IMPROVED LONG GAPS BETWEEN PRIMES

OPENAI

ABSTRACT. We prove that, for all sufficiently large X,
log X (log, X)*log, X
(logg X)? ’
where G(X) is the largest gap between consecutive primes not exceeding X and log; denotes the
j-fold iterated logarithm. The proof is due to GPT 6 Astra.

G(X) >

1. INTRODUCTION

Let p,, denote the nth prime and let G(X) = max;,, | <x(pn+1—pn). We write log; for the j-fold
iterated logarithm. Westzynthius [15] first proved that G(X)/log X — oco. Erdés [3] subsequently

obtained

log X logs X
G(X —
(%)> (logz X)?

and Rankin [14] improved this to

log X logy X logy X
(logs X)?
Erdés discussed the difficulty of improving Rankin’s estimate in [4], and later asked whether its
constant could be made arbitrarily large [5], originally offering a $10,000 prize for this improve-
ment [1]. This was proved independently by Maynard [11] and by Ford, Green, Konyagin and
Tao [8]. Their subsequent joint work [9] gave the quantitative bound
log X logy X logy X
logs X '

G(X) > (1.1)

G(X)>

More recently, an argument by GPT 5.6 Sol [13], posted on the Erdés Problems website [1], gives
the further bound
log X logy X

logy X '
improving the work of Ford, Green, Konyagin and Tao and the subsequent joint work with Maynard.
We prove the following bound.

G(X)>

Theorem 1.1. There is an absolute constant ¢ > 0 such that, for all sufficiently large X,

2
G(X) > ClogX(long) log, X
(logz X)?

This improves (1.1) by a factor log, X. The main input is the following statement about translates
of a set of integers. Put Q(x) = [],<, p.

Proposition 1.2 (Short translates). There is an absolute constant 0 < § < 1/2 such that the
following holds for all sufficiently large x. Let x < H < z(logx)?, let Q = Q(z), and let S C
[1, HINZ have cardinality k < dx. For every integer 0 < b < Q, there is an integer 1 < t < e® such

that b+ Qt + s is composite for every s € S.
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The estimates are uniform in H, b, and S. Section 2 outlines the choice of weight and its
truncation. Section 3 deduces Theorem 1.1 from Proposition 1.2; Section 4 proves the proposition.
All implicit constants are absolute unless a dependence is indicated.

In the accompanying GitHub repository openai/LongGapsBetweenPrimes, we have included a
complete Lean proof of Theorem 1.1 in LongGapsBetweenPrimes.lean.

2. PROOF OUTLINE

The main task is Proposition 1.2. Thus Q = [[,<,p, S = {s1,...,sx} C [1,H], H < x(log r)?
and k£ < dz, with 0 < b < @ prescribed. Write Li_(t) = b+ Qt + s; for the integers we want to
make composite. To describe the scales, take a large fixed constant C and a small fixed constant
0 < k < 1/3, and put

z=2C, y:eXp((logwm)C) , D = e, T =[e"].

We choose ¢ sufficiently small in terms of these constants. The auxiliary primes lie in (z,y], and
P = [],<p<,p is their product. For large x, we have H < z < y < (). The lower cutoff z makes
interactions between different forms small; the upper cutoff y leaves room to truncate a product of
divisor sums at D and still average it over 1 <t < T.

Call a form uncovered if it has no prime factor in P. We seek a nonnegative weight for which the
weighted expected number of uncovered forms is less than 1. This supplies a translate where every
form has a proper prime factor, since L;(t) > @ > y. We first consider the complete average E over
a uniformly chosen residue ¢ mod P, and then pass to 1 < ¢t < T. Under this complete average,
residue choices at distinct primes are independent, while a prime p > H can divide at most one
form.

