IMPROVED SHORT GAPS BETWEEN PRIMES

OPENAI

ABSTRACT. We prove that liminf, oo (pnt1 — pn) < 186, where p, denotes the nth prime. The
improvement combines the equidistribution estimates of Polymath 8a and Stadlmann with com-
plementary factorization conditions that make certain products, and more generally suitable least
common multiples of divisor products, triply densely divisible. This permits a larger support for the
multidimensional Selberg sieve and an improved numerical optimization, establishing DHL[40, 2]
and hence the stated bound. The proof is due to GPT 6 Astra.

1. INTRODUCTION

1.1. Background and main result. Write H,, := liminf,, o0 (Pntm — pn), where p, is the nth
prime. The twin prime conjecture asserts that H; = 2. Zhang [21, Thm. 1] proved the first uncon-
ditional bound H; < 70000000, building on the sieve method of Goldston, Pintz and Yildirim [6,
Thm. 2], who proved
lim inf 222 =P g (1.1)
n—00 log pn,
Zhang’s distribution estimates go beyond the Bombieri—Vinogradov range for a restricted family of
moduli. Polymath 8a [15] strengthened these estimates and refined the sieve, reducing the bound
to 4680.
The multidimensional Selberg sieve of Maynard [12, Thms. 1.1 and 1.3], developed independently
by Tao, gave H; < 600 and H,, < oo for every fixed m, using only the Bombieri—Vinogradov
theorem. Further refinements by Polymath 8b [16, Thm. 1.4(i)] gave

Hy < 246. (1.2)

We exploit the stronger equidistribution estimates of Polymath 8a [15] and Stadlmann [19] through
sieve weights whose divisor supports make fuller use of the available factorizations of the moduli.

A set of distinct integers is admissible if it omits a residue class modulo every prime. Follow-
ing Polymath [16, Claim 3.1], write DHL[k, j] for the assertion that every admissible k-tuple has
infinitely many translates containing at least j primes.

Theorem 1.1. The assertion DHL[40, 2] holds.

The 40-element set
H = {0,2,6,12, 20, 26, 30, 32, 36, 42, 48, 50, 56, 60,
68,72,78,86,90,92,98,102,110, 116, 120, 126, 132, 138, (1.3)
140, 146, 152, 156, 158, 162, 168, 170, 176, 180, 182, 186 }
is admissible and has diameter 186, so Theorem 1.1 implies the following.

Corollary 1.2. We have H; < 186.

In independent concurrent work, Stadlmann [20] proves Hy < 240.

We have a Lean 4 formalization of Theorem 1.1 conditional on numerical integral and cap bounds
and on finite-field exponential-sum estimates ultimately coming from Deligne’s results on the Rie-
mann hypothesis over finite fields [10, 5]. The GitHub repository openai/PrimeGaps186 contains
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this formalization, PrimeGaps186.1lean, with the precise exponential-sum bounds of Lemma A.4
stated as explicit assumptions, and the Python-FLINT program prime_gap_186_certificate.py,
which verifies the numerical bounds. We also provide the accompanying PDF, Numerical certificate
for prime gaps at most 186 [14], which gives the coefficient tables, interval algorithms and complete
verification records.

1.2. Outline of the proof. Fix an admissible tuple H = {hy, ..., hy}. By translation, assume
h; > 0; admissibility and prime-containing translates are preserved. Write d = (dy, . ..,dy) for the
vector of divisors d; and, for each fixed i, write e = (e;);; for the corresponding vector with its
ith coordinate omitted. There is one outer Selberg sum A and, for each coordinate i, two inner
sums with nested allowed divisor supports:

A(n) = Z Ads
dj|n+hj
1<5<k
B ()= Y &Y (a=0,1), (1.4)
ejln+h;
JF#
Ci(n) = B (n) — BO(n).

(2

The coefficients come from fixed smooth profile functions after finite-band approximation of their
dependence on prime fragments (normalized logarithms of the divisor prime factors), and the
supported divisor products are squarefree. Both inner sums approximate the same restriction of A
obtained when its ith divisor is forced to be 1. The base sum BZ-(O) uses a smaller region; Bi(l) retains
more of that approximation. The correction C; is their difference, not a second outer weight.

Put wg = logloglogz and W := [],<,,, p. Throughout, z is sufficiently large in terms of the
fixed tuple H; in particular, every prime dividing a nonzero difference h; — h; divides W. Choose
bp (mod W) with (bg + hi, W) = 1 for every i; admissibility and the Chinese remainder theorem
permit this choice. Write P := 1p and let Y ), mean summation over z < n < 2z, n = by (mod W).
Our nonnegative weight is always A(n)2. We seek

k
So =3 S Pn+h)A(n)? > S = 3 A(n)?, (1.5)

i=1 n
which guarantees a translate containing at least two primes. The first approximation uses square
completion:

A2 =24B" — (B”)? 4 (A - B (1.6)
After multiplication by P(n + h;), the last square is nonnegative. Discarding it leaves mixed and
inner products, whose moduli are smaller than those of the full outer square. This is the enlarged-

support argument of Polymath 8b [16, §5.3]; we retain this argument and enlarge the allowed
coefficient supports. The unrounded divisor-product bounds are:

Sum ‘ A Bi(o) Bi(l)

Product Bound ‘ .%"2742997 1,.2499106033 $'251

(1.7)

The exact construction takes slightly smaller cutoffs. These bounds concern divisor products, not
individual prime factors. They force d; = 1 whenever n + h; is prime. Ignoring W = z°(1), the

outer square has modulus bound z-548994 within the range of ordinary progression counting for
(0)

i
(Bz-(o))2 are only x and x . The latter is covered by Bombieri—Vinogradov; the
former requires the stronger distribution estimates and suitable factorizations of its moduli.

2

S7 but beyond the prime-distribution range used here. The corresponding bounds for AB;’ and
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This factorization requirement is where the new support conditions enter. After expansion and
the Chinese remainder theorem, a surviving mixed term has modulus

wWQ, Q=[D,E]

where D and FE are the outer and inner coefficient-divisor products, and [-] denotes their lem. A
Y -densely divisible integer has divisors within a factor Y of prescribed sizes. Higher orders require
the resulting factors to admit further controlled factorizations. We use the singly and doubly
densely divisible estimates of Polymath 8a [15, Thm. 2.8], together with the triply densely divisible
adaptation of Stadlmann’s bilinear estimate indicated in [19, Prop. 1 and §2.1.1]. The details of
the latter adaptation are given in §A.4.

The MPZ application in Polymath 8b [16, Thm. 3.5(ii)] uses smooth coefficient divisors. That
paper explicitly notes that the stronger dense-divisibility input is not exploited there. It also pro-
poses using that input to enlarge the support, but identifies the difficulty of evaluating the resulting
integrals when k is around 50 [16, §9, item 2]. Our conditions instead control the factorizations
of the actual combined modulus. Small prime factors from either divisor product can provide the
divisors needed to accommodate a larger prime. For example, the prime-factor criterion of Sarajian
and Weingartner [17, Thm. 2] gives triple dense divisibility of a squarefree () when

p3 S YQ<}7 (p ‘ Q7 p > Y)7 (18)

where )<, is the product of its prime factors smaller than p. Proposition 2.3 supplies separate,
complementary conditions on D and E which imply this criterion for [D, E], including when D
and F share prime factors. Neither integer has to be Y-smooth. This permits additional choices
of smooth profile functions without increasing the quoted distribution exponents.

