceding rank and small-solution results can be applied.

Corollary A.3. Use the five radial moment functions (M,1,],S,Cp) of (4.15), where C, is the
pressure increment. Under X = px their normalizing factors are

(0,0%%,0%%,0,1),  H=p"*V2xE. (A.4)

On a fixed correction interval suppose Uy = u(n) and Eg = e f«(n)x*, with e, > 0 and smooth
f« > 0. Two additive U bumps and three additive E bumps give an invertible Jacobian of the
normalized five-moment map provided o ¢ {—1/2,1/2,3/2}. The moment changes have the exact
quadratic form (A.2). At Uy = 0, the three corrections to E can prescribe changes in (I,S,C,) while
preserving M, J.

Proof. In the normalized rows, replace | by | — u.I and S by S —2u.M, with u. fixed at
its base value. The differential of | — u.I is f V2xEy 6U dx, while that of S — 2u.M is
— f Eo 0E dx. Along with the other three rows, the resulting matrix has two blocks whose
weights, up to nonzero normalizing factors, are

U block 1, xxt1/2
E block | x1/2, x#, x*-1,

The factors e, f. and \/2 are retained in the normalization of the moment components; their
inverses and fixed parameter derivatives are bounded. The hypotheses on « say precisely that
the powers in each block are distinct. Lemma A.1 therefore applies. The original functionals
have degree at most two in U, E, so all remaining terms are quadratic. In particular, the row
operations do not assume that the corrected U remains constant. U

For the axis moment correction « = 1/10, the two blocks have powers (0,3/5) and
(1/2,1/10,—9/10). On the intermediate power-law interval, « = —1/2 — A gives (0, —A)
and (1/2,—1/2—A,—=3/2 — A). The first of the latter blocks can introduce an inverse bound
of A1; A is fixed before the later radial frequency is chosen. These normalized inverses,
together with the exact restoration of matching data Lemma 4.4, are the tools used for both
corrections.



FINITE TIME BLOWUP FOR NAVIER-STOKES 129

A.2. Constructing and matching the outer radial profile. We now specify a profile connect-
ing an inner reference power law to a purely azimuthal exterior power law Epow. We will
prescribe the inner data in (A.7). The intermediate intervals allow us to set the required
total moments (A.8) and retain the stress cone inequalities. Four subintervals will remain
available for the later profile, heat, background, and mean corrections; we will list them after
(A.9). We give the radial pieces first, then choose their free amplitudes and verify the stated
properties (Sections A.3 and A.5).
We fix once and for all the smooth step

o1/

W)= age O<y<l,  o¢=0{<0), r=1@F=1). (A5

We take the positive moment-correction bumps to be rescaled copies of ¢’ on ordered disjoint
subintervals of the designated patch. Each stage uses a local logarithmic radial coordinate v,
with d/dy = Dx = Xdx and origin at the start of the stage.

The following profile depends on parameters to be fixed in the order

My, T;=eMi 410, P,>ely, 0<A<1, 0<h<min{\ e T} (A.6)

Here < has the smallness meaning specified in Definition 3.3: choose A sufficiently small
after fixing My, Ty, P«, then choose h sufficiently small relative to both A and e Ti. The large
radius Xg will be fixed afterward. On the reference inner interval, writing x = X/Xg and
y = log x, we prescribe

U=4y,  E=Pf(ne?  f=Q0+n) " =eh, Jy=logl+7?), y<o.
(A7)
This ideal region is a temporary prescription for the outer radial profile; Section B replaces
its inner part by a regular axis. We seek an exterior power Epow = CoX 4, with ceo > 0
independent of #, and the moment identities

/O (U2 — E2/2) dX =0, /O (H—Hpow)dX =0,  Hypow = V2XEpow.  (A8)

Their role is to remove the two integration constants that would otherwise remain in the
exterior stress. We now define each stage of the profile.

Recall that I = Xdx log H, so prescribing | means integrating (logE)' =1—1/2.
Reducing the axial component to zero. Starting at x = 1, retain U = 47 and use | =
(3/5)(1 — o (y)) for one unit of logarithmic radial length. On the next interval set

1=0, U=k(y)y, k(y)=41-0c(log(l+y)/Ms)], 0<y<T,

Here [K'| < e;/(1+4y), with e; = 4|0’||cc/ My. The function k is zero for the final eleven
units of this stage. We write P; < P, for the value of E/ f at the start of the axial transition,
so E = P; fe™¥/2 throughout that interval.
The intermediate power-law interval. With U = 0, set ] = —Aco(y) on a unit interval and
then retain [ = —A for

Tw = 601log(1/A). (A.9)
In the local logarithmic radial coordinate on this interval, reserve (Ty, — 25, Ty, — 20), (T —
20, Ty —15), (T — 14, T, — 9), and (T, — 8, Ty — 3). They will support, respectively, the
correction after cone realization, heat compensation, moment conditions for higher-order
background corrections, and moment conditions for the phase-averaged corrections. We
choose A small enough that they lie in this interval.
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The axial pulse. An axial pulse supplies the adjustable contribution to the total S-moment;
two smaller corrections at its end set M = | = 0. Let X}, be the radius at the end of the
intermediate power-law interval and write E(Xp, %) = e,f. For 0 <y < 13/A, keep | = —A
and set U = ER;. With {; = Ay, put

¢p(Cp) = /0@ o(v/.02)dv (¢, >0),  Ro(Cy) = ¢u(Gp)[1 — 0 (Zp —10)],

Ry, = Amp(17)Ro(85) + c1B1(y) + c2Ba(y)-

Extend ¢, by zero to ¢ < 0. The bumps 1, B> are identical translates of width .3, centered at
13/A — 3 and 13/A — 1. Their coefficients c1,cy set M = | = 0 at the end. These coefficients
are affine functions of Amp; the amplitude itself will be determined by the first equality in
(A.8).

Profile interpolation and the angular moment correction. We next remove the parameter
dependence of the azimuthal profile and adjust its angular moment while preserving the
pressure integral. Set U = 0 from now on. Write Xeng for the radius at pulse end and
E(Xend, 1) = €endf- Prescribe

log E =logeend — (1/2+A)y = 8¢(y)Jo— (1= 0¢(y)) log2,  ds(y) =1—0(y/Ty). (A.10)
A fixed sufficiently large Tr gives —A —.1 <1 < —A. The factor depending on 7 decreases to
the constant 1/2, so the amplitude cannot increase. Then keep the resulting 7-independent
exponential for 301log(1/A), with two relative E bumps of width .3 centered three and one
units before its end. They impose

— 2L atthe end, / (E? = Efneditea) 4y = 0. (A.11)
1-A two bumps

Both endpoint values of E are unchanged. This part of the construction uses E only and is

independent of Amp.

Transition to the exterior power law. Let X, be the radius at exterior transition start and ey

the unaltered uniform value of E there. Vary I smoothly from —A to —1 on a unit interval,

retain | = —1 for 4log(1/h), and vary it from —1 to —h on a unit interval. Each transition

uses 0. On the terminal radial interval 0 <y < 3, fix

!
W) =1=o(y=1)/2,  FW) =1=phs)  po=ah 1=+, (a12)
0
where ¢, > 0 is fixed small enough that 0 < f;/f, < h/4. Extend f, constantly to the left
and by 1 to the right of this interval. Define

Q= /03 exp </O”(1 +1(s)) ds) ;ﬁg;i do. (A.13)

After the transition to —F, retain [ = —h until the solution of Q" + (14 1)Q = —I — h, initially
Q = (A —h)/(1— A) at exterior transition start, has decreased to Q,. Apply the terminal
transition over three units of logarithmic radial length, and retain / = —h at all larger radii.
On and beyond that interval E = Epow fo-

I

Proposition A.4. There are finite choices in the order (A.6) for which the profile specified in
Section A.2 defines smooth U, E for X > 0, 5 € [—1,1], with E > 0, and satisfies (A.8). All
stage boundaries divided by Xgr are independent of Xg and 1. After the compact axial pulse,
U = M = | = 0; after the terminal interval, E = Epow. There are four disjoint unaltered patches,

listed after (A.9), on which U = 0 and E is a positive multiple of fX~'/2=*. For each fixed
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x_ € (0,1], a sufficiently large Xg, allowed to depend on x_, makes the reference profile satisfy
the strict relaxed cone condition from x = x_ through the first half-unit of its terminal tail. It
satisfies the admissible stress cone throughout the intermediate power-law interval, axial pulse, profile
interpolation, and exterior transition, and as soon as | < 0 on the transition into that constant-slope
interval. These assertions concern a finite logarithmic interval ending at tail coordinate 1/2; the heat
construction below treats the remaining endpoint collar.

A.3. Closing the moment integrals. The radial pieces have been specified in Section A.2,
with amplitudes still to be chosen in the axial pulse and moment-correction bumps. In this
subsection we choose them to satisfy the moment identities in Proposition A.4. The estimates
also control the sizes and parameter derivatives of these corrections, which will be needed
when we verify the stress cone inequalities in Section A.5.

We write Cpre for constants depending on the fixed choices My, T;, P and the fixed steps.
They are uniform for small A and then sufficiently small /. A prescribed finite number of
parameter derivatives may change these constants. No such constant depends on the later
radius Xy or the normalization C.

At the start of the pulse, direct integration of the axial transition and intermediate power-
law interval gives

Ax(U) S(Xp)

Xpe%f 2

29
ey < Cpre/\?’oz H < Cpre)L ’

G

< Cpre(1+10g(1/1)).  (A.14)
G

Indeed M is constant after the axial transition, whereas XE grows at rate 1/2 — A in the
intermediate power-law interval. The denominator XHE for the | radial moment grows at
rate 1/2 — 2, giving the same type of small bound for its moment discrepancy. Also XE?
is constant during the axial transition and changes by the factor e~?!¥ in the intermediate
power-law interval, which remains bounded above and below on 0 < y < T,,. Integrating
over its logarithmic length proves the last bound, including the fixed reference profile on the
inner interval. The shape f and its reciprocal have bounded fixed derivatives on [—1,1], so
differentiating these integrals proves the stated parameter bounds.

For the two pulse corrections, divide by the respective normalizing factors Xpe,f and
XpH(Xp)epf from M, ]. The weights in dy are e, e with s; = 1/2— A, 55 = 1/2 = 2A.
Normalize each at the first bump center. The main pulse ends at 11/, at least 2/A — 3 before
that center, and both slopes exceed .4. The normalized main-pulse moment discrepancy is
therefore bounded by C(1 + |Amp|)e=¢/%; the contribution accumulated before the pulse
acquires the factor e—5i(13/2-3) times the bounds just proved. Formula (A.1) gives the bound
on the inverse matrix O(A~!). Absorbing that loss into the exponential yields

HCiHC}] < Cpreeic/)\(l + |Amp]|), M=]=0 after the pulse. (A.15)

Here and in the amplitude argument the estimate means that the affine coefficients of 1 and
Amp have the stated parameter bounds. Every fixed y derivative satisfies the same estimate;
each fixed &, derivative introduces only a power of A~! and is still exponentially small.

The axial corrections have now fixed M and ] for each trial pulse amplitude. We next
set the angular moment required at the start of the exterior transition. Put r; = I/(XH); it
obeys

i+ (1 +Dr=1.

Before the exterior transition, 14 [ is bounded below, and the explicit shapes give a C,ll
bound Cpre at the end of profile interpolation. On the interval with uniform profile, r; —
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(1 —A)~! decays at rate 1 — A. The moment discrepancy at the first correction center is thus
OC% (Cpre)\zg). For a relative change E — E(1 + c11 + c282), the I row is linear with slope

1 — A and the linearized pressure row has slope —1 — 2A in y. Divide these rows by XH and
E? at the first center, respectively. Their inverse stays bounded by (A.1); the only nonlinear
term is the quadratic pressure increment. Lemma A.2 gives coefficients OC% (Cpre/\zs) and

the exact conditions (A.11). The derivatives of these corrections with respect to y are much
smaller than A, so E > 0 and [ < —A/2 persist.

At the start of the exterior transition, U = M =] =0and I = XH/(1 — A) is independent
of 77. The integral formula for Q, (4.16) therefore gives Qs = (A —h)/(1 — A) exactly. The
subsequent source —! — h is nonnegative until the terminal interval. The first transition
preserves a lower bound cA; during the constant-slope interval with I = —1, Q) =1 —h, so
its end value is comparable to log(1/h). The next transition changes that size by bounded
factors. On the other hand, Q, < p, < h, by (A.13) on a fixed interval. The intervening
constant-slope interval with [ = —h therefore has a positive finite logarithmic radial length.
On the terminal interval the exact solution is

° ’ fo(©)
Qs(y) = / exp / (1+1(s)) ds do. (A.16)
y y fo(0)
It vanishes at the endpoint and remains zero afterward. Throughout the exterior transition I
is independent of #, and then Qs = —1+ (1 — h)I/(XH). Hence

= % beyond the tail, /0 (H — Hyow) dX = 0.
The subtracted moment is integrable at zero because Hpow o X "and h < 1, and its
integrand is identically zero sufficiently far out. The angular correction, its endpoint, and all
exterior-transition lengths depend only on E and are independent of the axial amplitude.

The angular moment is now fixed independently of the pulse amplitude. The remaining
scalar condition is S(o0) = 0. To solve it, we first bound the contribution from the transition
to the exterior profile. Since (XE?)' = 2IXE?, its constant-slope interval with [ = —1 gives
the exact factors

XE? E
( : )hold end _ hs, hold end _ h6. (A17)
(XE )hold start Enold start
Here “hold start” and “hold end” denote the endpoints of the constant-slope interval with
| = —1. The integration label “release” below denotes the entire transition to the exterior

power law. The first transition and the constant-slope interval contribute at most CX,e1e2, in
[ XE? dy. From the end of the constant-slope interval onward | < —3h/4, so the remaining
integral is bounded by CX,e1€2,h8/h. Thus

rel

/ XE2dy < CXpudy (A.18)
release

with an h-uniform constant. The h® estimate controls this integral; the separate 1° estimate
will control the ratio w = N;/(EQs) near the outer endpoint. Profile interpolation and
the subsequent constant-slope interval contribute at most C(1 + log(1/ )\)>Xend€§n q- First 7
derivatives have the same bounds, since the exterior transition is uniform and the earlier log
shapes have bounded derivatives.
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On the pulse XE? = Xpei e, Changing to ¢, = Ay, and using (A.14), (A.15), and
(A.18), gives the exact form

AS(0) 1—e2

Xpep f?

where on [.9,1.2] x [-1,1],

= Amp?K; —

13
+E(Amp, ), Ky = /0 Ry (&)2dE,  (A19)

€]l < ConeA(1 +1og(1/A)).