For each auxiliary prime p and each divisor d | P, define

_17 p ’ Lz(t)7
Pip(t) = Pia(t) = [ [Yip(t),  ia(t) =1.
=y, pro, 0= 1 2

Each 1); , has mean zero, since p divides L;(t) in one residue class modulo p. For a fixed form these
divisor functions are orthogonal, with squared mean 1/¢p(d), where ¢ is Euler’s totient function.
If the form is uncovered, then v; 4 = 1/p(d) for every d | P. We therefore seek coefficients a(d)

satisfying
a(d)
ap ¢(d)
d>1

The resulting factor
Fi(t) = a(d)y;a(t)
d|P
has mean 1 and vanishes on uncovered forms.
How should one choose a(d)? A divisor d contributes squared mass a(d)?/¢(d) and uses logd
of a logarithmic modulus budget. We therefore minimize 3y p 451 a(d)?log d/o(d) subject to the
cancellation above. The minimum is attained by

1

B=S" - d) = — d>1).
%;go(d)logd’ ) = ~Floga >V
d>1

This explains the reciprocal logarithm. Put A =3 ;p a(d)?/p(d) = EF?. For the auxiliary range

above, B=<1and A =1+ O((logz)~2). Thus a single factor is usually close to 1, while vanishing
exactly on the rare uncovered forms.
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The product []; F; vanishes whenever any form is uncovered, but its expansion involves moduli
too large to average over t < T. We therefore retain only terms whose divisor indices rq,...,7rg
are pairwise coprime and satisfy r1---r, < D. Call the resulting sum R(t) and use w(t) = R(t)%.
Pairwise coprimality assigns each selected prime to at most one form; since all auxiliary primes
exceed z, the loss from this restriction is small. The choice D = €"* with £ < 1/3 makes the
error in averaging the weight over the shorter interval small as well. Squaring a truncated divisor
sum to obtain a nonnegative weight is also central to the enveloping sieve of Green and Tao [10,
Appendices 7-8].

To understand the cutoff, ignore the small correlations between different forms and view the
squared mass through independent divisor indices with distribution

_a(d)?

Ap(d)
Each index has mean logarithmic size 1/(AB) =< 1. The total expected logarithmic cost is therefore
O(k), while the available budget is log D = kx. Since k < dx, choosing § sufficiently small leaves

ample room. Most indices equal 1: these expansion indices, rather than all the prime factors of a
typical L;(t), determine the cost. A concentration estimate gives

10gD)
2logy /)

Pr(r; = d) (d | P).

Pr(ri---m, > D) < exp(—

Our choice of y gives log D/ logy = s(logz)®, which is much larger than log k. Thus the discarded
squared mass is negligible even after summing the errors over all k£ forms.

This shared cutoff has a close analogue in the Maynard-Tao sieve. Maynard [12, §7] chooses a
one-variable function g and restricts the product []; g(kt;) to nonnegative variables t1, ..., t; with
> ti < 1. Concentration under the density proportional to g? controls the mass lost at the cutoff.
He also leaves enough room in the other coordinates for one coordinate’s integral to run over its full
support. Here logr;/log D plays the role of t;, and the spare room keeps a one-coordinate divisor
sum close to zero when that form is uncovered. The resulting errors are small in weighted average,
making the weighted expected number of uncovered forms less than 1.

3. THE ERDOS—RANKIN CONSTRUCTION

The deduction is a straightforward modification of the Erdés—Rankin argument, as presented
in [6, §2.2]. We use Proposition 1.2 in place of the final assignment of a distinct unused prime to
each remaining position.

Proof of Theorem 1.1 assuming Proposition 1.2. For a sufficiently small absolute constant 1 > 0,
put

H = \‘77$<10g[13>2 logs xJ W — (10g3§‘)4 5 — Flogz/(5logy )
(loggx)? |’ ’
Then 2H/x < w < z < /2 and log H = (1 + o(1)) logx. Write @ = Q(z). For each prime p < z,
we choose a residue a, (mod p); it covers the positions n € [1, H|NZ with n = a, (mod p). Choose
ap, =0 for p < w and for z < p < x/2. A composite survivor in [1, H] cannot have a prime factor
greater than x/2, since the complementary factor would be between 2 and 2H/x < w. Thus the
surviving set Sy consists of primes and z-smooth integers, whose prime factors are all at most z.
Let W(H, z) count all positive z-smooth integers at most H, including 1. Rankin’s argument [14,
Lemma II] gives V(H,z) < H7[[,<.(1 - p°)lfor 0 < o < 1. Takeu = logH/logz =
5logyx/logsz and ¢ = 1 — logu/logz. Mertens’ estimates, together with p!=7 — 1 < (u —
1)log p/ log z, give, for an absolute constant C

U (H,z) < Hlog z exp(—ulogu + Cu).
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The right-hand side is H(log )41 so W(H, z) < H/(log x)? for large z. The sharper estimates
of de Bruijn [2] are not needed here. By the prime number theorem, |Sy| < 7(H) + V(H, z) <
H/logx.