The larger approximation Bfl) uses a prime minorant. Stadlmann’s fixed construction [19,
Prop. 2] has exponent of distribution 0.5253 on sufficiently smooth squarefree moduli and retains
at least 1 — 21072 of the asymptotic prime mass. It refines Baker and Irving’s use of Harman’s
sieve [2, 7]. The Buchstab-and-discarding procedure has an earlier antecedent in Heath-Brown and
Iwaniec [9]; Heath-Brown’s identity [8] also enters the distribution estimates. We use the same mi-
norant on the required densely divisible moduli. On the interval in question write it as p = P — b,
with b > 0. Here b = 9~ = max{—p, 0} is supported on composites, since o = 1 on primes and
0 < 0 on composites. The coeflicient primes are kept below the roughness threshold of its support,
so d; = 1 there as well.

The product ABi(l) has modulus bound 522997 just beyond the endpoint 0.525 of the full-prime
estimates used here. The minorant evaluates its mixed correlation, and hence the correlation of

A—BZ.(O) with C;. It does not replace P in the positive weight defining Ss. Instead, Cauchy—Schwarz
is applied separately with the nonnegative weights P and b. An upper-bound sieve controls the
b-weighted residual square. All inner pairings have modulus bound z°%2; a common order-two
estimate of level 0.5062 evaluates them for both P and p, and subtraction gives the corresponding
b-weighted terms. These estimates recover a positive part of the residual prime square in (1.6),
with a small loss from the minorant’s negative part.

§2 gives the divisor support conditions and the distribution estimates. §3 evaluates the sieve
weights and bounds the contribution of the minorant’s negative part. §4 chooses the weights, verifies

their supports and proves the strict integral inequality which gives So > S for k = 40.

2. EQUIDISTRIBUTION CONDITIONS AND MINORANTS

The mixed sieve sums produce moduli W[D, E], where D and E are squarefree divisor products.
We first give separate conditions on D and E which ensure dense divisibility of [D, E]. We then
state the equidistribution estimates and the properties of the prime minorant. The exponents and
positive margins in the analytic estimates are fixed as * — oco. Implied constants may depend on
these parameters and on the fixed coefficient bounds.
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2.1. Divisor support conditions. Dense divisibility. Write P*(m) for the largest prime factor
of m, with P*(1) = 1. An integer is Y-smooth if P™(m) < Y. Smoothness allows one to choose
divisors close to any prescribed size; the following weaker condition retains precisely this flexibility.

Definition 2.1 ([15, Def. 2.1]). For Y > 1, put DO(Y) := Z+(. For an integer r > 1, a positive
integer m belongs to D" (Y) if, for every pair of integers j,k > 0 with j + k = 7 — 1 and every
1 < U < Ym, there is a factorization

m = uv, U/Y <v<U  uweDYY), veDR(Y).

We call these integers r-tuply Y-densely divisible, or singly, doubly and triply densely divisible
when r = 1,2, 3, respectively.

The definition requires every allocation of the remaining orders j + k& = r — 1. This is the starred
class Dy of Sarajian and Weingartner [17, §1.1]. Every Y-smooth integer belongs to all these
classes.

We use the elementary properties

PUN(Y) DY),  d|m, me DY) = de D" (Ym/d),

and the analogous implication m € D")(Y), m |n = n € D) (Yn/m). Also, the least common
multiple of two singly Y-densely divisible integers is singly Y-densely divisible. These facts are
contained in [15, Lem. 2.10(0)—(iii)]. In particular, dense divisibility need not pass to a divisor with
the same value of Y; the factor m/d must be retained.

For positive squarefree D, put D, = Hq‘ D, g<pq- The following prime-factor test will be
convenient.

Lemma 2.2. Let r > 1 be an integer, Y > 2, and let () be a positive squarefree integer. If

pT‘ S YQ<p (p ‘ Q? p > Y)7

then @ € D(T)(Y). Moreover, if @ € D(")(Y) and W is squarefree, Y -smooth and coprime to @,
then WQ € D(Y).

Proof. The first assertion is the lower inclusion in [17, Thm. 2]. For the second, let N € D) (Y)
and p <Y, pt N. Induct on r, with order zero immediate. Given j+k=r—1and 1 <U < Y Np,
factor N at target U when U < YN and adjoin p to the first factor; when U > p, use target U/p
and adjoin p to the second. Induction preserves the required orders, and the ranges overlap because
p < Y N. Iterating proves the assertion about W. At order one, the same two-range argument
permits any p{ N with p <Y N. O

Lemma 2.2 reduces triple dense divisibility to an inequality for each prime factor. We obtain
this inequality by splitting p® into two factors, one controlled by D and the other by E. For any
prime p, write D>, := D/D., for the product of the prime factors of D which are at least p, and
use the same notation for E and (). The following proposition allows the split of p? to vary with p.

Proposition 2.3. Let Y > 2 and X,A,B > 0, with AB < XY. Let f,g : [1,00) — [1,00)
be nondecreasing functions satisfying f(t)g(t) = t>. Suppose the positive squarefree integers D, E
satisfy

fp)D>p <A, glp)<B  (p|D, p>Y),
gp)E>p < B, flp)<A (p|E, p>Y).
IfQ =[D,E] > X, then Q € D®(Y). Moreover, if d | D and e | E, then (2.1) holds with d,e in

place of D, E, with the same functions and constants.
4
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Proof. Fix a prime p | Q with p > Y, and first suppose p | D. The first condition gives f(p)D>, < A.
If E has a prime factor at least p, let ¢ be the least one. Then E>), = E>, and g(p)E>, < g(q)E>4 <
B. If it has none, E>, = 1 and the bound g(p) < B applies. Multiplying the two bounds gives

p’D>,F>, < AB < XY.
Since >, divides D>,E>, and Q > X,

XYy X
3
p° < = =YQ« <YQ<p.
QZP Q p <p
The same argument with D, E interchanged handles the remaining primes. Lemma 2.2 proves the
assertion. Deleting prime factors only decreases D>, and E>,, which proves the last claim. O

The bounds g(p) < B and f(p) < A cover the case where the other integer has no prime factor
left at that scale. No coprimality assumption on D, F is needed. The freedom to choose f and g,
rather than fixing one power of p for each, is used in the numerical optimization.

For single and double dense divisibility, bounds involving only pD>, and pE>,, suffice.