All terms contributed by the outer profile E in this estimate were chosen independently of
Amp; the exponentially small affine end bumps account for its remaining dependence. Since
Ro <&, Ky < fooo gle%rdg, =1/4. On .02 < &, <9 one has Ry > ¢, — .02, and integration
gives K, > .20. The principal expression in (A.19) is below —.047 at .9 and above .038 at
1.2, and its derivative in the amplitude is at least .36 on the bracket. For small A the full
expression has a unique root there. Its linearization is nonsingular, so the root is smooth and

|0, Amp| < CpreA(141og(1/A)). (A.20)

Both equalities of (A.8) now hold. The remaining task is to verify that these moment
corrections preserve the stress cone. Only finitely many orders of #-derivatives must satisfy
prescribed smallness bounds below. If bounds on additional finite derivative orders are
prescribed, the differentiated integrals and Lemma A.2 provide them before the parameters
are fixed. Derivatives of every other fixed order have finite bounds after the parameters are
chosen.

A.4. Fixing the pressure datum for the axis profile. The azimuthal profile E now determines
the axis pressure Il by the normalization that pressure vanish at radial infinity, as in
(4.25). The analytic axis construction of Proposition B.2 requires this datum to extend
holomorphically near [—1, 1], with the sign and size bounds stated in Lemma A.5. In this
subsection we verify these properties before attaching the axis, and show that the datum
is independent of the later choice of the radial scale Xg. For the pressure integrals in
this subsection, we use the global logarithmic coordinate y = log(X/Xg) on the complete
reference profile.

Lemma A.5. Let Eiq sched be the reference inner profile (A.7) followed by the outer profile E specified
in Section A.2, with the azimuthal corrections that preserve the total pressure increment omitted and
all other transition intervals unchanged. The function

1 (]
Io(n) = ) /700 Eidsched(, 1) dy (A.21)

is independent of Xg and analytic on a complex neighborhood of [—1,1). It is even, IT (1) has the
sign of n for n # 0, and

5
o (1) < =5 P2f(n)*. (A22)
For the complete reference radial profile, integration of Iy = E2/(2X) from this datum gives
1 (e}
(X, 7)) =—= E(v,1)* do. A23
(X = =3 Jowesng E@ ) (A.23)

Proof. Without the angular bumps, every part of E has the form c(y) f(17)°¥), where ¢ and
the transition lengths are independent of 7 and 0 < ¢ < 1. The reference inner profile,
axial transition, intermediate power-law interval, and pulse have ¢ = 1; profile interpolation
decreases it to zero; exterior transition and tail have ¢ = 0. Choose one simply connected
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complex neighborhood of the real interval avoiding the poles and zeros of f, and fix an
analytic logarithm there. Then f¢ = exp(dlog f) is holomorphic with a bound uniform
in 0 < ® < 1. The squared integrand is bounded by Ce¥/5 as y — —oo and by Ce~(1+21)y
as y — +oo, and the intermediate interval is finite. Uniform integration of holomorphic
functions proves analyticity.

For real 77, differentiating each factor gives 9, f>* = —28]} f2°. Thus every contribution to
ITj, has the sign of 7, and the reference inner profile makes it strict. Its contribution is exactly
—(5/2)P2f2, proving (A.22). The construction in the logarithmic radial coordinate contains
no Xg, proving its independence. Finally, (A.11) says that reinstating the angular bumps
changes the total pressure increment by zero. Its total increment is therefore —I1y, which
proves (A.23). [l

We can now use this pressure datum in the axis construction. Subsequent profile changes
must preserve the total pressure increment to keep it fixed. Matching all five radial integrals
also preserves the radial velocity and the functions Qs, N; beyond the correction interval.
If an edit has zero total integral of (E2,, — E2,4)/(2X), the forward pressure is unchanged
before and after its support, though it can change inside that support. Accordingly, a
correction supported strictly to the right of X that preserves the total pressure increment
may be omitted in the backward integral (A.23). Equality of all five radial moment functions
at a radius where the fields rejoin has the stronger consequence of Lemma 4.4: it restores
the radial velocity and the functions Qs, N5 on the entire later interval, including their
parameter derivatives. The axis construction will use the already fixed analytic function Il
and integrate pressure forward. Later smooth, possibly nonanalytic, edits of E cannot change
that datum; their total pressure increment is either zero or is restored by the correction
matching all five radial moments. The heat replacement preserves the required convergent
moment differences while changing the exterior profile.

A.5. Uniform admissible stress cone inequalities on the outer interval. The moment
identities and the axis pressure datum are now fixed. It remains to verify the stress cone
inequalities on the outer intervals specified in Proposition A.4. We estimate the ratios
entering the sufficient cone test of Lemma 4.5 before choosing the large radial scale Xg; this
final choice then gives uniform strict inequalities on the required finite interval.

Write w = N;/(EQ;) wherever Q; > 0. The sufficient test of Lemma 4.5 is

a—bw>0, 2bw+b2/a+ (a—2)w* <2 (A.24)

We establish uniform positive lower bounds for a — bsw and 2 — 2bsw — b2 /a — (a — 2)w?,
with a,bs, w in fixed compact ranges and Qs > 0. Increasing Xr afterward then makes
psi = XQs/L large enough on the designated finite logarithmic interval. Where v; < 2, it is
enough to have P. = ps1(1 — bsw/a) > 2.

The reference inner profile and axial transition. On (A.7), direct substitution into the equation
for Q; gives

(3/5)(4L — 1) — h(1 — 84?) + (D + 4d)

Qs = 8/5

There bs = 0 and a = 4/5. In the equation for Nj, split the source into its geometric
and pressure parts. At the start of the first transition their values are respectively O(|7]|)
and O(P?|51|); one parameter derivative removes the factor |7|. These estimates follow by
integrating the constant ideal geometric source and the bounded pressure source against the

!
1 > ¢ 5. (A.25)
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kernel in the integral representation of N;. Evenness of the pressure and the ideal shapes
supplies the vanishing at 7 = 0.

During the first transition U = 457, W =1 —4L < 0 and | > 0, so the angular source is at
least —h. The finite transition therefore preserves a positive lower bound for Qs, and bs = 0,
a < 2. In the axial transition, the angular source Sy is

Sq = —h(1—=2kn*) + (D +dk)nfs, Qs >c(p*+e¥) (0<y<Ty). (A.26)

The second estimate follows from variation of constants, since 7] = 172, D +dk > D, the
value of Qs at the inner endpoint is positive, and h < e Ta,

In this interval the geometric axial source is O(|y|). By (A.23), its pressure source
is O(E?|n|): the unmodified profile at larger radii decays at least as a constant times
e~2/2 and satisfies |0y log E| < |]j|. The subsequent azimuthal-profile correction may be
omitted because it preserves the total pressure increment. Solving N/ + N; = S,, and using
E? = P?f2e7V gives

‘NS‘ < C| er

B < Clil (5 +1+) < Clla+v).
Now bs = 2k'57/E, so (A.26) gives |bsw| < Cey. Also b? < 1 because P, > eld. Asa = 2,
choosing M;; first to make e; small and P, afterward proves both strict inequalities in (A.24).
The intermediate power-law interval. During the axial transition, write Ax(U) = ky. Then
k' =k — k, and the final eleven units with k = 0 give Lk < 1/2. Hence W =1 — Lk > 1/2 on
the next transition. Put ¢, = DyJ < 1?. With U = 0 the angular source on the transition is
(=)W — h + ¢;. A positive lower bound for Qs, independent of A, persists. The bound on w
depends only on the parameters fixed before A. Thus v/A|w| is small and bs = 0.

In the local logarithmic radial coordinate on the constant-slope interval k(y) = k(0)e™?, so
the angular source is exactly A — I + ¢, — ALk(0)e V. Integrating the scalar equation for Qs
gives

Qs > Cpre(772 + A+ 6_(1_/\)y)/

A—h+cy

Qs — S
INs/E| < Cpreln|(1+y)e /2y,

For the last line, U = 0 eliminates the geometric source and the pressure source remains
O(E?|n]); convolution with e~¥ proves the bound. One 7 derivative obeys the same estimate
without |57|. Using |57]/ (7% + e~ (174) < 1e1=M¥/2 we obtain

VAw| < Core VAL +1)eM2 =0(1) (0 <y <60log(1/A)).
P

Since a = 2 + 2A and bs = 0, this proves the admissible stress cone there. On the preceding
transition the same argument gives the admissible stress cone condition whenever I < 0, and
the relaxed condition at its initial endpoint.

The pulse. Here both shear components vary, so the cone test requires a more precise
relation between the averaged axial velocity and the pulse profile. Set m = Ax(U)/E and
B =1/2 — A. The exact equation for m is m’ + pm = R,. Extending the main pulse by zero
on the left and expanding its exponential convolution twice gives

i Ry B )LaébRb

p p

= Oc; (Cpre(1 +y)e” 17M), (A27)

+ O(A?) +m(0)e Y. (A.28)
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Indeed Taylor’s formula bounds the convolution remainder by CA? Ha%bRb o fy € FP0% do.
The start is flat, and the end bumps have exponentially small fixed ¢; derivatives. The same
expansion holds after one # derivative. The initial value is bounded by (A.14).
In the angular equation, W = 1 — 2DyEm — d(Em), and (A.20) show that S, = A —h +
¢y + O(CpreE). Equations (A.14) and (A.27) therefore imply
_A—h+tg
To1-A
The pressure normalized to vanish at radial infinity and its first 4 derivative are O(E?).
Furthermore, integrating XE*(R? — 1/2) and the moment discrepancy accumulated before
the pulse gives S/ (XE?) = Oc; (Cpre€®®/A) throughout the pulse. Formula (4.16) expresses

+ O(CpreA™®). (A.29)

Qs, N in terms of the radial moment functions and their #-derivatives, without radial
derivatives of E, U. Substitution yields

N,
fs = —Ry + (D + ¢y)m — Dymy + O(CpreA™). (A.30)
Here all constants are independent of C. Because |77|/ (A + ¢;) < C/V/A, (A.20) makes the
contribution of #m;, /Qs an 0(1) term. Combining Equations (A.28) to (A.30) gives

AMD +cy)(1—=A)
Z(J—ZRb—CdagbRb—FO(l), Cd— ﬁZ(A—h+c,7)

The estimate for w now reduces the cone test to bounds on the pulse shape and its derivative.
For the coefficient of R, use D +c¢; — B = A — h + ¢; the bound on C; follows by maximizing
the quotient at ¢, = 0, with h/A — 0. Also a = 2 +2A and bs = —R; + O(A). Apart from
exponentially small end bumps, R, > 0 and d¢, R, < 1.2. Thus

bsw < sup(—2R* +2.41R) +o(1) < .74,
R>0

2bsw + b2 /a+ (a — 2)w? < sup(—3.5R* +4.82R) +0(1) < 1.68.
R>0

<24o0(1).

Only the upper bound on the pulse derivative is used in these quadratic cross terms; its
negative derivative near the cutoff decreases the left-hand sides. All derivatives remain
bounded by fixed constants. The first margin gives a — bsw > 1, and vs > a > 2, proving the
admissible stress cone on the whole pulse.

Profile interpolation and exterior transition. After the pulse, U = M = ] = 0 and hence
W = 1. During the profile interpolation the angular source is — — h + Brey, 50 Qs > cA; the

small C,17 angular correction preserves this bound. Since S(o0) = 0,
S(X) _

I R S
2 2X/X E(X')2dX'. (A31)

Until the exterior transition, I < —A/2, and the remaining exterior transition integral
has the bound (A.18). Thus (|S| + [S,|)/X < CE?/), including the angular edit, while
ITIT| 4 |IT,| < CE?. Formula (4.16) now gives |w| < CE/A? < 1, since pulse end made E
exponentially small in 1/A. Here b = 0 and 2 < a < 2+2A + .2+ 0(1), so both cone
margins persist.

Once the exterior transition has started, its fields and remaining radial moment functions
are uniform in 7 except for the explicit coefficients in the identity for Q,;, N;. Combining
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(A.23) and (A.31) gives
N, = 2;7/ (he"™¥ — A)E(v)2 dv = O(E(y)?).
Y

Throughout the exterior transition and at larger radii, | < —3h/4. Since (logE)' =1-1/2,
for v > y we have

E(v)> = E(y)*exp (/yv(zl(s) —1) ds) < E(y)2e(1+30/2)(0-),

Consequently

h/ e’ VE(v)?do < hE(y)Z/ e 3s/2 4s = %E(y)z,
y 0

/Oo E(v)*dv < E(y)? /oo e~ (1H31/2)s gg — sz

y - 0 1+4+3h/2

With A =1/2+h and || < 1, these estimates give the stated bound for N; uniformly in
h. Before the steep-decay interval Qs > cA. After it, and through the first half-unit of the
terminal interval, Qs > ch: in the last constant-slope interval it decreases only to Q, < h,
and (A.16) gives the same lower bound for 0 < y < 1/2. By (A.17), E < Ce,qh® after the
steep-decay interval, so E/Qs; < 1 even when & is much smaller than e,. Consequently
|lw| < 1,bs =0, and 2 < a < 4 on the exterior transition interval under consideration. This
proves the strict true cone there.