Choose the classes a, for w < p < z successively and greedily. At prime p this removes at least a
1/p fraction of the remaining positions. Let S be the set left after these choices. Mertens’ product
estimate gives

H logw H(logy x)?
log z log 2 (log z)? logs

1S < 15| [ 1—1/p) <

w<p<lz

<L nx. (3.1)

Choose arbitrary classes for /2 < p < z and discard any further positions covered from S. For
sufficiently small 7, the remaining set satisfies |S| < 0.

By the Chinese remainder theorem, choose 0 < b < @ with b = —a, (mod p) for every prime
p < x. For a covered position n, the integer b + Qt + n is divisible by its covering prime for
every t > 1, and is greater than that prime. Proposition 1.2 handles the remaining positions S.
It supplies 1 < t < €% such that N +1,...,N + H are composite, where N = b+ Qt. Since
log Q(z) = (14 0(1))z by the prime number theorem, N < exp((2+ o(1))x). Taking x = (log X)/3
gives
n log X (log, X)?log, X

H=1 1)=
o) ™ g, X2
The consecutive primes surrounding this interval both lie below X: the larger is at most 2(N+H) <
X for large X, again by the prime number theorem. This proves the theorem. (|

4. A TRUNCATED PRODUCT THAT COVERS EVERY FORM

4.1. The weight. Fix the data of Proposition 1.2, with k¥ > 1, write S = {s1,..., sk}, and put
Li(t) =b+Qt+s; for 1 <i <k and t € Z. We first construct one divisor sum for each form,
chosen to vanish when that form has no auxiliary prime factor. We then truncate their product to
small moduli and square it.

Let P be a nonempty squarefree product of primes greater than H, and let D > 1 be a cutoff;
their values will be chosen below. Recall the divisor functions introduced in Section 2. Writing 1
for the indicator of a condition F, we have, for 1 <i <k, p| P and d | P,

1 —plyr,
Yip(t) = #a Yialt H¢z,p Yia(t) =1
pld

The factor ¢;,, is —1 when p | L;(t) and 1/(p — 1) otherwise. Since (p, Q) = 1, the first case occurs
in exactly one residue class modulo p, so this factor has mean zero. The roots for different forms
are distinct, since 0 < |s; — 5j| < p. Recall also the coefficients

1
B = 1)=1 d) =— d| P, d>1). 4.1
> s Simg (W= el =g @|P > (1)
d>1

By the Chinese remainder theorem, v; 4 has mean zero modulo P for d > 1. Thus the sum
Fi(t) = >qip a(d)ia(t) has mean 1. Call L; uncovered at ¢ if (L;(t), P) = 1. In this case, every
factor in v; 4 equals 1/(p — 1), and hence

a(d) 1 1

Fi(t)_%w(d)_1—3%w_o. (4.2)

For 1 < 5 <k, define the following set of ordered tuples:

Rj=A{(r1,...,rj) :ri | P, (r4,r0) =1 (i #£),r1---1; < D}.
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Let Rg contain just the empty tuple; empty products are 1. All these regions use the same P and
D. Our weight is

k
RO = Y Jlatavin®,  wt) = RO (4.3)

r=(r1,...,r5) ERy =1
Thus each selected prime is assigned to at most one form, and the product of all selected primes
is at most D. The square ensures w(t) > 0. When a form is uncovered, its unrestricted coefficient
sum is zero by (4.2). The restrictions in (4.3) leave only the excluded divisors; the estimates below

bound their contribution.