Proposition 2.4. Let Y > 2, X > 0 and Dy, Eg > 1. Suppose D < Dy and E < Ey are positive
and squarefree, Q = [D, E] > X, and

XY
pD>p < N (p| D, p>Y). (2.2)
0
(i) If B3 < XY, then Q € DUV(Y).
(ii) If
XY 5 9
pEZpSDi (p‘E7 p>Y)7 DOSXYE(L EO SXYD()a
0

then Q € DA(Y).

Proof. Since D > X/Ej, condition (2.2) gives p < YD, for every p | D with p > Y. Thus,
D and each of its initial prime products are singly dense. In (i), every prime of F is at most
Ey < XY/Ey < YD, so order-one insertion adjoins the missing primes.

For (ii), use the following order-two insertion step, stated in [17, Prop. 1]. If N is doubly Y-
dense, d | N is singly Y-dense, and p > PT(N) satisfies p < Y min{d, N/d}, then Np is doubly
Y-dense. Indeed, a singly dense divisor in [U/Y, U] is supplied by N when U < Y N. When U > p?,
take a singly dense v | N at target U/p; then Yv > U/p > p, so order-one insertion makes pv
singly dense. In the remaining interval YN < U < p?, the singly dense divisor pd works, since
U/Y <p?/Y <pd <YN < U. Applying the same construction at target Y Np/U and taking the
complement gives the other recursive orientation.

Now insert the distinct primes of @ increasingly, starting with its Y-smooth part. Just before
inserting p | D, p > Y, set N := Q< and d := D.,. By induction N is doubly dense, while
d | N is singly dense and p < Yd. If E has a prime factor at least p, the least such prime gives
pE>, < XY/Dy, exactly as in the preceding proof. Since Q> < D>pE>,,

XY YQ N

< <vo.
P=DyE>, “DEs, ="' d

Otherwise N/d = Q/D > X /Dy, while

N
p < \JXY/Ey < XY/Dy <Y

The first inequality uses D>, > p and the second uses D} < XY Ey. The insertion step applies;
interchanging D, F handles the remaining primes. ]
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If d | D and e | E, the prime-factor inequalities above remain true with d, e in place of D, FE,
with XY, Dy, Ep unchanged. The conclusion applies whenever [d,e] > X. There is also a simple
exception for small divisors. If D < Dy and E < Ey, then D < X/Ey or E < X/Dy implies
[D,E] < X. Thus, when imposing either proposition only above X, we may admit these small
divisors without further restrictions. Intersecting the resulting conditions for the different modulus
ranges still gives supports closed under taking divisors.

2.2. Equidistribution estimates. For finitely supported sequences «, 5 on N, define their Dirich-
let convolution by
(@xB)(n) = Y a(u)b(v).
uv=n
For (a,q) =1, put
A(fiamodq)i= Y f)—— 3 f(n), (2.3)
n=a (q) P(9) (i

where @ is the Euler totient function. Write A for the von Mangoldt function and P for the prime
indicator, and set Ay = Al[; 9,) and Py == P1y; 9;).

Write 7(n) = de 1 for the divisor function. The sequences below may depend on z; all
constants in their defining bounds are uniform within the family under consideration. We now
recall some definitions from the surrounding literature:

Definition 2.5. A family of sequences a : N — C is divisor-bounded if, for some fixed C > 0,
la(n)| < 7(n)¢
uniformly in n and x.

Definition 2.6 ([15, Def. 2.5]). A coefficient sequence is a finitely supported sequence o : N — C
such that

|a(n)] < 7(n)“ (log )
for fixed Cq,Cy > 0, uniformly in n and =x.

The cited real-valued estimates apply to complex sequences by separating real and imaginary
parts.

Definition 2.7 ([15, Def. 2.5(i)]). A sequence « is located at scale N = N(z) > 1 if suppa C
[¢N,CN] for fixed 0 < ¢ < C < co. We also say that a is at scale N.

Definition 2.8 ([15, Def. 2.5(iii)]; [19, Def. 2]). A sequence « is smooth at scale N = N(z) > 1 if
a(n) = 1. (n/N), where 1, € C*°(R) is supported in a fixed interval [c,C] C (0,00) and, for every
fixed integer j > 0,

18 lloo <5 (log )
for a fixed C; > 0. The profile 1), may depend on z, but ¢, C, C; and the implied constants do not.

Definition 2.9 ([15, Def. 2.5(ii)]). A coefficient sequence [ at scale N has the Siegel-Walfisz
property if there is a fixed constant Csw > 0 such that, for every fixed L > 0,

S B -~ Y A < 7(as) N o) (2.4
n=a q) QD(C]) (n,gs)=1
(n,s)=
uniformly for all integers ¢, s > 1 and all @ mod ¢ with (a,q) = 1. The constant Csw depends only
on the coefficient family, not on L, and the implied constant may depend on L and that family but
not on z, N, q, s or a.
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Proposition 2.10. Let «, 3 be coefficient sequences at scales M, N, with MN < z°° for a fized
Cy. Then ax B is a coefficient sequence at scale M N . The Siegel-Walfisz property holds uniformly
for

B(n) = P(n)1;(n), J C [N,2N}], N > 2",
where J is an interval and n > 0 is fized.

Proof. Convolution closure is [15, proof of Lem. 3.4(i)]. The prime-interval assertion is the lo-
calization used in [16, §4.5, proof of (63)]; we record its uniformity in the auxiliary coprimality
condition.

For the prime-interval assertion, the classical Siegel-Walfisz theorem and partial summation give
the estimate uniformly in the two endpoints when ¢ is bounded by a fixed power of logz. For
q > (logx)**2, use the bound O(N/q + 1+ N/¢(q)) and q/¢(q) < 7(q). The condition (n,s) =1
removes at most 7(s) primes. Since N > z", both this error and the term 1 are absorbed by (2.4),
with Cqw = 1. ]

Let I be a finite set of primes and Py := [[,c;p. Write DY)(Y) ={q:q| P, ¢ D"(Y)}. Fix
one primitive class @ mod Pr and use its restriction for every divisor ¢ of P;. For w,d,e > 0 write

Er(fiw,0,e) = Z |A(f;a mod q)|. (2.5)
q§x1/2+2w—€
q|Pr, €D (2°)

The set I and the class a may depend on z; the estimates are uniform in them. The residue class
is fixed outside the modulus sum. We place a maximum inside that sum only when it is explicitly
present, as in Bombieri—Vinogradov below. The fixed retreat e leaves room for the small factors
arising from W and from subdivision of the coefficients. Whenever the parameter inequalities are
strict, we may first increase w and 9§ slightly. The resulting fixed margin also permits a cutoff
x1/2+29 Lo (2) for any prescribed positive Lo(z) with log Lo(x) = o(log z); constants may depend on
that choice.

Proposition 2.11. Let f be a coefficient sequence at scale z, let 0 < 6 < 1, and let Q C [1, xg] NN.
Choose a primitive residue class ag mod q for each q € Q. If, for every fized L > 0,

> 1A(f; a4 mod q)| <1, z(logz) ",
qeQ

then, for every fixed B, L > 0,
Y- (@) |A(f;ag mod g)| <1 2(logz) "
qeQ

The conclusion retains the uniformity of the hypothesis. The implication also holds for maxima
over the same prescribed sets of primitive classes.