Every lower bound for Qs used here is on a fixed compact logarithmic interval after all
choices in (A.6). The fields and the functions Qs, Ns on such an interval are independent of
XRr under the normalizations (A.4). Hence one final increase of Xr makes the large-p; 1 test
uniform. This finishes the proof of Proposition A 4.

A.6. Replacing the exterior power by a heat flow. The reference profile (U, E) of Propo-
sition A.4 has the required moments and satisfies U = 0, E = Epow = Coo X4 beyond the
terminal interval. The exterior power law Epoy still has a viscous residual. In this subsection
we will replace it beyond the annulus by the exact radial swirl heat flow K of Lemma A.6.
This will make the exterior momentum residual vanish and give the field smooth limits at
the singular time away from the axis. This replacement changes three moments; a correction
in the second reserved interval Z, restores them (Proposition A.7), including the pressure
datum I already prescribed for the axis in (A.21).

For a profile regular at the axis, write %(0),,@2(0) for its leading azimuthal and axial
momentum residuals. Thus %]-(0) = R](-O) in the notation of (4.12); these include radial
viscosity and omit the higher-order axial viscosity. The stress components are Ty(r) =
—r 2 52%50) (s)ds and Tz (r) = —r~! [§ s 2" (s)ds, as in Proposition 4.2. In the following
subsection we will use the corrected moment conditions to rewrite these integrals as integrals
from 7 to infinity (Lemma A.8) and determine the sign and limiting direction of the stress at
the outer endpoint (Proposition A.10).

Throughout this subsection 0 < h < 1/2, A =1/2+h,and D = 1/2 —h. We retain
d=1-n?1t=1—tand L = 1 —2hy? from (4.1). All parameters in the construction
of the outer radial profile are fixed in the order (A.6) before Xy is increased. In the local
logarithmic radial coordinate for the tail of (A.12), write y = log(X/ Xi1), Xp = e3X,,;1, and
Epow = Co X4, where co > 0 is independent of 7. Thus the reference tail is Epow fo(y).
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Set ax = 1+ h, and define the heat factor by
H(Z) = 1 / e v Y14 Zo)"dv, Z>0, (A.32)
F(aK) 0
Here T'(ax) = [; e “v"*~1dv is the gamma integral, so H(0) = 1. Write Eneat(X,77) =
Epow (X)H (2d/X) for the heat profile.

Lemma A.6. The function H is positive and smooth up to Z = 0 from the right. Every fixed
derivative is bounded on bounded nonnegative intervals. The field
K(r,t) = coos AH(27/5), s=12/2, (A.33)

is independent of z, satisfies ;K = (9y + r~'0, — r"2)K, and has K, < 0. Its profile is
Epow (X)H(2d/X), smooth with all y-derivatives extending continuously to 1 = =£1 from the
interior.

Proof. For the rising factorial (b),, = b(b+1)---(b+m —1), with (b)g = 1, dominated
differentiation gives

HM(Z) = (;(11)1(%’” /0 Ooe’”v“m(l + Zv) " do, (A.34)
H(0) = (=1)" (B)n(L + ). (A.35)

The integrable majorant obtained by deleting the last factor works also at Z = 0. In particular,
for each fixed derivative order the usual finite Taylor formula is valid there; no convergent
Taylor series is needed. On a fixed small nonnegative interval it gives

H(Z)=1-h(1+h)Z+0,(Z*), |H(Z)—1|+|ZH(Z)| < ChZ. (A.36)
Here the last constant can be uniform for 0 < h < hy < 1/2. Indeed (h),(1+ h), < Cph for
every fixed m > 1. Integration of hd,[e v (1 4 Zv) ] gives
Z2H" 4 (1 +2ax Z)H' + ax(ax —1)H = 0; (A.37)
both boundary terms vanish. Direct differentiation of (A.33), with Z = 27/s, gives
01K = —2ceos A7/,
(O + 7710, — 1)K = 2005 A Z2H + 2A + 1) ZH' + (A — 1/4)H].

Since 2A+1 =2ag and A> —1/4 = ag(ax — 1), (A.37) proves the heat equation with its swirl
term. Moreover, —ZH'/H is the average of hZv/ (1 + Zv) against the positive probability
density proportional to the integrand in (A.32). Consequently

ZH' rK, ZH' 1
2 < h, ﬁ__A_’H <3
The composition with Z = 2(1 — #2)/X uses only Z > 0. Each nonzero 5-derivative is a
finite sum of terms H*) (24/X)(2/X)* times polynomials in d’ = —25 and d” = —2. Thus
no division by d occurs. This proves the claimed closed-interval smoothness. The integral
formula is used only on its stated nonnegative domain. In particular the large-X expansion,
with its remainder after every fixed application of ((Xdx)/d;’), is

Eheat(X/W) _ 1 2h(1 +h)d

0< —

+ Opjm(X72). (A.38)

O
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The heat profile approaches the original power law at large X, with the derivative bounds
in (A.38). Denote by E. the reference profile constructed in Proposition A.4. We use this
small change to replace the terminal profile and restore the three affected moments by earlier
corrections. The other two moments are unchanged because both modified regions have
u=0.

Proposition A.7. Let Xx = e? X, and choose a smooth step 0 < xk(y) < 1 equal to zero for
y < .2 and to one for y > .5. The terminal replacement

Eq — Ea[l+ xx(y)(H(2d/X) —1)] (A.39)

can be compensated by three additive E-bumps in the second reserved patch in the intermediate power-
law interval. The complete edit preserves the functions M, ], the totals S(co), Cp(o0) from (4.15), and
the renormalized angular moment [;°(H — Hpow ) dX, pointwise on [—1,1]. For sufficiently large
XRg, it preserves E > 0 and the strict admissible stress cone from that patch through y = .5. The
original axis pressure datum and the profiles before the compensation patch are unchanged.

Proof. We estimate the three changes caused by the heat factor, cancel them with three earlier
angular bumps, and use the normalized radial moment formulas to preserve the admissible
stress cone.

Put x = X/ Xk and let eg be the reference amplitude at Xg. The reference tail is comparable
to exx 4. Equations (A.34) to (A.36) and the chain rule show that, for all fixed integers
Jj,m =0,

[(X0x)/9y (E — Eq)| < CimexXg'x™ 471, x>1,
The constants may depend on the already fixed schedule. In particular, all derivatives in
this estimate are bounded at 4 = 0. Writing A for the change caused just by (A.39), the three
discrepancies satisfy

© E? ek [® 2a2
A o dX| < CuX / A% dx, A4
! /0 sx X[ S Cusl [Tx 2 (A.40)
|01 AS(00)| < Crnek / ¥ 2A1 gy, (A41)
1
A /O (H — Hpow) dX| < CprexX1/2 /1 x A2 4y < CpexXVY2 (A42)

Here H = v/2XE and Hpow = \/ﬁEpow; the pure power is unchanged. The final integral is
1/h. It is finite because i > 0 has already been fixed before the large-radius choice.

The three moment discrepancies are small after normalization by their natural radial
scales. We cancel them on the second reserved patch, where the power-law profile gives
three independent moment weights. At the start X, of this patch, put x. = X/X,. Its
unmodified profile is E = e..f(17)x;1/2~*, U = 0, where f = (1+#?)~! > 1/2. Choose three
nonnegative bumps B; with ordered disjoint supports inside this patch and add

3
OF = e. ;Ci(ﬂ)ﬁi(x*)~

Normalize the pressure, S, and angular rows respectively by
e2 X.e2,  X3?e,. (A.43)

*7

Their derivatives at c = 0 are the integrals against the weights
Fa3/2n — a1 V2x1/2
* ’ * ’ I
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The exponents are distinct, so Lemma A.1 makes this matrix invertible. Its inverse is uniform
in € [—1,1]. The first two rows have quadratic remainders and the last is linear. Since
X./Xk and e, /e are fixed, dividing Equations (A.40) to (A.42) by (A.43) gives O (Xg')
after every fixed number of 1-derivatives. The local existence result of Lemma A.2 gives
a smooth solution with [|d}/c||e < CnXg'. Choose Xy sufficiently large that the moment
equations have a unique solution near zero correction coefficients, with invertible Jacobian.
Implicit differentiation then gives a finite bound at each fixed higher order of 7-derivatives.
Only the finitely many derivative bounds used to preserve the cone must meet prescribed
smallness thresholds.

The three altered moments have now been restored, and M, | remain unchanged because
both edited regions have U = 0. We must still check that the local changes in the profiles and
cumulative integrals preserve the cone between the compensation patch and the terminal
interval. The normalized radial moment formulas (4.16), in X/Xg, transfer the small
profile and moment changes to Qs, Ns on the fixed compact log interval from this patch to
y = .5. More explicitly, I = X%/ZT, ] = X%/ZT, M = XR]\7I, and S = XR§; insertion in the
identities for Qs, Ns cancels every Xg-factor, including those in H. The comparison costs one
further y7-derivative and gives O(Xg') changes in the required -derivatives of Qs, N;. The
positive lower bounds for E, Qs, the slope bounds, and the admissible stress cone margins
of Proposition A.4 consequently persist for large Xg. The intermediate values of I and the
transition value of Qs may vary while these admissible stress cone inequalities persist.

Finally, zero total pressure discrepancy means that integration of ITx = E?/(2X) forward
from the unchanged Iy still gives the pressure normalized to vanish at radial infinity. Before
the compensation patch this forward solution is unchanged. In particular the terminal heat
factor, which need only be smooth in #, does not alter the analytic axis datum. U

A.7. Recovering the stress from the exterior. In this subsection we will use the corrected
moments to prove that the stress vanishes beyond the annulus (Lemma A.8) and to determine
its direction as the outer edge is approached (Proposition A.10). We will first show that
the moment identities make the total weighted integrals of the leading residual zero. This
will allow us to compute the stress by integration from the current radius to infinity. This
representation depends only on the exterior profile once the regular axis and matching
moment conditions have been supplied by Proposition B.2 and Corollary B.10.

Lemma A.8. Suppose the leading axisymmetric field is smooth at the axis, has U = 0 and E =
Epow fo[l + xx(H(2d/X) —1)] for y > 0, and satisfies the exact moment conditions
o0 1 o E(x)2
M(00) = J(00) = S(c0) = 0, / (H— Hpow)dX =0,  TI(X) = —~ dx.
0 2Jx  x
The leading tangential stresses vanish for X > X;. Ony > 1/2, where xx = 1, they are given by the
weighted integrals of the leading residual from r to infinity, with positive integration sign, in (A.46).

Proof. The radial moment functions in the tail admit the following representations by integrals
from X to infinity. Since U = M = | = 0 there, W = 1, and

| XHpow(X) [ 1,
1(X) = =22 — [ (= Hpo)d, S(X) = 5 [ Edx,
1—h)I — Dyl 4hnS — dS
Qo= —14 LML= Dy N, = 2 0 g Ayt — i,

XH ’ s X
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The first identity uses h < 1 to integrate Hpow from zero. The others follow directly from the
exact moments and the integral identities for Qs, Ns (4.16).

We verify that no boundary term obstructs the backward stress formula. Let Kpow = €8
At large radius, uniformly for T in bounded nonnegative intervals,

K—Kpow = Oy(tr372), K =0,(r %), K, —rK=0y(r ). (A.44)

These follow from (A.36) and its fixed derivative versions. In particular, at any sufficiently
large fixed physical radius R,

—A

Cr(1+41)
2h

Thus the subtracted angular moment is a convergent integral. Its time derivative is justified
by the same integrable majorant, uniformly on compact time intervals. We obtain

/0 P (1tg — Ko ) dr = /24 /0 (H — Hyow) dX = 0. (A.45)

1-2h

/ r?(|K — Kpow| + [0:K]) dr < Ch(1+r)/ rl gy = R;
R. R

*

At the axis the subtracted power has weight r =", also integrable. Its time derivative is
zero. The angular transport integral is the sum of the radial boundary [r?u,14]$ and the
axial derivative of [ r?u,ugdr = q%?724](c0) = 0. The radial boundary vanishes by axis
regularity and by U = M = 0 on the exterior, which also gives Vj = 0. The radial viscosity
integrates to [r20,up — rug|y = 0 by (A.44). Thus the leading angular residual %éo) has zero
integral against r2dr.

For the axial component, [ru,dr = g'"4M(co) = 0. The pressure identity p(r) =
— [Zug(r')?dr' /7' gives

/0 r(u?+p)dr = ql_ZA/O (U? - E?/2)dX = 0.

Indeed the exact pressure calculation is

o0 00 IAVA v 0o
[ rvar=— [TEEE ([ i) ar = = [Tt
0 0 r 0 2 Jo

1,—2—4]1)

The exterior decay p = O( ensures convergence and r?>p — 0. The boundary terms

from radial transport and viscosity in the axial equation also vanish. Hence f r%z(o) dr =0.

Write Ty, T for the physical stress components, so T = g~4~1/27;. Their defining integrals
from the axis can now be rewritten as

To(r) = 1’12/r r’Z%’éO)(r’)dr’, T.(r) = 1/r r’%z(o)(r’)dr’. (A.46)

For X > X, the field is (uy, ug, uz) = (0,K,0) with z-independent pressure normalized to
vanish at radial infinity. Lemma A.6 makes both leading residuals zero there. Thus these
stress components vanish for X > X, O

The backward integrals contain the cutoff factor that vanishes to every order at the outer
edge. The next lemma separates this factor from a smooth coefficient, so that the stress
direction can be estimated even where the stress itself tends to zero.

Lemma A.9. Let ¢ > 0, let j be a fixed nonnegative integer, and let b(u, 1) be smooth for 0 < u < Jy
and for 11 in a compact interval K. There exists a coefficient B such that, for 0 < 6 < &y,

1 0 _ /82 A
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The coefficient B is smooth on [0, 8] x K, has B(0, 1) = b(0, 1)/ c, and has bounded mixed derivatives
of every fixed order there. The same assertion holds with any finite collection of smooth compact
parameters in place of 1.