Fix an absolute constant 0 < x < 1/3; we will choose § sufficiently small in terms of x. Take

P =Tl,cp<y p, where

For large =, we have H < z < y, as required. Put
1 log D

= y u =
logy logy
We will compare the average weight with the average weighted number of uncovered forms:

Sl = T Z w(t), SQ = ; Z Zl{ (4.4)

1<t<T 1<t<T

= k(log z)°.

The inequality S5 < S7 supplies a translate where every form has an auxiliary prime factor. For
1 <t < T, these factors are proper, because L;(t) > @ > y for large x.

4.2. The coefficient estimates. The following bounds control the terms discarded at D.

Lemma 4.1. Put A=34p a(d)?/o(d) and A, = > d|p a(d)?®d"/p(d). For sufficiently large z, we
have B < 1, and there is an absolute constant C' such that

d
0<A-1< (logz)?, la(d)| < 1, > ald) _ 0. (4.5)
ap )
For 0 <~ <28, we have
la(d)|d” \d”
Yy ——— <, A, <A+ Ch. (4.6)
P p(d
d>1
Moreover, for eachp | P,
(d)]
> o @ 9. (4.7)
ap p

pld

Proof. Put V' = [[,<.(1 —1/p) =< 1/logz and M.(v) = > i<y, (4,Q(z))=1 H(d )2/¢(d), where p is
the Mébius function. The standard sieve summation formula [7, Theorem 4. 4] gives, uniformly for
v > 2,
|M,(v) — Viogv| < 1.

Indeed, apply that theorem with g(p) = 1ipon /p. Mertens’ estimates verify its hypotheses with
dimension 1 and loss parameter L < log z; its singular series is V.

For 0 < v < 28, put Uy = Y yp d?/o(d). Mertens’ estimates give Uy < logy/logz, and
p? — 1 < vlogp gives

U -1
77: 11 <1+p ) < exp(Cylogy) < 1.
0 2<p<y p
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The part of B with d > y is at most Up/logy < 1/logz. A squarefree d < y is coprime to Q(z)
exactly when d | P. Partial summation of M, therefore gives

1
logz’

1
‘B —Viog 1227; <

In particular, B < 1. A second partial summation, extended to all squarefree integers coprime to

Q(z), gives
2 [ M,(v)
A-1< Mew) —1 dv .
=~ B2 / v(logv)? < (log 2)?
Also |a(d)| <1 for large x, and the cancellation follows from the definition of B.
Splitting at d = y and using d” < e? below y gives

la(d ydv U,
Z < ‘|‘ W < 1.
a>1

The inequality d” — 1 < vd" log d now gives

A, _A_’Yz‘a

oD sO(d)
d>1
Finally, for p | P, write d = pe with e | P/p. Separate e = 1 and use log(pe) > loge for e > 1 to
obtain
a(d)| 1 1 1
Z' @ 1<1 +B><<.
ap ¢ B(p—1) \logp p
pld
d
4.3. The average weight. Expanding the factors 1); ,, gives real coefficients Aq such that
k
Ry = > ]l Vi
d=(di,...,dp)ER} i=1
Their total absolute value is at most
Z ‘)\d| < Z kwn n < 2D1+10gk/10gz < D3/2 (48)
deRy n\P ( )
n<D

where o01(n) = 3> g, d and w(n) counts distinct prime factors. We used |a(d)] < 1, w(n) <
log D/log z, and o1(n)/p(n) < 2 for these n.

Lemma 4.2. For sufficiently small § > 0, S; = (1 + o(1))A*, uniformly under the hypotheses of
Proposition 1.2.

Proof. For a P-periodic function f, write Ef = P~ Z f (t). Each compatible system of di-
visibility conditions in the expansion of R? specifies one res&due class modulo a divisor of P. Its
average over 1 < t < T differs from its complete average by at most 1/7. Hence (4.8) gives
|S; — ER?| < D3/T. The local factors ¢;, have mean zero, square mean 1/(p — 1), and pairwise
product mean —1/(p — 1)? for distinct coordinates. Writing A for the diagonal sum, independence
between primes gives

klog D
, IER? — A| < 28
z

A. (4.9)
reRy =1 SO
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Indeed, a prime occurring in only one of two tuples makes their product average zero, so only tuples
with the same product can pair. The variance-one factors \/p — 14, have product mean —1/(p—1)
for distinct coordinates. For a fixed tuple, the sum of absolute off-diagonal pairing factors is at
most [ ..., (L + (K —1)/(p—1)) =1 < klog D/z. The inequality 2[ab| < a® + b% proves (4.9).
This argument applies to arbitrary real coefficients on R; for any 0 < j < k.