Proof. Put E(q) = |A(f;aymod ¢)|. Shiu’s estimate [18, Thm. 1, (2.1)-(2.2)], applied to a
fixed power of the divisor function on an interval of length comparable to z, gives F(q) <
20(q) " (log )M uniformly for ¢ < 2. Together with the divisor moments in [15, Lem. 1.3(ii)],
this yields

3" 7()*P B(g) < 2(logz)0= ).

qeQ
For the mean term use ¢/p(q) < 7(q). Cauchy—Schwarz now gives

(Z T(q)BE(q)>2 < (%: E(q)) (Z T(q)QBE(Q)> :

q q
Choose a sufficiently strong unweighted logarithmic saving. The progression bound is uniform in

the primitive class, so the same proof applies to the stated maxima. O
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Proposition 2.12. Let 0 <6 < 1, let Q C [1,3:9] NN, and choose primitive classes ag mod q. Let
w be a nonnegative divisor-bounded sequence.

(i) Suppose f is a coefficient sequence and, for every fized L > 0,
sup Z w(q)|A(f1f); aq mod q)| <1 x(log :E)_L. (2.6)

r<t<2x re)
If 1 € CY([x,22]) satisfies ||1]|oo + [27 [/ (t)] dt < (logz)C for a fized C, then, for every
fized L > 0,
sup - w(@)|A(fP1y)5 a0 mod ¢)] <p z(logz)~F,
r<u<v<2zx
qeQ
(ii) For a fized coefficient sequence f = f,, changing each endpoint of an interval in [z —
O(1),2x 4+ O(1)] by O(1) changes the corresponding weighted discrepancy sum by at most
0-+o(1)
x .
(iii) If 6 < 2/3 and (2.6) holds for f = Ay, then it also holds for f = Py.
These assertions also hold with maxima over prescribed primitive classes when the hypotheses use
the same mazrima.

Proof. We use partial summation and the divisor bounds in [15, Lem. 1.3]. For (i), put Fy(t) =
A(f1[y ;a4 mod g). Partial summation gives

A(ft1pu); 1 mod q) = 1(0) Fy(v) — (1) Fy(x) — /u " E () (1) dt.

Sum absolute values with weights w(q) and use (2.6) with a sufficiently large L. For (ii), the
difference is supported on O(1) integers, each with coefficient 2z°M); the divisor bound for w(q)
gives the stated error on summing over q.

For (iii), first remove prime powers from A,. A primitive class modulo ¢ has at most 27(q)
square roots, so squares contribute at most z1/2t°() 4 20+0(1) 4 the summed discrepancies. There
are O(:rl/ 3log x) prime powers of exponent at least three; their contribution is at most gft1/3+0(1),
The mean terms satisfy the same bounds by the divisor moments. These are power savings when
0 < 2/3, uniformly in the interval. Apply (i) with ¢(¢) = 1/logt to the remaining sequence
P(t)logt. O

The following proposition records the subdivision argument used in [15, §3, proof of Lem. 2.7,
(3.9)-(3.13)] and [16, §4.5, proof of (63)]. We state it for regions defined by a fixed number of
monomial inequalities.

Proposition 2.13. Fiz an integer £ > 2, n > 0, and a finite list of nonzero vectors v; € R, Let
v N —=1[0,1] (1 <i<¥), and let Q, C [27,00)" be cut out by

¢
x <tp---tp <2z, Ht;)ji O; zj(x) for every j,
i=1

where zj(x) >0 and O; € {<, <, >, >}. For any region S, write

L
Fs(n) = Z H%(n,)

ni-ng=n =1
(nl, ...,ng)ES

Let Q C {1, ..., |z|} and choose a nonempty set A, of primitive classes modulo q for every q € Q.
Write E(f) = 3 ,e0 MaXae 4, |A(f;a mod g)|.
Suppose that, for every fired A,C > 0, with h = (logx)~°,

E(FB) <ac z(logz)™4 (2.7)
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uniformly over B = H 1[Ni, (14+h)N;) with Ny = 2" (1+h)™, m; € Z>p and x/2 < Ny --- Ny < 2z.
Then E(Fq,) <1 z(log :C) ~L for every fized L > 0. The data ~;, 2, Q, A, may depend on z; the
conclusion retains the uniformity of (2.7) in these data.

Proof. The proof is essentially identical to the box decomposition in [16, §4.5, proof of (63)]. We
allow finitely many monomial boundaries.

Fix C' > 0 and take z sufficiently large that (14h)¢ < 2. There are O((h~!log z)%) boxes meeting
Q.. Let Fjy be the sum of Fp over boxes wholly contained in €2,, and let G be the sum of Fg over
boxes meeting €2, but not wholly contained in it. Since the grid is disjoint,

|Fa, — Fo| <G.

Every box under consideration has x/2 < Ny --- Ny < 2z.

Include the two product cutoffs among the boundary inequalities. A boundary box lies within
O(h), in logarithmic coordinates, of one of the corresponding hyperplanes. More precisely, for some
fixed nonzero vector v and threshold z(x), every point of the box satisfies

Zvllogt —log z(x <hZ|vZ|

All integer tuples in these boxes also satisfy n; > 2" and @ / 2 <TI,ni < 4z. Choose i with v; # 0
and fix the other £ — 1 variables, whose product we denote by m. The displayed strip confines n; to
an interval of relative width O(h) and with upper endpoint at most 4z/m after intersection with
the product range. It therefore contains O(hx/m + 1) integers. Necessarily m < 4z'~"7. Summing
O(hx/m + 1) over the remaining variables, for each of the finitely many boundary hyperplanes,
gives by the usual harmonic-sum bounds

ZG < (hz + z' ") (logz)* L. (2.8)

The constants in the box count and this bound depend on the fixed geometry and ¢, 7, but not on
C. If |R| < G, then

|A(R;a mod q)| < |A(G;a mod q) |+ ZG

Apply this with R = F,_ — Fy. The triangle inequality, (2.7), (2.8), and 3°, -, 1/¢(q) < logz give

E(Fo,) <ac x(logz)CTV=A 4 (ha + ') (log )"
Choose C' > L+ ¢+ 2 and then A > L+ ¢(C +1) + 2. O

Proposition 2.14. Let M be squarefree. For every p | M, choose a nonempty set A, C (Z/pZ)*,
and put
A={amod M :amodp e A, for every p| M}, m(q) = H Ay (¢ | M).
plg
For any finitely supported f, any Q@ C {q: q | M} and any nonnegative weights w(q),

Zw(q) max]A(f a mod q)| < \A\ Z Z qQ)|A(f; a mod ¢q). (2.9)

qeQ a€AqeQ

If |Ay| < K for a fized K > 1, then m(q) < 7(¢)°82%. Consequently, for coefficient sequences at
scale x and moduli at most 2%, 0 < § < 1, estimates

Y |A(f;amod g)] < z(logz) "
qeQ

for every fired L > 0, uniformly in a € A, imply the same bounds for the displayed maximum with

any fized divisor weights.
9



Proof. The proof is essentially identical to the averaging argument in [16, §4.3], with the sets A,
in place of the residue classes supplied by a particular sieve.