Proof. Substitute u = 6/(1 + 6?v)1/2. The Jacobian is —36%(1 + 6%v)~3/2, and ¢/u* = ¢/ 8 +
cv. This proves (A.47) with

Je'e) _ - 5
B((s,ﬂ) :/0 e Cv(l—}—(SzU)U 3)/2b<m,7]> dv.

Every fixed mixed derivative of the final integrand is bounded by e~ times a polynomial in v,
uniformly on the closed parameter rectangle. Dominated differentiation proves smoothness
and the derivative bounds. Setting § = 0 under the integral gives the stated endpoint
value. g

The stress vanishes at the outer edge, so its limiting direction depends on the relative rates
at which its two components vanish. The backward formula and the flat integral lemma give
these rates, with a positive leading coefficient in the angular component.

Proposition A.10. Under the reqular axis and exact moment hypotheses of Lemma A.8, the profile
on the terminal interval satisfies the admissible stress cone on .5 < y < 3. Its stress direction extends
smoothly to the outer endpoint, and 2 — (a — 2)(T./ Ty)?, interpreted through this extension, has a
uniform positive lower bound. More precisely, for 6 = 3 — y sufficiently small,

Top = e /7 673by(8,17), be(0,17) > 0, (A.48)
To- = e %8, (6,1), (A.49)
;rge = 5622 — 0. (A.50)

The coefficients are smooth on a closed outer collar, and by has a positive lower bound there. For every
fixed mixed profile derivative !, there are finite constants Cj, Ny such that

015 < Cre™/ %N, | Tg| > e/ 575, (A51)
These constants may depend on all fixed profile choices and on 1, but not on the physical scale q.

Proof. We first derive a positive angular stress and bound the ratio of axial to angular stress.
We then factor the flat endpoint terms to prove smoothness of the limiting direction.

On y > 1/2, where xx = 1, let f = f,(y) and write f' = 9d,f. Here uy = Kf and
u, = u, = 0. The heat equation from Lemma A.6 and y; = (gL)~!, y, = —21/(qPL) yield

/
#)) = I;{ —K(for +771f) — 2K, f,, (A.52)
_ 2n 3K N2 £ F (0 dy A53
p:r) = oy |, KWW Y) dy (A.53)
Integrating the viscous terms of (A.52) by parts in (A.46) gives the exact formula
_ l o _ 2 / 1 /Oo 21 £ 1.0
Tg_KfH—rz/r (K=K fdr' 4 oz [ K (A54)

All three terms are nonnegative: K > 0, K, < 0, and f’ > 0. On the remaining log interval,
whose length is at most 2.5, the ratios of radii and heat factors are bounded above and below.
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. 3 .
Since fy f'(v)dv = poipo(y), the last term gives

K
To > c;LpollJo(y) >0 (y<3).

Similarly (A.53) and the integral representation of T, imply

L

p=| < Cq PK2potp,  |T:| < Crq PK2potps, < Cq'PK = CEpowM(2d/X).

(A.55)
The constants here are uniform for sufficiently large Xz and small . The last equality
uses 1 — D = A; the amplitude reduction in the exterior transition of (A.17) makes its last
expression small. Meanwhile bs = 0, and

/ /
u:2+2h+2Z;;i—2J;>2+h, Z=2d/X, (A.56)
because f'/f < h/4 and, for large Xg, —ZH'/H < h/4. Also a < 2+ 2h. Thus vs = a,
P.—vs = Top/F > 0,and J. = Ty ./F. The directional cone inequality is (a —2)(T./Ty)? < 2,
with fixed strict slack by (A.55). This proves the admissible stress cone at each point before
the outer endpoint X = Xj,.

The cone inequality now holds at every interior point of the terminal interval. It remains
to prove that the stress direction extends smoothly to the endpoint. We factor the common
vanishing part of the two stress components and show that the angular coefficient stays
positive. The specified smooth step gives, near 6 = 0,

4R 1
l/Jo =e 4/5 g(é)/ g(é) = 67(1,5/2)—2 +e_4/52’ g(O) = e’

and hence
= poe 7 673[83(0) + 8°8'(4)].
We apply Lemma A.9 to the backward stress formulas.
Multiplying the boundary term in (A.54) by g4*1/2 gives

2Epow (X)H (2d/ X) f
V2X '
The two integral terms contain f’, so (A.47) with j = 3,c = 4 gives a factor e~*/ ” times a

smooth coefficient. They therefore vanish to order at least % relative to the boundary factor.
It follows that (A.48) holds, with

1600 Epow (X
ba(0,1) = L 4 20/ ,)5(0) > o

The positive lower bound is uniform for —1 <5 <1, since H has a positive minimum on
[0,2/Xp).

The pressure integral (A.53) has one f’-factor, so the same identity first gives p, = e~
times a smooth coefficient, apart from its factor - P~24. The integral representation of T,
requires one further integration with smooth weights. Applying (A.47) with j = 0 gives
precisely (A.49). In this normalization the powers cancel as g4+1/2¢1/2=D=24 — gl=D=4 — 1,
All remaining coefficients contain only smooth functions of X, 7, H(2d/X), and L~!; here
L >1—2h > 0. This also verifies closed-parameter smoothness and the absence of a physical
scale in both flat factors.

qA+1/2Kfr —

4/6%
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Equation (A.50) follows by division by the positive coefficient by. Its limiting direction is
(1,0), where the normalized directional quadratic expression equals 2. The stress itself is
zero at the endpoint. Finally each fixed profile derivative of the factorizations only introduces
a finite inverse power of J, proving (A.51). A smooth positive factor from the other endpoint
can multiply this outer weight without changing these local conclusions. U

APPENDIX B. ANALYTIC PROFILES NEAR THE AXIS AND THEIR CONTINUATION

In this appendix we construct the inner part of the leading profile (U, E,IT), where the
leading residual stress 7y must vanish (Proposition B.2). The outer profile has already fixed
the pressure datum Ilj at the axis (Lemma A.5). With that datum, we choose the remaining
axis data U, ¢, and solve the nonlinear profile equations (4.13) on a short radial interval.
The solution must be regular at the axis and have the strict shear inequality (B.19) at its
outer endpoint, so that it can be continued toward the outer profile (Corollary B.10). A large
parameter A in the azimuthal datum (B.3) gives both the analytic solution and the endpoint
bounds needed for this continuation (Propositions B.2 and B.3). The corresponding velocity
is smooth in Cartesian coordinates across the axis by Equations (4.4) to (4.5).

B.1. Choice of axis data. The pressure datum Il is prescribed, while the azimuthal datum
¢« = ¢(0,77) and the axial velocity U, at the axis remain to be chosen. In this subsection we
choose these data to keep the angular source S, positive and enforce the endpoint inequality
throughout the parameter interval (Proposition B.3). The azimuthal and axial terms will
provide the required lower bound on complementary parts of that interval, as separated in
(B.2).

We use the datum ITj of Lemma A.5; in particular it is real analytic near [—1,1], is even,
and satisfies

o < —cPIf?,  ylloyy >0 (3 #0),  f=(1+n>)""

All schedule parameters, including 0 < h < 1072, have already been fixed. Choose 0 < jp <
.05 small and set

U, = 44 + jo, H, = Dy +dU., (B.1)

The function H, has exactly one zero 779 € (—1,0): on (—1,1) the function H./d = Dy /d +
41 + jo is strictly increasing from —oco to +-o0. Its zero satisfies |#y| =< jo. Moreover

~W, =3 —8hy* + (1 —2h)joy > 28,  Z.(10) > cjoP? > 0.

For the second assertion, the term 4A#ITy(1) is positive and bounded below by cjoP?; the
term —dIly,(170) is nonnegative, the H, term vanishes, and the remaining term is O(jp). The
already large P, absorbs this last term.

Consequently one can first choose d, > 0 so that {|Z.| < .} avoids a neighborhood of 7,
and then choose ¢, > 0 so small that

2

H
X = o2 > .99 where |Z,| < .. (B.2)

These choices are made on a slightly larger compact interval I D [—1,1]. Choose a bounded
simply connected complex neighborhood Q) of I on whose closure L and H2 + ¢2 do not
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vanish and Iy is holomorphic. For A > 1 define

LH,
é* = _mr (ZO = Ag*/ (P* = exp (A /O77 g* (w) dw) . (B‘3)

The integral is well defined on (). On the real interval ¢, > 0. The amplitude C will be
chosen after A.

B.2. An analytic coefficient space. The profile equations (4.13) contain parameter derivatives
as well as radial derivatives, with a regular singular point at X = 0. In this subsection
we introduce a weighted coefficient space B, with norm (B.4) for their integral form, in
which increasing the radial degree compensates for a parameter derivative. The bounds in
Lemma B.1 control multiplication and radial inversion in this space, including the mixed
nonlinear terms needed in the contraction argument for Proposition B.2.

For the analytic axis construction, we use the scalar radial variable Y = AX. Fix a small
radius p > 0. For F(Y,7) = Y ,~0 Fa(7)Y* put

o ZOpr*ls,B!(wgﬁ) IEll, = sup su EANE]
= at D)2(B+ 1) A e ST

Let B, consist of the sequences of smooth coefficients with finite norm. It is complete: a
Cauchy sequence converges uniformly at each coefficient and derivative order, and uniform
convergence of successive derivatives identifies those limits as the derivatives of the limiting
coefficient. In the rescaled variable Y, the logarithmic radial derivative is Dx = Xdx = Ydy.
Let ZF = fOYF (Y',n)dY’. Radial averaging is unchanged by the scaling ¥ = AX, so
Ax(F) = Y~ZF.

Lemma B.1. Multiplication is bounded on B,. For v = 1,2, let J,F be the solution G of Y Gyy +
vGy = F that extends smoothly to Y = 0 and satisfies G(0) = 0. Its coefficients are given by

(ij )uc+1 - m/
The operator [J, is bounded on By, as are radial averaging, multiplication by Y, and the operators T
and 9, L. In addition,

(B.4)

(JvF)o=0. (B.5)

|70y F)(DxG)]|, < Coll FlloIG - (B.6)

The same estimate holds if either derivative is omitted or F is replaced by Ax (F). Extra undifferentiated
factors can be inserted, with one additional algebra constant for each factor.

Proof. The elementary convolution estimate
i (N +1)?
Z(A+1)2(N—-i+1

follows by dividing the sum at N /2. In the Leibniz formula for the product coefficient, its

derivative binomial cancels the factorials in the weights. The remaining binomial ratio is at

most one, since - ' L
(= (5

Indeed the left side counts some of the S-element subsets of a set split into blocks of sizes
i+kand a —i+ B —k. Applying (B.7) in both indices gives the algebra constant ng.

2 <8 21'*2 =: Csq (B.7)
1=



146 OPENAI

The two weight ratios needed for integration are
2
o 20(0c+2) a+1

— < 80, B.9
Oat1,6 (a+1)2a+B+1— (B9)
a; k1 20 . (i+ 2)2 (k + 1) 80

——— = —(i4+1)= < +1 B.10
avx ol a2 S p U, (510

The first proves the asserted bounds for J,, Z, and multiplication by Y; averaging divides
degree a by a + 1. The second proves the bound for 9,7, because its integration divisor
cancels i + 1.

For the mixed derivative bound (B.6), take the degree N = « + 1 coefficient of its left side.
Assign its extra degree to the factor carrying the parameter derivative, and write I; =i+ 1,
J1 = « —i. After (B.10) and division by ang, its fth derivative is bounded by

Ly (N+1)? (B+1)?
‘F”P \GleZOkZO N(w+v) (I +1)2(h + 12 (k+1)2(B—k+ 1)’

The binomlal ratio was dropped using (B.8) with radial indices Iy, J1. The first fraction is at
most one, and the two sums are bounded by (B.7). With an average on F, its divisor i + 1
cancels Ij; the resulting fraction is again at most one. If the logarithmic radial derivative
is omitted, replace J; by one. A logarithmic radial derivative without an 7-derivative is
controlled directly by (B.9) and (B.5). For additional factors, the same allocation leaves their
indices undifferentiated and repeated convolution gives the claim. This argument includes
the endpoint indices and every p. U

B.3. The nonlinear analytic axis profile. We now solve the equations (4.13) with vanishing

leading residual stress for the chosen axis data (Section B.1). After rescaling the radius by

Y = AX, we will show that the solution is a small perturbation of an explicit profile as A

grows ((B.13)). The scalar comparison function fy below controls the normalized azimuthal

profile ¢/ ¢. through fo(Yx); we will verify that it remains positive throughout the required

radial interval in (B.11). This will ensure that division by ¢ in the profile equations is valid.
The analytic scalar comparison function is

_ v (=z/2)"
fo(z) = ﬂ;om

For 0 < z < 4.1, set t = z/2. The alternating tail after the cubic term has decreasing
magnitudes, and hence

2 B8 305719

fE) 215+ 55~ 13 > Tymne 7 2 @) <1
The cubic is decreasing on [0,2.05], giving its stated endpoint value. For the upper bound
group the alternating tail after the constant term; its magnitudes decrease from the linear
term onward.

(B.11)

Proposition B.2. With the axis data of Section B.1, there are A and, for each A > Ao, an amplitude
threshold Co(A) such that every C > Co(A) admits an analytic axis profile with vanishing leading
residual stress on 0 <Y = AX < 4.1. It has the form

p=¢.P, U=U+A1u, TI=Th+A'Z(gPD%), ¢g=0¢./C, (B.12)
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where ®(0,717) = 1 and u(0,n) = 0. The profile is analytic in' Y and in 1 on a common neighborhood
of [0,4.1] x I. For every fixed r,s > 0,

YZ C
r s . * < =TS
L5 <q> fo(Yx), wt 7 )‘ < 5 (B.13)

sup
[0,4.1]x1

Here the constants and a smaller common parameter neighborhood are independent of sufficiently
large A and of C > Co(A). In unscaled radial derivatives, the corresponding bound is C, s A" 1.