The unrestricted diagonal sum is A*. Rankin’s bound and (4.6) show that the terms with
r1 -7 > D have total mass at most

DiﬁAg < AF exp(—u + CkB) < AFe /2, (4.10)

on choosing § so that Ck < % log D. The terms with a common prime in two coordinates have mass

at most
2

K\ a(d)? %
Ak; 2 7Ak‘
(2) 2\ w | <A
p|P \ d|P
pld
by |a(d)] < 1 and (4.7). The discarded diagonal mass is o(AF), so A = (1 + o(1))A*. Since
klogD/z — 0 and D? = o(T), the lemma follows. O

4.4. The uncovered forms. When a form is uncovered, its full coefficient sum cancels. We
use (4.6) again to bound the tail left by the cutoff.

Lemma 4.3. For sufficiently small § > 0, uniformly under the hypotheses of Proposition 1.2,

log D)2\ | kD
Sg<<Akk:<e_“+(og2)>+ .
z T

Proof. 1t suffices to bound the contribution from L. For each divisor m | P with m < D, define

a(d)
g(m) = Z .
ar ¢
d<D/m
(d;m)=1
Define the function Ry : Z — R by
k—1
Rk(t) = Z E(Tl te Tk—l) H a(’l”j)lbj,rj (t) (4.11)

r=(ri,...,rg—1)ERk-1 Jj=1

Here Ry_1 consists of ordered, pairwise coprime (k — 1)-tuples of divisors of P with product at
most D. For a fixed such tuple with product m, the possible last coordinates r, = d in (4.3) satisfy
precisely d | P, (d,m) =1, and d < D/m. Thus Ry is obtained from R by replacing each factor
Yr.a by 1/¢(d) and summing over d. When (Ly(t), P) = 1 this replacement changes no value, so

w(t) L), p)=1} < Ri(t)?. (4.12)

In the expansion with coeflicients Aq, this replacement discards exactly the terms with d > 1.
Thus R}, has the same modulus bound D and coefficient bound D3/? as R. The Chinese remainder
theorem gives

1 5 5| D3
= > Ry(t)* -ER;| < = (4.13)

1<t<T
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It remains to bound ER? using (4.11). Since >apa(d)/e(d) =0 and a(d) < 0 for d > 1, e(m)
equals the sum of |a(d)|/¢(d) over the excluded divisors. Hence

|a(d)] |a(d)]
0<e(m) < %}; () -I—I;%; )
d>D/m pld

log D
< (m/D)? + gT,
by (4.6) and (4.7).
The second-moment argument proving (4.9) applies to arbitrary real coefficients on Ry_1. Ap-

plying it to Ry, using the bound for £(m), and then dropping the restrictions on the remaining
coordinates, we obtain

log D)? log D)?
ER%<<D’25A§§1+ (og2 ) ARl gk <eu+ (0g2 ) )
z z

The last inequality follows from (4.6), on choosing ¢ sufficiently small that 2Ck < log D. Combine
this with (4.12) and (4.13), and sum over the k forms. O

Proof of Proposition 1.2. The case k = 0 is immediate. Choose § > 0 sufficiently small for Lem-
mas 4.2 and 4.3. They give S1 > 0 and

Sa _,  k(ogD)? kD3

P2 o fe

S, L ke "+ 2 + T
Since k < 1/3, this tends to zero. If every ¢ < T had an uncovered form, then Sy > S;. Hence

some 1 <t <T has (L;(t), P) > 1 for every i. Since every prime factor of P is smaller than every
L;(t), all these values are composite. O

< xe—5(10g$)5 + l'_g + e—(l—?m—l—o(l))a:‘
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