The Chinese remainder theorem gives m(q) images of A modulo ¢, each with |.A|/m(q) preimages.
The maximum is at most the sum over these images. Multiplying by w(gq) and summing gives (2.9).
The bound for m(q) follows from |A,| < K and squarefreeness. The last assertion follows from
Proposition 2.11 and averaging over A. O

We now state the analytic distribution estimates. Numbered references use the versions specified
in the bibliography.

Proposition 2.15. For every fixed L,e > 0,
Z max |A(Ay;amod q)| <. x(logz) L. (2.10)

g<oli2—c (a,g9)=1

This estimate is uniform when [x,2x) is replaced by any of its subintervals. If o, 8 are coefficient
sequences at scales M, N, MN =< x, M, N > x°° for some fized eg > 0, and 8 has the Siegel-Walfisz
property, then the same estimate holds with o x 8 in place of A, with the implied constant also
depending on €9 and the coefficient bounds.

The prime estimate is the usual Bombieri—Vinogradov theorem [4, (1.4)], applied at interval
endpoints. The bilinear assertion is [15, Thm. 2.9], whose Definition 2.5(ii) uses the absolute
Siegel-Walfisz normalization (2.4). Their logarithmic cutoffs exceed z1/27¢ for sufficiently large z.

Proposition 2.16 ([15, Thm. 2.8(i),(ii),(iv)]). Suppose 0 < w < 1/12,0<d<1/d4+w,0< 0 <
1/2, and 68w + 140 < 1. Let o, 8 be coefficient sequences at scales M, N, where
MN =z, 2277 < N < g1/2,
and suppose that B has the Siegel-Walfisz property. For r =1 or 2, assume respectively that
54w + 150 + 50 <1 (r=1), 56w + 160 +40 <1 (r =2). (2.11)

Then, for every fixed L,e > 0,

Er(ax Biw,d,e) < z(logx)~F.

This combines [15, Thm. 2.8(i),(ii)] with its Type II estimate, [15, Thm. 2.8(iv)]. The latter
holds already on singly densely divisible moduli, and hence also on the doubly densely divisible
subclass.

Proposition 2.17 ([15, Thm. 2.8(v)]). Suppose 0 < w < 1/12,0< 0 <1/4+ w and
1 28 2

+ +-0< <1 (2.12)
18T oY T~y '

Let o be a coefficient sequence at scale M, and let 11,19,13 be smooth sequences at scales
Nl, NQ, Ng, with
MN;NyN3 = 1z, N;N; > /2% (i £ §), 213
227 < N; < 2?77 (1<i<3). '
Then, for every fixed L,e > 0,
Erla sy by % h3;w, 6, e) < z(logz) L.
Proposition 2.18. Let w,d,0 > 0 satisfy
T2w + 246 < 1, 48w + 160 + 40 < 1, 64w + 208 4 20 < 1. (2.14)

If a, B are coefficient sequences at scales M,N, MN = z, /277 < N < 2'/2, and 8 has the
Siegel-Walfisz property, then
E3(ax Brw,0,¢) < x(logx) L
10



for every fixed L,e > 0.

Proof. The smooth-modulus estimate is [19, Prop. 1]. The extension to triple dense divisibility is
proved in §A.4: the divisor choices retain the density loss after division, and the completion retains
the original unit restrictions. The resulting common-factor bounds give the unchanged inequalities
(2.14). O

Corollary 2.19. Let w,6 > 0 and r € {1,2,3}. Assume the corresponding condition
108w +306 <1 (r=1),
280w + 800 <3 (r=2), (2.15)
240w 4+ 800 < 3 (r=3).

Then, for every fived L,e > 0,
& (Pp;w, 6,¢) < x(logz) L. (2.16)
The estimate is uniform on subintervals of [x,2x), and also holds with A, in place of Py.

Proof. In each range, ¢ > 1/10 may be chosen sufficiently close to 1/10 that o > 2w, (2.12),
and the required bilinear inequalities all hold. At order three one may take o := 1/10 + (3 —
240w — 800)/40. For r = 1,2 use Proposition 2.16; for » = 3 use Proposition 2.18. Combine
these with Proposition 2.17 and the Heath-Brown reduction [15, Lem. 2.7], whose combinatorial
input [15, Lem. 3.1] requires ¢ > 1/10. The subinterval uniformity follows from [15, Rem. 3.6];
Proposition 2.12(iii) gives the P, estimate. O

For the minorant we also need a smooth-coefficient estimate which reaches shorter factor lengths.

Lemma 2.20. Let a be a coefficient sequence at scale M and B a smooth sequence at scale N, with
MN =z and z'/277 < N < zY2. For w,8,0 > 0 satisfying

4o + 28w 4 8 < 1, (2.17)
one has E1(a * B;w,d,¢) < z(logx)™F for every fived L,e > 0. Without the preceding restriction
on N, if0<0<1,e9>0 and N> 20750 then

Z (m?x1 |A(a* B;a mod q)| <r.g.e x(logz)™ . (2.18)
g<a? \PPT

Proof. The first assertion is proved in §A.5, adapting [2, Lem. 3] to singly densely divisible moduli.!
The reciprocal-phase estimate uses the least common multiple of the complete moduli rqpq; and
rqoq2, which is singly dense by [15, Lem. 2.10(ii)]. For (2.18), the Type 0 argument [15, §3, proof
of Lem. 2.7, (3.14) and following] applies because N/q exceeds a fixed power of x. O

2.3. The prime minorant and its negative part. We use the arithmetic function constructed
in [19, Prop. 2 and §4.8], which refines the Harman-sieve minorant of Baker and Irving [2]. For
m > 1, let 1(m, z) be the indicator that every prime factor of m is at least z, with ¢(1,2) = 1. Set

ax = 0.40481, by = 0.59519, ¢y = 0.33856,
& = 0.19038, Uy = 0.23848.

These are exact values; in particular b, = 1 — ay, & = 1 — 2a, and u, = 1 — 4&,. In the sums below,
all p; are prime, o = logp;/log x, and ms is a positive integer. For x < n < 2z, put

bi(n;x) = > Y(ms, pa), (2.20)

n=p1p2p3pams
ExSau<az<az<ai<ax
al+a2<ax
as+az+ag>by

(2.19)

n the notation of [2, Lem. 3, proof following (2.4)], (c1,61) = (h,rq1), so the ensuing mean term contains
(h,7q1q2). For m = rq1g2, the bound Zlgth(h’ m) < H7(m) preserves the estimate; see §A.5.
11



ba(n;x) = > 1, (2.21)

N=p2p3pP4PsP6
ExLan,as,04,05,06 St
2,04 >0
agtay<asx
ag+az+as>by
ag>as

b(n;z) == b1(n;x) + ba(n; x), o(n;z) == P(n) — b(n; ). (2.22)
We extend these functions by zero outside [x,2z). The sums count configurations and can have

multiplicity. The expression for by is the one in Stadlmann [19, Prop. 2|; the equivalent form in
[19, Lem. 22] interchanges py and py.