Proof. We rewrite the equations in the rescaled radius so that the nonlinear remainders carry
a factor A~!. The radial inverses then reduce the problem to a contraction about the explicit
comparison profile. In the notation of the stress equations, put

B = —2DyAx(u) —dd,Ax(u), W=W,+A'B, H.=H.+A'du, p=1I(g*d?.
(B.14)
The equations with vanishing leading residual stress (4.13), together with radial pressure
balance, are

—2L(X¢xx +2¢x)/ ¢ = Sg, —2L(XUxx + Ux) = Sy, Iy = ¢*/C% (B.15)
Substitution of (B.12) gives
2(Y®yy +20y) = —xP + ARy,
2(Yuyy +uy) = —Z./L+ ARy,
with the explicit remainders
LRy = [W + k(1 —2qU) 4 dul,]® + WDx P + H.D,,
LRy = [A(1 — 4nU,) + dU,yJu — 2An A~ + WDxu + Houy + dA ™ Tuu,
—4Anp +doyp — 21 Dxp.
The leading angular term has the stated sign because H.go/(AL) = —x. The expanded
axial remainder follows by subtracting the constant value —Z, /L from L~1{A(1 —27U)U +
WDxU + Hc U, — 4AyI1+ dI1, — 2y DxI1} and multiplying by A.
To apply the radial inverse bounds, we must control the differentiated products in Ry

and Rj. The only products containing both an unintegrated parameter derivative and a
logarithmic radial derivative are

(3yAx (w)Dx®, (9, Ax (1)) Dxu.

Their derivatives act on distinct factors. Furthermore, 9,p = 9,Z(g*®?) is bounded by
Lemma B.1, and Dxp = Yg?®2. Thus the maps (®,u) — J,R; are bounded and locally
Lipschitz on fixed balls of Bg. This last assertion follows quantitatively by the displayed
algebra bounds; to estimate a difference, subtract each monomial by replacing its factors one
at a time.

The coefficient bounds just used are uniform in the large parameters. Indeed
Cs, X, Uy, Z4 / L are fixed holomorphic functions on (2. Choose a smaller neighborhood and
take p strictly below its distance to the boundary of (). After choosing A, require

C > sup [« (). (B.16)

neQ)
Then |g| < 1 on ), so Cauchy’s inequality bounds its derivatives on the smaller neighborhood
uniformly in both large parameters. The strict choice of p absorbs the factor (8 + 1)? in (B.4).
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It is essential here that the bound on ¢ holds on a complex neighborhood, since ¢, itself can
grow exponentially with A.

It remains to invert the order-one angular term without assuming that its coefficient is
small. Let M, bound multiplication by x on B, and set T = J>x/2, where multiplication
precedes integration. If F has no radial coefficient below degree b, (B.9) gives

80 (40M, )

(b+1)(b+2) ki(k+1)!
Multiplication by x preserves the vanishing of coefficients below degree b, and ./, increases
the minimum possible nonzero degree by one. Parameter differentiation introduces no
lower-degree coefficients, so the estimate includes arbitrarily high parameter derivatives of
the iterated products. The series ¥~ ((—T)* therefore converges absolutely in operator norm
and is a two-sided inverse of 1+ T.

The unperturbed solution is ®° = (1 +T)"'1 = fo(Yx) and u® = —YZ,/(2L). Solve the
equations by the map

| 72Flp < Fllo, 1T <

(00— (00 LETIER 8

2A AT

On a fixed ball about (®°,u’) the uniform bounds and Lipschitz constants established
above make this ball invariant under the map and make the map a strict contraction for all
sufficiently large A. Its fixed point has norm distance at most C/ A from the center. Choosing
Co(A) to include (B.16) implements the stated order of parameters.

Finally, for R < 20,

y (“ + ﬁ) (R/20)* = (1 — R/20)~F~1.
a>0 ﬁ

Choose 4.1 < R < 20. The coefficient norm therefore gives a common positive parameter
radius, any sufficiently small number below p(1 — R/20), on |Y| < R. Cauchy estimates
on a smaller Y disk give (B.13), including all fixed radial derivative orders. The original
derivatives satisfy d% = A’d}. Real data and uniqueness of the fixed point give a real
solution on the real rectangle. Its analyticity in X makes the scalar profiles smooth at the
axis. Together with E = v/2X¢/C, this gives a smooth Cartesian field by Equations (4.4)
to (4.5). The scalar lower bound (B.11) gives & > 0 for large A, and hence ¢ > 0. Division
by ¢ in the first equation of (B.15) is therefore valid throughout the real rectangle. O

B.4. Positive sources and the outer-endpoint alternative. The analytic solution must meet
the quantitative conditions needed to begin its continuation toward the outer profile. We
derive a positive angular source S; and a strict shear inequality (B.19) at the end of the
inner interval from the preceding approximation (B.13). The same estimates will bound
the normalized profiles and their parameter derivatives for use in the joining construction
(Proposition B.3 and Lemma B.4).

Proposition B.3. Increase A and then Co(A) if necessary. The normalized azimuthal profile satisfies
® > cp > 00n[0,41] x [—1,1]. On that rectangle its angular source satisfies

S; > 25+ .95ALy. (B.17)
Let p1 = psq = XQs/L, p2 = psp = XNs/(LE), and ny = N;/L. On 0 < X < 4.1/ A one has
p1/X>c1 >0, 0<p<C, ny=-2Ux=2Z,/L+O(A™"). (B.18)
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At Xo = 4/ A there is a fixed cex > 0 such that

2
L+ ;’32 > 24 Cox (B.19)

1
The quantities ®, log ®, u, p1, and ns have bounded derivatives in every fixed parameter order,
uniformly in subsequent C > Co(A); constants for derivatives in the original radial variable X may

depend on A.

Proof. The scalar bound (B.11) and the approximation (B.13) give ® > ¢y > 0 for large A.
On a smaller common parameter neighborhood @ is also nonzero, by compactness and
the uniform first derivative bound. The parameter derivatives of log ® are consequently
uniformly bounded.

The source bound depends on the logarithmic derivatives of ®. Since |H.x'| < 2||H.||«)
and fy is bounded away from zero, Dx log fo(Yx) = O(x) and H.9;log fo(Yx) = O(x). The
approximation and positivity therefore imply for the full solution

|Dx log ®| 4 |H.0,log ®| < Cx + C/A. (B.20)
Using (B.14) and (B.3), this gives

—Hcgo = ALY + Oo. (VX),
—H,(log$); > ALy — Cx — Co./X — C/A > 95ALx — Cy, / A. (B.21)

For example, |H.|/(H? + 02) < o, !,/X controls the first error. The second inequality follows
by increasing A to absorb Cx and then applying Young’s inequality to the square-root term,
allocating a total of .05ALY.

For the source itself use [ = 14 Dx log® and the defining formula S, = —WI — k(1 —
2yU) — He(logE);. By jo < .05 and (B.13), increasing A ensures |U| < 4.1 and therefore
|h(1 —2yU)| < 10h. The preceding bounds and W — W, = O(A™!) imply

Sq > ALx — Wi —10h — Cx — Cp,.\ /X — C/A.

Since h < 1072 and —W, > 2.8, the same absorption with A large proves (B.17). In particular
no division by x is used near a zero of H,.
The function Qs extends smoothly to X = 0 and has the positive integral representation

N S X'O(AX,17)S4(X, ) dX
Qs(X,1) = X2D(AX, 1)
Uniform upper and lower bounds for ® and (B.17) give p1/X > c;. Integrating the equations

with vanishing leading residual stress from X = 0 and using regularity at the axis gives the
identities

pr=a= -2YDy /P, ns = —2uy.
The upper bound for p; and the approximation for ns; now follow from (B.13). These
identities also give the claimed fixed bounds on #-derivatives.

It remains to prove the endpoint inequality. The two parameter regions selected by (B.2)
allow us to use either the azimuthal or the axial contribution. At Y = 4, first suppose x > .99,
s0 1.98 < t = 2y < 2. The alternating series for fy(z) + zf;(z) gives

2 t3 t4

t
/
+ <1l—t4+-———+_— < —18.
fo(z) +zfp(z) <1—t 17 3% 576< 18

The polynomial is decreasing on [1.98,2]. At t = 1.98 its value is —75535511 /400000000 <
—.188. The decreasing alternating remainder has the required negative sign. By (B.11),
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—2zf)/ fo =2 —2(fo + zf})/ fo > 2.36. Equation (B.13) therefore gives p; > 2.3 at the outer
endpoint for large A.

In the complementary region x < .99, (B.2) gives |Z.| > d.. Thus (B.18) implies |ns| >

. /2, after increasing A. At the outer endpoint,
|15

=CVv2/A .

P2l = CV2/A

For the now fixed A, the denominator has a finite upper bound uniform in subsequent large

C, whereas p; < Cy. Increasing Co(A) therefore makes p3/p; > 2.3 uniformly on this region.
Both alternatives imply (B.19), for example with cex = .2. ]

B.5. A reference continuation satisfying p;; + Ps,z/ psq1 > 2. We next continue the analytic
axis profile of Proposition B.2 toward the outer profile of Section A. The continuation must
introduce nonzero leading residual stress 7y satisfying the cone conditions and preserve
the pressure datum Ily of Lemma A.5. In this subsection, we first construct a reference
continuation ¢, U; by gradually setting the logarithmic radial derivatives of ¢ and U to
zero, as prescribed below in (B.22). Bounds on its integrated residual coefficients, proved in
Lemma B.4, will control the subsequent change in shear (Proposition B.5).

As in Proposition B.3, p1, p» denote the components of ps, and n; = N;/L. Recall that
Dyx = Xdx, equivalently d,, in a logarithmic radial coordinate. Bounds in C,’; refer only to
parameter derivatives, uniformly for —1 <x <1.

Let Xo = 4/A, Xp, = 100, and X; = 110. We choose a fixed f > 0 with 4e*! < 4.1. We use
the smooth step o of (A.5). For 0 < t; <, put y = log(X/Xp). The reference profile agrees
with the analytic axis profile for y < t; for t; < y < 2t; we prescribe

dylog¢r = [1—0((y — t1)/t1)]| Dx log Ppnat (X, 1),
oyl = [1—o((y — t1)/t1)| DxUnat(X, 17),

and then extend both fields constantly in the logarithmic radial coordinate. We compute the
reference pressure and the functions Qs, Ns by radial integration from the axis, using the
datum of Lemma A.5.

(B.22)

Lemma B.4. After the parameters of the outer and axis profiles are fixed, one can take A\, then C,
sufficiently large, and then ty sufficiently small, so that on [Xo, X;] x [—1,1]

2
P 2r
1r

Here p1, > 0, and p1, > 3 for X, < X < X,. For each fixed k, the parameter norms of CE,, its
reciprocal, p1r, and ns, on [Xo, X;] have bounds independent of sufficiently large C and of 0 < t; < L.

Syr > 9ALAX +24, <1,  v:=pi+

> 24 (B.23)

Proof. The analytic axis profile has a positive source and a strict inequality at its outer
endpoint by Propositions B.2 and B.3. We use its gradient bounds (B.20) and (B.21) and
source bound (B.17) to follow these properties through the cutoff. Integrating (B.22) shows
that U, and its radial average stay within O(A~!) + o4, (1) of U, in each required parameter
norm. Indeed radial averaging is a contraction:
sup || Ax(Ur) = Usllcs < sup [[Ur = Us]|cs-
0<X<X NES &3¢ !
The estimate is independent of the length of the interval on which the reference profile
is constant. The same slope integration bounds log ¢, — log ¢, in each parameter norm,
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uniformly in C, t;; its real value is bounded above and below. Thus CE; = v2X¢, and its
reciprocal have the asserted bounds away from X = 0. Moreover

X
I,(X) — Ty = C‘Z/O (X p?dX!,  sup [T —Thfl < GC 2 (B29)
X<X;
The regular axis factor makes this integral finite at zero.

For the source sign, its leading gradient contribution is —H.{y = LAx. The bound |&o| <
LAo; /X shows that replacing H, by H., introduces an error bounded by C,, \/X + 01, (1),
after A, C are fixed. The logarithmic slope of the axis profile and the remaining gradient give
Cx + C/A. Absorb these errors into a small fraction of LAY, using Cp, \/x < eALx + Cer, /A.
The constant contribution retains the slack from —W, > 2.8, yielding the first inequality
in (B.23). Since the axis profile satisfies p; = a > 0, its logarithmic ¢ slope is nonpositive;
cutting this slope to zero gives I, < 1.

The axial source satisfies S, = Z, + O(A™!) + 04, (1) + O(C~2). Here DxUnat = O(A™})
on the short cutoff, and (B.24) controls pressure and its needed parameter derivative on the
entire finite interval. The equations for p;, ns, are
XSgr Snr

L L~
Their regular initial values and bounded coefficients give the claimed parameter bounds.
On x < .99, the axis alternative |Z,| > J, therefore preserves the sign and a positive lower
bound of | y|.

The first equation in (B.25) preserves positivity and gives both comparisons

p1r(y) > p1:(0)eY +1.88x(e¥ —eY),

X X2
pre(X) > pre(Xo) 57 +12 ( - 0) _

DXpl,r - - lrpl,r/ Dan,r + Nsr = (B25)

X X

On x > .99, the first right-hand side remains above 2.3, since its initial value can be replaced
by 2.3 and 1.88x > 2.3/2. On the complement, p,, = Xn,,/E; grows uniformly in absolute
value with C, while p;, remains positive and bounded. This proves v, > 2 + c. The second
comparison gives p1, > 3 from X = 100 onward. O

B.6. Continuation to nonzero leading residual stress. In this subsection, we use the ref-
erence bounds of Lemma B.4 to reduce the shear s while keeping the integrated residual
coefficients p; close to their reference values as in (B.28). The resulting stress Ty = F(ps — s)
of (4.11) must become nonzero smoothly at the end of the axis region, satisfy the admissible
stress cone on a first collar, and retain the relaxed cone condition along the rest of the
continuation (Proposition B.5).