Proposition 2.21. For sufficiently large x, the function o equals one on primes in [x,2x) and is
nonpositive on composites. It is supported on integers all of whose prime factors are at least x¢*,
and

o— =max{—p,0} =b>0.

Every integer in the support of b has exactly five prime factors, counted with multiplicity, and
b(n;z) < 1. There is a constant 0 < Kipye < 1/50000 such that, with Mirwe = 1 — Ktrue,

X
; = rue 1 )
T o) = e+ o)
_Z (2.23)
b(n;z) = (Ktrue + 0(1)) .
r<n<2z 1ng

Proof. The lower bound for the mass is [19, Prop. 2]. The exceptional sums are nonnegative, vanish
on primes, and are supported on z¢*-rough integers. In (2.20), the possibility ms = 1 would give
n < x2% < z. If ms were composite, n would have at least six prime factors of size at least ¢+,
which is impossible for large x since 6, > 1. Thus, ms is prime, and both exceptional sums have five
prime factors. Their multiplicities are bounded by a fixed number of assignments of those factors.
The prime number theorem in the two fixed regions of prime variables gives constants k1,2 > 0
for their asymptotic masses. Set Kue = K1 + k2 and use Stadlmann’s bound Kye < 1/50000 [19,
Prop. 2. O

We next record the distribution range for this same arithmetic function on densely divisible
moduli. No change to its defining regions or to its mass is made.

Proposition 2.22. Put oy, :=1/2 —a,. Let 0 <w < 1/12 and 0 < 0 < 1/4 + w satisfy

1 1 2% 2 19

S TWH2 <y ot w6 < o

7 R e RV (2.24)
. .

Forr = 1,2, assume 68w + 145 < 1 and the corresponding inequality in (2.11) with o = op,. For
r =3, assume (2.14) with o = op,. Then, for every fixred L,e > 0,

Er(0;w,0,e) < z(logx)~F. (2.25)
In particular, the order-three estimate permits
253 1
= 0<d<107° = 4 2w = 0.5253.
“ = 20000° So< g T

For ordinary moduli one also has

Z max |A(p;a mod q)| <. z(logz) L. (2.26)

o (@a)=1

q<z

12



Proof. Choose a fixed 0 < 7 < 10710 sufficiently small that the strict parameter inequalities remain
valid with o, + 7 in place of o, and with the three upper bounds in (2.24) decreased by 7. The
coefficient construction in Lemma A.8 and corrected Buchstab decomposition in Lemma A.9 prove
the version of [19, Lems. 18-22 and §4.8] needed here.?

Both proofs are given in §A.6; the defining regions of ¢ are unchanged.

Lemma 2.20 handles smooth factors of length at least 2%~ 7 and at most z'/2 by the first
inequality of (2.24). Proposition 2.16 or Proposition 2.18, with o = o,,, + 7, handles the bilinear
range from 2%~ to x%¥7. The localized coefficients are those in [19, Lems. 19-20], with the
corrected sixth region.® They satisfy Siegel-Walfisz uniformly in their endpoints and auxiliary
coprimality conditions by Lemma A.8, so the two factors may be interchanged.® Smooth factors
longer than 2%*7 are covered by (2.18), since 1/2 4 2w < b,.

For the three smooth factors in the Type III terms, choose o3 strictly between the second lower
bound in (2.24) and 19/200, and decrease 7 further so that 7 < 19/200 — o3. Their lengths lie be-
tween 01977 and 2049+7 and their pairwise products are at least £°-°%~7. These satisfy (2.13), so
Proposition 2.17 applies. These are the three distribution inputs required by the decomposition. Its
logarithmically many subdivisions are absorbed by the arbitrary logarithmic saving. Substitution
verifies the order-three example; the tolerance is chosen after w,d.

For (2.26), apply Proposition 2.13 to b; and bs with £ =5, n = &, and v; = P. Both regions are
defined by monomial inequalities, and ms in by is prime by Proposition 2.21. For the box estimate,
write F'g = ax*f, grouping four prime factors into « and the fifth into 5. Proposition 2.10 makes « a
coefficient sequence and gives 3 the Siegel-Walfisz property. Since their scales satisfy M > x4 and
N > 2%, Proposition 2.15 supplies the uniform box estimate with a maximum over all primitive
classes; together with Proposition 2.12(iii), it also handles the prime term. O

For example, the two estimates have the common order-two parameters

1 1 1 63
N S 42w = —2 = 0.504.
Y0 = 500 0= 550 g 720 = 155 =050

The full-prime condition in (2.15) holds at order two, and the minorant conditions hold with o = oy,.
Thus, both estimates hold on the same class of doubly z%-densely divisible squarefree moduli up to
20-594=¢ " with the same coherent residue classes. Subtracting gives the corresponding estimate for
b = P, — o, whose mass is governed by the small constant ke in (2.23). The common source used
by the numerical trial has the parameters specified in §4.2.3; its support containment is verified
there.

2In (19, proof of Lem. 22], use Y «a; = log, n. The complementary-cutoff difference has psps € [z%*,22%) and
pip2 € (zb*,22%), and is covered by the widened Type II estimate. On the fixed-cutoff region n1 = n/(p2psps) > x°*,
the correct reversal is

P(n1) = ¥(n1,2%) — Z 1,
n1=p5pe
xt* <p5<pe

where ps,pe are primes, possibly equal: 6&. > 1 excludes longer rough composite cofactors. Without an indexed
subset sum in [a«,b.], every pair sum is below a., giving a; < ax — & < u.. Lemma A.9 justifies the stated
exceptional sum and repeated-prime diagonal, with errors summed over moduli. These corrections retain the same
minorant.

3n [19, Lem. 19(6)], replace & < au < ag < a2 < ax by & < as < az < ax, retaining as > a3 and all other
restrictions. No order between a2 and a4 is imposed. This is the region used in the proof of Lem. 22; the grouping
I ={3,4}, J = {2} in the proof of Lem. 19 remains valid. The coefficient verification is in Lemma A.8.

4The nonsmooth factor in [2, Lem. 5], invoked by [19, Lem. 18(I)], must satisfy Siegel-Walfisz. The identity
M<z = p ¥ (-, 2), where pcz(n) = p(n)lp+y<, and 2z = z¢*, does not by itself remove the first-crossing and
prime-order restrictions. Lemma A.8 proves the property for the actual localized coefficients, uniformly in endpoints
and auxiliary coprimality, with one fixed divisor exponent, and controls the associated boundary majorants. The
corresponding hypothesis is explicit in [19, proof of Lem. 20, property (3)].
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To control the negative part after multiplication by sieve weights, its small unweighted mean
alone is not enough. We use the following pointwise majorant, whose proof is elementary.

Proposition 2.23. For squarefree n € [z,2x), define

Na(n) = #{p <q: pg|n, p,g>a", pg<a™}.
For sufficiently large x,
12
0<po_(n;z) =b(n;x) < gNQ(n). (2.27)

There are O(z'~%) nonsquarefree integers in the support of b in [x,2x). Their contribution still
has a fixed power saving after multiplication by fixed divisor-bounded weights.

Proof. It suffices to consider b(n;z) > 0. Rank its five distinct prime factors increasingly, and
let E be the set of rank pairs whose product is less than z®. This set is downward closed and
|E| = N2(n). The ordering restrictions in (2.20)—(2.21) give

b1 <21y 5)ce + 135)ece + 134)cE: bp<2 ) (r—1).
(r,s)EE

For by there are four possible omitted factors. For a marked pair (r,s) in by there are two orien-
tations, 7 — 1 choices of the smaller third factor, and a prescribed order for the remaining pair. If
(4,5) € E, then |E| = 10 and these bounds sum to 24. If (3,5) € E but (4,5) ¢ E, then |E| =9
and they sum to 16. If (3,4) € E but neither preceding case occurs, then |E| > 6 and they sum
to at most 11. Otherwise by = 0 and the bound for by is at most 2|E|. This proves (2.27). A
nonsquarefree exception is divisible by p? for some p > 2%+ ; summing 22 /p? over such primes gives
the asserted count. 0

3. EVALUATION OF THE SIEVE WEIGHTS

We evaluate the divisor sums for general coefficient weights, following the diagonal change of
variables in [12, §5]. The distribution estimates enter through the moduli produced by pairs of
coefficients. We then express the main terms as integrals and prove the Selberg upper bound
needed for the negative part of the minorant. The choice of supports and the final combination are
left to §4.

3.1. Coefficients and diagonal variables. Fix an admissible tuple H = {hy, ..., hy}, with
k > 2. Retain W, by, wo and 3/, from the introduction. By our largeness convention, every prime
divisor of a nonzero h; — h; divides W. Fix p,,( > 0 with p,.¢ < 1, and set

W
R = xf*, B, = (pg/v)logx, Br = p« Bz,
T T _

Cyp = WBJ, Cr = WBRk =p R0y, (3.1)

_ x “(k-1) _ ~(k-D o

P o(W)logz ) v = Pt

All parameters and support bounds in this section are fixed as z — oo.

For 1 < m <k, let R,, be the set of tuples r = (71, ..., ry) for which rq---r,, is squarefree,

coprime to W, and has no prime factor above RS. Arrays indexed by R, are extended by zero to
all of N™,

Definition 3.1. A diagonal array y = (y,) is a real array, possibly depending on z, with a fixed
bound ||y||cc < M and

=0 ifrl---rm>RS
14



for some fixed S > 0. Its coefficient weights are

A (y) = p(d __ 3.2)
(H rezR:m j=1 (7)) (
djlrj (1<j<m)

For two arrays of the same dimension define

rir
(y,2) — > 1Yl %.m = (¥ ¥) Ram- (3.3)

rER 1 QO(TJ)

Lemma 3.2. The weights in (3.2) satisfy

m (m)
ye = By (H urpe) |5 H (3.4
j=1%;

rild; (1<j<m)

If y is supported in a set S such that r € S and dj | r; for every j imply d € S, then MM () s
supported in the same set. Moreover,

D
)‘(m) Y <m Y T D= d‘, YrRm Km Ylloo-
A (W) <y | HOO(p(D) 1;[ i lyllr, < lyll

Proof. The inversion is the change of variables in [12, §5, (5.7)-(5.9)], with our factor Bp™. A
nonzero coefficient requires a tuple r with y, # 0 and d; | r; for every j, which proves the support
assertion. Write Mp = [[,<pe (1 +1/(p —1)). Putting r; = d;t; bounds the coefficient by

D
@(D)

For the norm bound, drop the coprimality conditions between coordinates and use Mertens’

B™ D
19lo0 o) ME < ylloo—5

formula
L (e 1) e .
p<R¢
pﬂ/V
where v is the Euler—-Mascheroni constant. ([l

Fix 1 <i < k. For a k-coordinate array y and a (k — 1)-coordinate array z, define

A= Y W),

djln+h; (1<j<k)

B = > AV

djln+h; (j77)

(3.6)

Here the coordinates of z are indexed, in their usual order, by {1, ..., k} \ {i}. These sums are
2°1) pointwise for n < z, by Lemma 3.2 and the divisor bound. For r: € Rg_1 put

L Z Yry,oorie 17a Tidly e (3 7)

a>1 )

The zero extension of y enforces squarefreeness, the prime cap, and (a, W 14 rj) = 1 in this sum.

Lemma 3.3. The array y'9 has bounded supremum and the same total support bound as y. If
Agiy denotes the sum A, with d; = 1, then

Agiy =B (3.8)

y(@

Consequently, Ay(n) = By(i)ﬂ-(n) whenever n + h; has no prime factor at most RS.
15



Proof. When d; = 1, the definition of the coefficients gives
k k—1 ]
A ) =2 ).
Indeed, the sum over the ith diagonal index is Bry?, which cancels one factor Bﬁl in the coefficient
normalization. The other divisibility conditions are unchanged. Summing over d; | n + hj, j # 1,
proves (3.8). The supremum bound follows from (3.5). If n + h; has no prime factor at most RS,
the prime-factor restriction on the coefficients forces d; = 1. O

3.2. Counting and prime-weighted sums.

Proposition 3.4 ([12, Lem. 5.1, (5.13)]). Lety be a diagonal array on Ry, supported onry -+ 1) <
RS. If 2p,.S < 1, then

3 Ay(n)? = Colllyll s + o(1)). (3.9)

The error is uniform for fized supremum and support bounds.

The cited algebra applies before any smooth profile is chosen. Use the coefficient radius R and
the factor Br" in (3.2). The ordinary counting error is O(R?%(logxz)?M); the strict inequality
205 < 1 makes it smaller than any fixed logarithmic multiple of C,.

For two arrays y, z on the coordinates other than i, define Q;(y, z) to consist of the moduli

q=W]]ldj,e;] = W[D, EJ, D=1][d;, E=]]e (3.10)
i i i
where /\((ik_l)(y))\ék_l)(z) # 0 and the [d;,e;] are pairwise coprime. Let Z contain the primes at

most R¢ and the primes dividing .

Proposition 3.5. Let y,z be diagonal arrays on Ry_1. Let ¢, be the restriction to [x,2z) of
P = 1p or of o(+; x), with the same interval used in its discrepancy. Put p. =1 in the first case and
e = 1 — Kipue 0 the second, where Kirye 15 the actual deficit in Proposition 2.21. For the minorant
assume also p.¢ < &. Suppose Q;(y, z) C [1,27] for fivred 0 < 0 < 1 and, for every fived L > 0,

sup Z |A(cy;a mod q)| <1, x(logz)~L. (3.11)
(@Pr)=1 g€ Q;(y,2)
Then ,
Z ce(n+ hi)By i(n)B,i(n) = Pe(pe(y, 2)r k-1 + 0(1)). (3.12)

If u is a diagonal array on Ry and the same hypotheses hold with y = u') | then
S c(n + hi) Au(n)B.i(n) = P (ue(w®, 2) p g1 + o(1). (3.13)

n
The modulus family is independent of the global residue class. Fach error is uniform for fixed array
bounds and uniform constants in (3.11). Fized endpoint shifts do not change the result.