Proposition B.5. The analytic axis profile can be continued to X; with positive E, remaining
unchanged for X < Xo. Its stress has the factorization To = e,Bo, where the scalar factor e, vanishes
to infinite order at Xy and the smooth vector coefficient By is nonzero there. The admissible stress
cone holds on a first collar, and the strict relaxed cone condition holds on the rest of (Xo, Xi]. At X;,
a=.8 DxU=0,and p; > 2.

Proof. We reduce the reference shear on a short interval while ps changes by a controlled
small error. The resulting residual stress is nonzero and satisfies the cone conditions stated
above. We then verify its factorization by a function vanishing to infinite order and complete
the continuation with small shear.
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Fix a sufficiently large finite C. Choose 0 < t, < f sufficiently small that the bounds of
Lemma B.4 hold uniformly for every reference width 0 < t; < t,. The parameter bounds of
Lemma B.4 and its positive lower comparison for p;, give one finite upper bound Viax for
vy over this entire reference family. It may depend on C, but not on #;. Let 0 < kg < 1/2, to
be chosen using that bound, and on 0 < y < t; set

X
ea=1—x0)o(y/t1), K=1—e, a=xp, DxU= _x Zns’r, dylog¢ = —szl’r.
(B.26)

The reference agrees with the analytic axis profile on this interval. Subtracting its equations

gives exactly

eaPir e XNy

dy(logp —log ¢r) = 5 dy(U—Uy) = B (B.27)

Since e, increases, each fixed parameter derivative of these field differences is O(ye,).
Constants in the activation comparisons may depend on the already fixed C, A, but are
uniform as #; and k¢ decrease within the admissible ranges. The reference family bounds
control the integrated coefficients independently of both widths. The radial moment identities
(4.16), using one additional parameter derivative, imply

ps — psx = O(yeq), E./E =14 O(ye,). (B.28)

The comparison holds for field values and parameter derivatives; radial derivatives of the
narrow cutoffs may be large.

The actual shear is x(p1y, porEr/E). In particular the common « cancels from the ratio
ts = —bs/a before it is estimated. The definitions of P, J., vs yield

o Par Er

ts — pp—

pl,r E

No inverse power of xy enters these error constants. Taking t; sufficiently small gives
P. —vs > ce,, P. > 2+ ¢, and

(05 = 2)4+J2 < 2(Pc —v5)? (0<y<th).

Indeed the ratio of its left side to (P. — vs)? is at most Cy?. The quadratic test of Lemma 4.5
proves the admissible stress cone condition when vs > 2; when vs; < 2, P. > 2 gives the strict
relaxed condition directly. Continuity from v,(0) > 2 + ¢ gives one positive-width first collar
on which vs > 2 + ¢/2, uniformly in 7 for the final fixed parameters.

To establish smoothness after division by the flat factor, write e, = e B/ 2a(y) near zero,
where g, is smooth and positive. Lemma A.9, applied with ¢ = #2, j = 0, and coefficient g,b,
gives for every smooth coefficient b

ea(ly) /Oy ea(u)b(u, ) du = y*B(y,), ~ Be€C™

Division by the positive smooth g,(y) preserves smoothness and bounds on mixed deriva-
tives of each fixed order. The differences in (B.27) belong to e,y>C*®. Products, smooth
compositions, and reciprocals of nonvanishing fields preserve this class. The moment and
pressure differences vanish before Xp; their additional integration puts them in eay(’C"".
Substitution in (4.16) consequently justifies (B.28) after division by e, in every fixed mixed
derivative, and gives the exact factorization

To=eBo(y,11),  Bo(0,17) = F(Xo,%)psc(Xo,m) #0,  Bo € C*. (B.30)

, Us =kvr+O0(ye,), Po=vr+0(yes), Jc=O(yeq). (B.29)
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At the edge the limiting shear is ps,. Therefore By - (—t5,1) = 0 and By - (1, ;) > 0 there. At
the endpoint, By - (1,t5) > 0 and 2(By - (1,t5))* — (vs — 2)(Bo - (—ts,1))? > 0. Both quantities
have positive lower bounds on a smaller collar. In particular, for every fixed radial/parameter
multi-index I,

1To| > ce /Y, 9!Tg| < Cre /¥y N1, (B.31)
The derivatives in (B.31) act in (y,7); fixed derivatives in X obey the same form because
Xo > 0. The nonzero vector By(0,7) determines the limiting stress direction.

We now continue to X; while preserving the relaxed cone condition. After the first
transition keep (B.26) with k¥ = x through the reference cutoff and constant-slope interval.
For fixed C, A, integration over [Xo, Xp| and (4.16) give O(t; + ko) differences of field values,
logarithms, and the required derivatives with respect to 7. Choose xy small compared to
Vmax and the uniform family comparison constants, then choose t; small. This order does
not require a reference width to be fixed before «y. Formula (B.29) now gives P. > 2+ ¢/2
and vs < 1. The strict relaxed cone condition follows, regardless of the size of J..

At Xp, multiply the axial prescription for DxU by a smooth factor p decreasing from one
to zero in a short log interval. During this transition, P. = p1, + ﬁp%/r/ p1r+o(1) > 2, while
vs < 1. Next interpolate a convexly from xop;r to .8, keeping DxU = 0. Arrange first that
kosup p1r < .8. The second transition has v; = a < .8, and P. = p; > 2 by continuity from
the positive margin established at Xj},. Both transitions fit strictly before X;. On the final
constant-slope interval a = .8, I = .6, and the same gradient absorption as in Lemma B.4
gives S, > 1: its constant contribution is .6(—W,) > 1.68, while its leading gradient is
LAx. At a hypothetical downward crossing p1 = 2, Dxp; = XS;/L —.6p1 > X —-12>0, a
contradiction. This completes the continuation. U

The continuation remains analytic in 77 on the first collar. We reserve a smaller rectan-
gle there, so that later modifications preserve this regularity as well as the inner stress
factorization.

Corollary B.6. There is t. > 0, with t. < t; and 4de'c < 4.1, such that the functions
E/V2X,U,Vy/X,T1 on [0, Xoetc] x [—1,1] are smooth in (X, 1) through X = 0 and analytic in
on one complex neighborhood. Every fixed radial derivative of these four functions has that same
parameter neighborhood and finite bounds on a smaller neighborhood. On Xo < X < Xge'c, the
admissible stress cone condition and the factorization (B.30) hold. All subsequent profile modifications
are supported strictly to the right of Xoe'e.

Proof. Choose a compact complex neighborhood inside that of Proposition B.2, small enough
that the positive function ® of the analytic axis profile has no zeros. The formulas for Qs, Ns
computed from the reference profile, and (B.26), involve only analytic parameter coefficients,
their parameter derivatives, and forward integrals, multiplied by cutoffs in y alone. Their
denominators are nonzero on a smaller neighborhood. Exponentiation gives nonvanishing ¢,
so one neighborhood works throughout the fixed first collar. Radial differentiation changes
the cutoff bounds but not the parameter domain. Compactness and Proposition B.5 give an
inner collar on which the admissible stress cone condition holds; choose t. strictly inside
it and reserve the resulting rectangle from all later modifications. Neither f. nor radial
derivative bounds are asserted uniform as C grows and the transition widths shrink. The
radial moment and pressure integrals are forward, so changes supported later leave this
rectangle unchanged. O
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B.7. Aradial transition length chosen before the amplitude. In this subsection, we construct
the remaining transition (B.34) to E = P, f(X/Xg)"1?, with f = (14 #?)~!, before correcting
its radial moment functions in the next subsection (Proposition B.8). We first bound its
logarithmic radial length Ty, independently of the amplitude C chosen later, using Lemma B.7
and (B.33). Increasing that amplitude can then move the matching radius X outward
without lengthening this transition, making the normalized inner moment discrepancies
small (Equations (B.38) and (B.39)). The estimates below concern parameter derivatives;
bounds for derivatives with respect to X need not be uniform in the radial transition widths.
In the bounds below, xy € (0,1/2) is the parameter controlling the shear reduction in (B.26).

Lemma B.7. Fix the data for the outer profile and the axis, A\, and a finite parameter order k. Put
¢; =1og(CE(X;, 1)) and G; = U(X;,n). Let wgn, be the sum of the logarithmic radial lengths of the
final axial cutoff and the interpolation of a to .8 in the proof of Proposition B.5. The continuations
constructed there satisfy

14ill e < B,

cpat join (B~32)
||Gz' - u*Hc{; < % + C}( (A)(tl + Ko +wﬁn)'
The constant C;?" is independent of both A and sufficiently large C, with the preceding axis data fixed.
The bounds By and C"" (A) may depend on A, but are independent of sufficiently large C and of
smaller radial transition widths.

Proof. Write Ly = log(X;/Xo). Let My, Ni be the amplitude-independent bounds for p; , 1 x
from Lemma B.4. Before the final interpolation of a to .8, the actual logarithmic slope is
—xp1,/2, with 0 < k¥ < 1; during that interpolation it varies convexly to —.4, after which it
remains constant. Consequently

l10g9(Xi)llcs < [[10g . +1og ®(4, )llcs + H(My + 8)Lo.

Adding % log(2X;) proves the first assertion, using (B.13). The first axial transition changes
U by at most Xoekatl /2; the remainder contributes at most X; Ny kg /2, with the same bound
for its transition to zero. The approximation error for the analytic axis profile is C,I{‘at/ A,
with the constant independent of A, by (B.13). These estimates prove (B.32). Only integrals
of bounded cutoff values were used, so inverse powers of their widths do not occur. O

The bounds just proved let us choose the length of the transition independently of the
final amplitude. We choose

Ty 2 20]1¢" oo (By + || 0g 0)- (B.33)
For y; = log(X/X;) we prescribe
logE = —log C+ YL 4 (1 — o(yi/ Tun) )i + o(yi/Ta) log f, U = Gx. (B.34)

10
Then ! = .6 + T;'0’(yi/ Ten) (log f — ¢;) lies in [.55,.65], so a € [.7,.9] and bs = 0.
Along the transition (B.34), the source still satisfies S; > 1. To verify its sign, make the
changes before the final .8 constant-slope interval small in the required C’,; norms; that
constant-slope interval has a parameter-independent slope. Thus ¢} = ¢y + (log ®(4,-)), +
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0(1) and G; — U, = O(A™ 1) + o(1). The old gradient obeys
—H.l} > LAY — Cx — Con/X — C/A —o(1),

2nH, )
—Hc(log )/ = ’7+ 1762 > —C2—C/A —o(1).
For the second line use 7H, = (D + 4d)5? + djoyy and complete the square. For the first line
use (B.20), which gives H.,9,log® = O(x) + O(A™!); multiplication of the O(A™!) field
error by ¢o introduces an error bounded by C,, ,/x, which is absorbed as before. The two
gradients are combined convexly in (B.34). Since —W remains close to —W, > 2.8, > .55,
and £, jo are small, S; > 1 follows. The barrier Dxp; = XS;/L —Ip; > 0 at p; = 2 preserves
p1 > 2. Thus this entire transition, and the subsequent constant-slope interval before
restoration, continue to satisfy the strict inequalities defining the relaxed cone condition.

B.8. Matching the five radial moment functions exactly. The azimuthal profile E now has
the required reference form (A.7), and the axial profile U = G; is close to its reference value
47y by (B.32) and (B.1). In this subsection, we match the five cumulative radial integrals
M,1,],S,Cp of (4.15) to attach the outer profile. We first choose the radial scale Xr so
that their normalized discrepancies are small, then correct them with five fixed bumps
while preserving the relaxed cone inequalities (Proposition B.8). The common axis pressure
datum Iy and exact moment matching will then preserve every subsequent outer field by
Lemma 4.4.
We set
Xr = X;(CP,)Y, x = X/Xg.

We also set Xsep = X;eTsn, the endpoint of the transition (B.34); it is fixed before the amplitude.

Proposition B.8. For a sufficiently large amplitude C, followed by sufficiently small activation
transitions, the profile constructed in Proposition B.5 and continued by (B.34) can be continued to
log x = —5, preserving the strict relaxed cone condition, so that its fields, pressure 11, and all five
radial moment functions M, I, ], S, C, agree exactly with those of the reference inner profile (A.7). It
can then follow the reference outer radial profile without changing its prescribed pressure datum or
the subsequent values of Qs, Ns.

Proof. We first normalize the radial moment map so that its inverse bounds do not depend
on the later large radius. We then show that the discrepancy accumulated at the inner
endpoint is small in those units and cancel it with five fixed bumps.

We introduce H = /2xE and normalized radial moment functions by

M=XgM, [=X¥?1, J=X¥?], S=XgS,

X E(¢, 2
c,,:/0 (26’7) dz,  T1=TIy+C,.

Here M,T,T,g are the integrals of U, ﬁ, UH, u? — E2/2, respectively, with respect to x.
Substitution in (4.16) gives
W =1-2DyM/x —dM,/x,

w o (L=MI =Dyl —dj, +2(h = D)y]

Qs =— s / (B.35)

D(M — yM,) + 4hnS — dS,
(M= ”); 12700 4 gpyn1 - ar,,

N; = -WU +
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In particular Xz has disappeared from the formulas for Qs, Ns. On the fixed interval
R = [e78,e7%], the ideal Eg = P, fx'/1% and Qs have positive minima, and the ideal N; is
bounded; these are properties of the explicit formula (A.25). The map (B.35) is Lipschitz
there in each prescribed finite parameter norm, with one further parameter derivative on its
inputs, and with constants depending only on data of the outer profile.

The same is true of the fixed restoration and moment correction operations. To make
the cone tolerance explicit, set Qmin = ming . [_1,1) Qs0 > 0, e, = minEy > 0, and w, =
1+ max|N;o/(EoQsp)|- A tolerance determined by the exterior-profile data can ensure
throughout both operations that

N; 1
> i > * v . S +Ly S *7 S . .
Qs 2 Omin/2, E>e./2 ‘ﬂ 8‘ 1 'EQS w |bs‘ 1+ w. (B.36)
It follows that v; < .9 +.01/.7 < 1. Setting G = Qs — bsNs/ (aE), we obtain
6 3Qmin XRx
> —Q, > P.= —GG. B.37
G - 7QS - 7 7 C L G ( 3 )

Thus P. > 2 follows by increasing X after fixing the tolerance. No moment correction
tolerance has to shrink with Xg.

It remains to show that this fixed tolerance is achievable. In normalized coordinates, the
endpoint Xsep has coordinate

Xsep = Xsep/ Xr = €' /(CP,)™. (B.38)

On [0, Xsep), the previously established bounds for log(CE(X;, -)) and U(X;, -), together with

(B.34) bound U and CE in each required parameter norm; near zero CE = O(v/X). Hence
the contributions to the cumulative integrals from 0 < x < xgp satisfy

|¥ s +11Sllcs < Cexseps
1Tl + 1Tl < G322, (B.39)
IColles < CC? (= xep).

The corresponding integrals of the ideal profile with positive weights also vanish as positive
powers of Xsep. The pressure increment of the reference profile at xsp is (5/2)P2 fzx;e/p5 =
O(C~2). All constants in these vanishing errors may depend on the already fixed axis and
shape parameters.

After Xsep, formula (B.34) is exactly the ideal angular profile because C~1f(X/X;)1/10 =
P, fx'/1%. Choose the amplitude so large that xsep < e 8. On —8 < logx < —7, restore G;
smoothly to 47, keeping E ideal. The discrepancy G; — 41 can be made as small as required
by first choosing jo, then A, and finally the small transitions in (B.32). Integration over the
remaining interval gives bounds depending only on the exterior-profile data: all relevant
weights are integrable positive powers at zero. Therefore the five normalized moment

discrepancies at the moment correction have size at most Cy||G; — 47| st+1 +0c(1). The
1

same estimate controls field values, logarithmic radial derivatives, and Qs, N5 on the fixed
restoration patch.

On —6 < logx < —5, add two fixed radial bumps to U and three to E. At the ideal profile,
replace the | row by | — 451, and the S row by S — 8y M. Up to fixed nonzero normalizing
factors, the derivative of the normalized moment map has the two blocks

U weights : 1, fx*>; E weights :  x1/2, fx!/10, fx=9/10,
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Corollary A.3 makes this matrix uniformly invertible on the compact parameter interval. The
nonlinear terms are exactly quadratic. Lemma A.2 therefore solves the five equations with
smooth coefficients whose prescribed finite set of #-derivatives satisfy the required smallness
bounds. All higher fixed derivatives exist with their own finite bounds. This proves (B.36),
by first fixing the radius of its small-discrepancy neighborhood from data of the outer profile
and then imposing it on the estimates above. The bumps are supported strictly inside their
patch, so the fields equal the ideal near its right endpoint. All five rows and the common
ITy now give identical pressure and functions Qs, N by (B.35); Lemma 4.4 propagates this
equality along the outer radial profile. U

B.9. Order of choices and the completed connection. In this subsection, we collect the
parameter choices and state the completed connection. The matching tolerance in (B.36)
depends only on the outer data, and the radial transition length Ty, in (B.33) has been
bounded independently of the final amplitude C by Lemma B.7. These facts allow the
amplitude to be chosen to reduce the moment discrepancies before the last transition widths
are fixed, as summarized in (B.40).

Remark B.9. Fix any finite list of 7-derivative orders whose bounds are needed to preserve
the profile inequalities and solve the finite moment equations, including the extra parameter
derivative in (B.35). The choices above and in Section A can be made in the following order:

My, Ty, P, A, h — tolerance for matching moments, jo — Js, 0%, A

B.40
— (By), Tsh — C, Xr — ko, t1, widths of final transitions. ( )

The choices for the outer profile first make CpreV/A(1 + log(1/A)) small, and then h < A,
h < e T, with Cpye already fixed. The tolerance determined by the exterior-profile data
is justified by (B.37); the choices of jo and A make the contributions jo and C'/A to the
axial matching error small enough. Lemma B.7 fixes Ty, before the final amplitude. The
amplitude then ensures p;; + p%/r/ p1r > 2 + ¢, the cone inequalities for the outer profile at
large radius, Xsep/Xr < e~8, and the bounds on the inner-interval contributions in (B.39).
The final narrow transitions secure the activation comparisons and the remaining errors at
X = X; while preserving the previously established bound. Only after these finite choices
is the radial frequency used for admissible-stress-cone realization selected. Smallness is
required only for the prescribed finite set of #-derivative bounds. Derivatives of every other
fixed order have finite bounds after the choices are made; radial cutoff derivatives may
contain inverse powers of the final widths.

Corollary B.10. The analytic axis profile of Proposition B.2 admits a smooth continuation with
E > 0 for X > 0, matching the reference outer radial profile at log(X / Xr) = —5, with exact fields,
pressure, and radial moment functions. It has vanishing leading residual stress through Xy, followed
by an inner collar on which the profile remains analytic in 1 and satisfies the admissible stress cone
condition, with the flat factor (B.30). It satisfies the strict inequalities of the relaxed cone condition
thereafter up to the matching point. Its finite parameters can be chosen in the order (B.40).

Proof. Combine Propositions B.5 and B.8, the preservation of p; > 2 along the profile (B.34),
and Corollary B.6. O

APPENDIX C. REALIZING THE ADMISSIBLE STRESS CONE

The inner and outer profiles E, U, Il have been joined with the required pressure datum
and radial moments (Corollary B.10). On part of the joining interval, however, the shear
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(a, —bs) satisfies only the relaxed cone condition (4.21). The wave construction requires the
additional inequality vs > 2 from Lemma 4.5. In this appendix, we will enforce it by a rapid
radial variation of the shear, supported away from the axis and the exterior.

The shear depends on radial derivatives (4.11), while the cumulative moments m =
(M, 1,],S, C,,) depend on profile values (4.15). We will use this difference to obtain an
order-one change in shear with a small change in the profiles and their moments: we will
prescribe a periodic family of admissible shears (a1, —b;) whose mean is the original shear
(Lemma C.1), then integrate it at high radial frequency. A correction on the next reserved
interval listed after (A.9) will restore all five moments exactly and hence preserve the exterior
fields (Proposition C.2).

We take the profile supplied by Corollary B.10, Proposition A.4, and Proposition A.7.
The matching of the axis profile’s radial moments to those of the reference outer profile in
Proposition B.8 supplies the regular axis and exact moments required in Lemma A.8. These
results therefore give the fixed input profile E, U, I'T used below. We keep this profile and
all its parameters fixed while carrying out the shear modulation and moment correction in
this appendix. Its leading residual stress 7y is nonzero precisely on (X,, X;), with endpoints
independent of 1. The profile satisfies the strict inequalities of the relaxed cone condition
throughout that interval and the admissible stress cone condition on an inner collar and
from the intermediate power-law interval onward (Propositions A.4, A.7 and A.10). The two
edge factorizations are (B.30) and Equations (A.48) to (A.49). We choose a compact interval
T =[X_,Xy]| € (Xy Xp) containing every point where the admissible stress cone condition
may fail, starting inside the first collar on which the admissible stress cone condition holds
and ending in the intermediate power-law interval before its first reserved patch. Shorter
collars at X, and X, will remain unchanged. We fix the rectangle near the axis from
Corollary B.6, on which E/ V2X, U, W/ X, 11 are smooth in X, 7 and analytic in 77 on one
common complex neighborhood. We choose its radial endpoint in the shorter inner collar,
before X_. We denote this endpoint by Xan.

C.1. A loop with the prescribed mean. In this subsection, we will construct the family
(ar, —br) of shear vectors at each profile point, holding the integrated residual coefficient p
fixed (Lemma C.1). Their average must equal (a, —bs), so the difference has mean zero and
hence a periodic antiderivative. In Proposition C.2 we will integrate this difference into a
small change of the profiles. The family must depend smoothly on (X, #) and remain equal
to the original shear near the radial boundaries, where no modification is needed.

Lemma C.1. Let a, bs, ps be smooth on T x [—1,1], with a > 0, and set t; = —bs/a, vs = a(1+ t2).
Suppose the strict inequalities of the relaxed cone condition in (4.21) hold everywhere, and that the
admissible stress cone holds in neighborhoods of the two radial boundary components. There is a
smooth loop (ar, —br)(X,n, @), of period one in ¢, with ar, > 0, such that

1
| (o =) dp = (a,—b). (1)

Let Y be the vector of cone gaps in (4.35). There are constants «kr,, 6y > 0, depending on the fixed data
a,bs, ps, L, such that

¥i(a(X, 1, 9),b0(X, 1, 9),ps(X, 7)) > k1,

(X,m,9) €eZx[-1,1] x (R/Z), j=1,2,34 (©2)
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On the radial boundary collars,

(aL, =bL)(X, 7, 9) = (a,=bs)(X, 1),
XeZ, dist(X,07) < &, (n,9) € [-1,1] x (R/Z).

All smoothness assertions include the closed parameter interval —1 <n < 1.

(C.3)

Proof. Write a shear vector as a positive multiple of (1,¢). We will vary the ratio t with
mean t;, choose a scalar v > 2, and seek admissible vectors of the form v(1,t)/(1+ t?). The
variance of t will determine v. A change of parameter around the loop will then give these

vectors the required mean (a, —b;).
For an auxiliary angle ¢/, write (f)y = (277) ! 02n f(0") d¢’; this average is distinct from
the physical angular and auxiliary-torus averages. Put P.(t) = ps1 + psot and J.(t) =

ps2 — pspt. Choose 0 < do < % min(P.(t;) —2), and define

Me(z) = (&%), (C.4)

Upsp sin 6’ -1
) =ty dy fe(”’ﬂ) , wxo. (C5)
5,2

The apparent singularity at ps» = 0 is removable. Indeed, for a smooth numerator G(p) with
G(0)=0,G(p)/p = fol G'(up) du. Applying this identity to (C.5) gives joint smoothness in
all its variables and the value t = t; + dop sin 8’ when ps» = 0. The family has the identities

(tyg = ts, P.(t) > P(ts) —do > 2,
dy [ Me(2ppsp)
V(u, pso) := t—tsz ,:0[“5'_1]
(hopea) = ((t = 10 = 2 | AP

At pso = 0 the last expression is d3p?/2.

We show that a prescribed finite variance can be attained uniformly over the compact
range of psp, including ps» = 0. Let ¢ = log M,. Its second derivative is the variance of sin 6’
under the strictly positive tilted probability density, so g > 0. For p # 0 and u > 0,

9utg(2up) = 28(up)} = 2p{8'(2up) — &'(up)} > 0. (C6)
Thus V increases strictly with u > 0, also when p = 0. Quadratic upper and lower bounds
for sin 6’ near its maximum, and a uniform gap from that maximum on its complement, give
M,(z) =< e/ /]z| for |z| > 1. Consequently M,(2z)/M,(z)? < /]z|, and V (i, p) — oo for
every fixed p, including zero. Continuity, monotonicity, and a finite cover of the compact
range of ps» now give one finite ymax such that

V (Mmax, Ps2) > 3/ mina throughout Z x [—1,1]. (C.7)

We can therefore choose the variance of t throughout the compact parameter set. We
next bound the allowed value of v so that all resulting shear vectors stay inside the cone.
For 0 < p < pimax, the functions #(¢’; 4) form a compact family with P.(¢) > 2. The upper
admissible bound U for v from (4.21), the smaller root in v of 2(P. — v)? = (v —2)J?, is
continuous and strictly greater than two there. Choose 0 < 6;, < 1 so small that

U(PC(t)/]C(t)) > 2+5L (0 < 12 < ]/lmax)- (CS)

Shrink ¢;, further below the positive minimum of v; — 2 on smaller neighborhoods of the
radial boundaries. Choose J;, after fixing pimax.
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Only the region where v; is near or below two needs a nonzero variance. We leave the
admissible boundary data unchanged. Let {; be a smooth nonnegative function of v, at
most one, equal to one for vs < 2+ 6;,/8 and zero for vs > 2 461, /4. Set

v, =2+46L/2, 0 = C1(vs)*(vs — v5), v =0s+p, (C.9)
where p is defined to be zero off the support of the cutoff. Its nonnegative square root

is smooth: wherever the cutoff can be nonzero, v, — vs > J1/4, so it is {1 (vs)\/vs — U5,
extended by zero. Also 0 < p < 3. Solve

V(V' pS,Z) = p/a/ 0 <y < Mmax- (C.10)

Existence and uniqueness follow from (C.7) and strict monotonicity. To verify smooth
dependence where p = 0, the expansion of (C.4) gives, uniformly for bounded p,

V(kp) = 51 + O('p?).
The signed square root of V is smooth and odd near u = 0, with derivative dy/+/2. The
implicit function theorem applied to this square root and the smooth right side ,/o0/+/a

proves smoothness through p = 0. Away from zero it follows from (C.6).
The definition of p gives

v=(1—=C1(vs)?)vs + {1(vs)?0s.
Since 0 < {1, < 1, the three cutoff regimes satisfy
U = U, ifos <2+461/8,
2<s<v<v, if246./8<vs<2+46./4,
v=u0vs>2 ifvy,>2+46./4

Thus v > 2 everywhere, and v < v, wherever the cutoff is nonzero. Where the cutoff
is zero, y = 0 and v = v; > 2, so the strict inequalities of the relaxed cone condition
apply to the given data a, bs, ps. It follows from (C.8) that all the proposed states satisfy
2 < v <U(P(t),](1)).

The vectors now lie in the admissible cone. Their average depends on how long the loop
spends at each value of t. To impose both prescribed shear averages, reparametrize 6’ by a
lifted angle ¢, with origin at 6’ = 0, by

dp a(1+12) ~o(Lt)

e’ —  2mo ' (o, =bu) = 1412
Since a{l + t?)¢ = vs +aV = v, the lift satisfies (0’ 4+ 277) = ¢(0') + 1. Its derivative has a
positive lower bound on the compact family. It therefore defines a circle diffeomorphism
with smoothly parameter-dependent inverse. Changing variables gives

1 1
/ apde = a, / (=bp)de = a(t)y = ats = —bs.
0 0

The loop satisfies —by./a;, =t and ap (1 + t?) = v, so the admissible stress cone inequalities
follow from the preceding scalar inequalities. On the boundary neighborhoods the cutoff
vanishes, hence the loop equals the original shear (a, —b;). Compactness gives the uniform
margins (C.2) in a;, v — 2, and the two strict inequalities of the quadratic cone test; the fixed
boundary neighborhoods give (C.3). 0
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C.2. Radial modulation and exact restoration of the radial moment functions. The loop
in Lemma C.1 was constructed with p; fixed. In this subsection, we will insert it into the
profiles E, U and control the resulting change in ps, which depends on their radial moments
through (4.16). We will evaluate periodic antiderivatives at Nlog X and divide by N, so that
the profile values change by O(N~!) while the shear changes by order one. The proof of
Proposition C.2 will establish these estimates, bound the resulting moment errors by O(N 1),
and remove them on the reserved correction interval. The comparison with the fixed input
profile E, U, IT in the following proposition does not assert small radial derivatives.

Proposition C.2. For the fixed input profile E, U, 11 selected at the beginning of this appendix,
a sufficiently large finite integer N and a correction supported in the first reserved patch in the
intermediate power-law interval give smooth profiles E, U, TT with E > 0 for X > 0, satisfying
the admissible stress cone throughout (X,, Xp). Both endpoint collars, the rectangle near the axis
described above, and the two patches reserved for higher-order and mean corrections are unchanged.
With @, Qs, N defined from these profiles by (4.15) and (4.16),

(m, I1, @5, NS) = (m,IT, Qs, Ns) beyond the first correction patch.

Before that point, profile values and each fixed number of n-derivatives differ from those of the input
profile by O(N~1).

Proof. The prescribed averages make the differences between the loop and the original
shear integrable in the periodic variable. Let ./, % be the unique zero-mean periodic
antiderivatives
dpo/ = —3(ap —a), 9,8 = 3E(bL — by). (C.11)
They exist by (C.1), are smooth, and vanish identically on the boundary neighborhoods of Z.
Extend them by zero radially and put
o/ (X,n,Nlog X) AB(X,1,Nlog X)

En = Eexp( N > , Uy =U+ N . (C12)

The extension agrees smoothly with the input profiles E, U. In the next identity, Dx = Xdx
differentiates a function of (X, #, ¢) while holding ¢ fixed; all its terms are then evaluated at
@ = Nlog X. The exact shears of (C.12) are

ay = aj — ZDNX”‘Z{ ,  by=e7/N (bL + 21;\;?) . (C.13)

Indeed X0x after substitution is Dx + Nd,; inserting (C.11) into ay = 1 — 2Xdx log Ex and
by = 2XdxUn/En proves both formulas, including the exponential denominator in the axial
shear.

On the fixed compact radial range from X_ through the first correction interval, X, E, H, L
have positive lower bounds. For each fixed m > 0, the phase in (C.12) is independent of 7, so

m . .
sup ) (!8{7(EN —E)| + |9 (U — u)|) <CuNL. (C.14)
X j=0

The same estimate holds for the differences between the shears in (C.13) and their loop
values. The derivative Xdx(En — E) can have order one. In general, for fixed r > 1,m > 0,
radial differentiation of (C.12) gives a bound C; ,, N "1 for the mixed derivatives of the profile
difference. To check the cone condition for the modified profiles, we need control of ps as
well as of the shear. Its radial integral formulas use profile values and parameter derivatives,
so the preceding estimates suffice even though radial derivatives need not be small.
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Letm = (M,I,],S, Cp) and my denote the five radial moment functions in (4.15) for E, U
and Ey, Uy, respectively. Keep the same pressure value Ily(7) at the axis, so ITy = Iy + Cp n.
Integration of (C.14) on this fixed radial range, with the bounded weights in the radial
moment definitions, gives

m . m .
sup y_ [0} (my —m)|+sup Y_ [0} (IIy —IT)| < C, N~ L. (C.15)
X j=0 X j=0
The formulas for Q;, N;s in (4.16) involve these radial moment functions and their first
parameter derivatives, together with profile values. Their denominators are bounded away
from zero here. Consequently

m .
sup Y |9} (ps,y — ps)| < CuN"L (C.16)
X j=0

The estimate at order m uses profile and radial moment estimates through order m 41 in 7.
It uses no comparison of radial derivatives. The uniform positive lower bounds in the cone
inequalities of Lemma C.1 and (C.13) now preserve the admissible stress cone on Z for large
N. Between Z and the first correction interval, the fields equal E, U and psn — ps satisfies
(C.16), so the uniform positive lower bounds in the input profile’s admissible stress cone
inequalities persist there as well.

The modified profiles now satisfy the cone inequalities through the joining interval. Their
moments have errors of order N~1, which must be removed before reaching the exterior.
We correct them on the first patch listed after (A.9); it precedes the terminal compensation
patch and the two later correction patches. On this patch the input profiles satisfy U = 0,
E = K(y)X~1/27}, where K is smooth and has a positive lower bound. Add two fixed
compact bumps to U and three to E, with coefficients depending smoothly on 7. Order the
five radial moment functions at the right endpoint as (M, J; I, S, Cp). At zero coefficients
their differential is block diagonal, with weights

rows | weightsindX | powers of X
M, ] 1, H 0, —\
I,5,C, | V2X, —E, E/X | 1/2, =1/2— A, =3/2—A.

The exponents are distinct for the already fixed A > 0. Choose the bumps with ordered
disjoint supports within each block. Lemma A.1, or its specialization to these five moment
functions Corollary A.3, gives an invertible matrix, with uniform inverse on [—1,1]. Its
bound can depend on A and the fixed patch scales; the two U-weights coalesce when A — 0,
so no uniformity in that limit is asserted.

The map from correction coefficients to changes in (M, ], I, S, CP) equals this linear map
plus quadratic terms: | contains the product of the two field changes, and S, C, contain
their squares. The discrepancy accumulated before this correction is O, (N~!) by (C.15).
Lemma A.2 therefore gives a smooth solution for the coefficients near zero which cancels that
discrepancy. For every fixed parameter order its coefficients are O,,(N~1). Choose N after A,
the patch scales, and all choices entering the fixed input profile so that the discrepancy lies in
the neighborhood where this solution is defined and its derivatives through the finitely many
n-orders needed for positivity and the cone inequalities meet their tolerances. Differentiating
the implicit equation gives finite bounds for every further fixed 7-derivative order; no
simultaneous smallness condition for all derivative orders is needed. The fixed bump shapes
also make the correction small in the radial derivatives used by the shear. Its partial radial
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moment functions have the same O,,(N~1) bounds by integration, so (C.16) remains valid
inside the correction interval. Thus the admissible stress cone persists throughout it.
At the correction interval’s right endpoint Xiep, the corrected profiles satisfy

W (Xrep, 77) = m(Xrep, 17), (E,U) = (E,U) for X > Xep. (C.17)

Equality of the five radial moment functions then propagates by integration. Lemma 4.4
gives equality of the complete pressure and the functions Qs, Ns for all X > X, including
their parameter derivatives. This equality preserves the terminal compensation already
included in the input moment vector m. The exterior moments and pressure normalized to
vanish at radial infinity are consequently retained. The first collar is unchanged because
both modifications are supported later and pressure was integrated from the unchanged
axis datum. The last collar is unchanged by the exact radial moment restoration. The two
unused correction patches retain their prescribed reference power law and U = 0.

Finally fix one such finite N. Every mixed radial and parameter derivative of the resulting
profiles is finite, with constants allowed to depend on this N. This choice is made before any
limit in the physical scale g or any later dyadic band or correction stage. U

C.3. The two edges and the completed profile. In this subsection, we write E, U, I for
the corrected profiles of Proposition C.2 and form all associated quantities from them. The
interior cone inequalities and exact radial moments are now in place by Proposition C.2. In
this subsection, we will prove Proposition C.3 by verifying the remaining assertions at the
annular edges, where the stress 7y vanishes. Its direction #n must extend smoothly and retain
a strict cone margin, and the derivatives of 7y must satisfy the common exponential weight
¢ in Theorem 4.6. Both endpoint collars were preserved, so we can deduce these properties
from their original stress factorizations (B.30) and Equations (A.48) to (A.49). In the weight
below, t; > 0 is the fixed activation width in log(X/X,) from Proposition 4.10.

Proposition C.3. The profiles of Proposition C.2 satisfy all conclusions of Theorem 4.6, with the
weight
Yo =log(X/Xa),  yp=10g(Xp/X),  &=min{l,yay},

(C.18)

extended by zero for X < X, and X > X,,.

Proof. The stress is zero up to X, by the analytic axis profile and Proposition B.5, and beyond
X by Lemma A.8. Proposition C.2 preserves these regions and makes the admissible stress
cone inequalities hold everywhere between them. If the stress vanished at an interior point,
the identity (4.11) would give ps = (a, —bs), hence P. = v;, contradicting the strict quadratic
cone test. This proves the stress-support assertion in part (ii) of Theorem 4.6; the unchanged
axis profile also satisfies (4.13) for X < X,.

For the cone assertions in part (iii), set n = 7o/ |7o| on X, < X < X;. The bounds F > 0,
a > 0, and v; > 2 follow in the interior from the positive profile construction and the
admissible stress cone. At the inner endpoint a = p;, > 0, while Proposition B.5 gives
vs > 2 + c there and the analytic axis profile has F > 0. At the outer endpoint they follow
from (A.56), with bs = 0, and positivity of the heat factor. Continuity and compactness give
the asserted positive lower bounds on the closed annulus.

The inner edge has the preserved factorization 7y = ¢,By in (B.30), with e, = e—fi/vi 2a(Ya),
22(0) > 0, and By(0,7) = Fps, # 0. Its direction is therefore smooth, and at the edge it is a
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positive scalar multiple of the limiting shear (a, —bs) = a(1, t5). In particular n, — tsng =0
and ny + tsn, > 0 there. At the outer edge, the preserved factors of Proposition A.10 give

bg, yob,
n= M be(0,77) > 0.

N
Thus the outer limiting direction is (1,0), and the limiting shear ratio is t; = 0. All these
statements are smooth through 7 = £1; the heat factor is evaluated only on its nonnegative
argument domain.

The edge limits allow the interior cone inequalities to be made uniform on the closed
annulus. In the interior, (4.11) implies

Po — s Je
ps — (a, —bs)| [ps = (a,=bs)|"
The admissible stress cone makes 2 — (vs — 2)(n, — tsng)?/ (ng + tsn,)? positive there. Both
this expression and its positive denominator extend continuously to the two edges; the

former has value two at either edge by the factorizations just proved. Their compact positive
minima yield, for a single 0 < x < 2,

ng + tsng > K, (vs —2)(n; — tsng)? < (2 — k) (ng + tsny)>.

Together with the endpoint directions and positive lower bounds above, this proves part (iii)
of Theorem 4.6.
For part (iv), it remains to prove the weighted estimates

Tol >¢g, [Tl SCigo™ (X <X <Xp, ~1<5<1) (C.19)

for every fixed mixed profile derivative 9!, with finite constants independent of physical g.

On an inner collar 7 differs from e~ ti/¥: by a smooth positive factor bounded above and
below; the bounds (B.31) therefore imply (C.19) there. On an outer collar it differs from

e~%/¥; in the same way. The angular factor e—*/ Y v, 3bg, with by bounded below, proves the
lower bound, and (A.51) proves every fixed derivative upper bound. On the remaining
compact interior interval, both ¢ and |7| have positive minima and all fixed derivatives are
bounded. Combining the three regions proves (C.19). The exponential factors also show that
extension of the stress by zero across both edges is smooth. The definition (C.18) also makes
{ positive in the interior and flat at both edges, completing part (iv) of Theorem 4.6.

For the regularity in part (i), Proposition B.2 supplies the smooth axis profiles with F > 0,
and Corollary B.6 preserves the common analytic rectangle [0, Xan] x [—1,1]. The factors
give Cartesian smoothness across the axis by Equations (4.4) to (4.5). The later modifications
in Proposition C.2 are smooth and preserve positivity, with finite mixed derivative bounds
on each fixed radial interval. The inner directional margin is part (iii), proved above. The
heat profile is smooth through # = £1 by Lemma A.6; no analyticity of its factor at zero is
needed. The pressure normalization (4.25) follows from Lemma A.5 and Propositions A.7
and B.8 and is retained by (C.17). This completes part (i). Differentiating this pressure
formula gives [Ty = E?/(2X) = F?, with its smooth extension at X = 0. The exact tangential
residual identities follow from Proposition 4.2; together with the support and axis checks
above, they complete part (ii).

For part (v), the exact exterior moments (4.28) are supplied by Propositions A.7 and B.8
and retained by (C.17). The same restoration preserves the heat exterior (4.29), whose exact
heat evolution and smoothness are proved in Lemma A.6. We take X, = Xeng € (Xa, Xp),

1’19 + tsnz = > 0, nz - tsng -
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the pulse-end radius defined before (A.10). Beyond it, U = M = 0 by Proposition A.4 and
(C.17); thus Ax(U) = M/X =0, and (4.7) gives Vp = 0. This proves the remaining assertion
of part (v).

Finally, the third and fourth reserved intervals listed after (A.9) are the intervals Zpos, Zmean
in part (vi). They lie in (X,, Xy), and their listed order gives sup Ipos < inf Zmean. Proposi-
tion C.2 leaves them unchanged. The input profiles there satisfy U = 0 and E = K () X~1/274,
with K(#7) = cpaten(1 + %) 71 for a fixed positive constant Cpatch, by Proposition A.4. Thus
they retain (4.30), completing part (vi). The finite frequency N was fixed in Proposition C.2
before the physical scale g and all later bands and correction stages, so the constants have
the independence asserted at the end of Theorem 4.6. U
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