Proof. We use the diagonal calculation of [12, Lems. 5.2-5.3] and the residue-class averaging of [16,
§4.3], with (3.11) as the distribution input. We record the bilinear calculation for signed arrays
depending on individual prime factors.

The support of ¢, is coprime to every modulus in (3.10): for primes this follows from p,( < 1,
and for the minorant from roughness and p,.( < &,. Thus, a compatible coefficient pair contributes
its common mean

Zm Cw(m)

p(W) Hj;éi o([dj, e;])
and a discrepancy in a primitive residue class. Factor this common mean out before summing the
signed coefficients. The fixed endpoint shifts are negligible by Proposition 2.12(ii).
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For a prime p | /W, the detected variable n + h; lies in one of the k — 1 distinct nonzero classes
hi — h; (mod p). Let A; be the primitive classes modulo Pr satisfying

a=byg+h; (mod W),
amod p € {h; —h;:j #1i} (peZ, ptW).
Every class from a compatible coefficient pair extends to A;. At each prime there are k—1 coordinate
choices and three membership patterns, left, right, or both roots. If ¢t = w(q/W), Proposition 2.14
replaces the maximum over compatible classes by an average over A;, with factor (k—1)!. The total
loss is at most [3(k—1)2]¢, a fixed divisor power. The family being residue-independent, Lemma 3.2,

Proposition 2.11, and (3.11) give an arbitrary logarithmic saving for the summed discrepancy. It
remains to evaluate the coefficient sum

BRSSP M () O
M(y, )_ dZ;T H];éz gp([d],ej]) )

where the asterisk requires the [d;, e;] to be pairwise coprime. We claim that

—2(k— Yrzr —(k—1) 1
M(y,z) =BV N 4 O [ B yllelzllee S 5 ) (3.14)
reRi_1 iji SO(Tj) p>wo p2

This is the bilinear diagonal calculation underlying [12, (5.21)—(5.26) and Lem. 5.3]. The follow-
ing prime-by-prime calculation also explains why it applies to arrays depending on the individual
prime factors.

For p > wgy and j # 4, put

1—pl,=_p.
Upi(a) = ——— e,

After factoring out B}?(kfl), inversion expresses M (y, z) as a sum of products of these functions,
averaged over a # —h; (mod p) at each prime. Put a, = p — 1. For this average E, ;,

g =2 T2 -1 -2 -3
EpiUp,; = —a,”, Ep,zUp,j =a, +a, a,”,

Ep,i(Up,jUp,l) = —%:2 - 2(1;;3 (G #1).

FEach diagonal tuple contains a prime in at most one coordinate, so only these first and second
moments occur in the bilinear product. Replace these averages by ones in which the events indexed
by j are independent and each has probability 1/p. Then the first moments vanish and the second
moments are 1,—;/(p — 1), giving the displayed diagonal sum. The sum of the absolute errors at
one prime is Og(p~2). Expanding the difference of the two products therefore bounds the total
error by

—2(k—1 k1 - -
<k B Vyloolzlle T (1 T PO 2)> v
wo<p< RS b pwo

Mertens’ formula bounds the product by OM(BE_l), proving (3.14). Since >°,.,, p~2 — 0, the
main term in the sieve sum is

He —(k—1)
———8B _ 1
¢(w) log © R (<y72>R,k 1 +0( ))7
which proves (3.12). Finally, apply Lemma 3.3 for (3.13). Only the mixed moduli are used for that
assertion; no estimate for the outer self-square is required. O

Condition (3.11) follows from the distribution results of §2 when the actual moduli lie in a fixed
finite union of the permitted residue-independent families, with fixed positive retreats. Proposi-
tion 2.12 supplies the prime-indicator and endpoint transfers. The modulus to check is W[D, EJ,
including the factor W.
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3.3. Smooth profiles and their quadratic forms. We now choose the diagonal arrays by sam-
pling fixed smooth functions. The calculation is analogous to [12, Lems. 6.1-6.3]: harmonic sums
over the diagonal indices become integrals, and summing out one index becomes a partial integral.
We also record the larger prime factors of each index, since the dense-divisibility conditions depend
on those factors.

Fix 0 < up < ¢. A divisor coordinate is X = (to;u1, ..., Um), where typ > 0 and the fragments
uj € (uo, (] are unordered. Write |X| = to + 3_; uj. For a squarefree integer r with P*(r) < RS,
define

XR(T) = Z lOng; (lOng)p|r, p>RY0

pl|r
p<RU0

Thus, to records the total size of the smaller prime factors, the u; record the remaining prime
factors individually, and |Xg(r)| = logp 7.

Let pp be the continuous Dickman function, determined by pp(t) = 1 on [0,1] and tpp(t) =
—pp(t — 1) for ¢t > 1. The measure used below is the sum, over all m > 0, of

1 du;
dv(X) = pp(to/uo) dto — H -,

(3.15)
The factor 1/m! accounts for the unordered fragments; the empty product is one. This is a finite
measure, not a probability measure. It has mass e7(, where ~ is Euler’s constant, and its image
under X — |X] is

po(t/¢) dt. (3.16)

Reducing ug and then adding the newly recorded fragments back into the small total gives the
original measure.

Definition 3.6. A smooth profile in d coordinates is a real function F(Xy, ..., X4) with the
following properties. For every fixed choice of fragment counts myq, ..., mgy, it is the restriction of

a function in Cg° (Rd+zj "), symmetric in the fragments within each coordinate. Also, for some
fixed S, it vanishes when Zj | X ;| > S; we call this a total support bound of S. Only count tuples
with >, m; < S /up can contribute. No compatibility between different count tuples is required.
Its diagonal array is
y[F]r :F(XR(T‘l), ceey XR(Td)) (I‘GRd>,

extended by zero elsewhere. When d = k, write y®@[F] = (y[F])® for the discrete marginal in
(3.7). In the corresponding dimensions, put Ap = Aym, A%i = Agiyr) and Bg; = Bygy;- The
parameters and profiles are fixed as x — oc.

For a profile F' in k coordinates, put
/F2 dv*, (3.17)
Fi(X;) = /F X1y ooy X1, X, Xints - Xg) du(X), (3.18)
= / F2duit, (3.19)

We also write V; = F; and Jpn,; = J (1), Unsubscripted norms and inner products use the appropriate
product of v. If F' depends only on the totals |X;| and S < ¢, then (3.16) is Lebesgue measure
throughout its support. The forms are then the usual Maynard integrals, after rescaling the total
support to one. The individual fragments allow the additional prime-factor restrictions needed
here.
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Proposition 3.7. Fiz 1 < i < k. Let F be a smooth profile in k coordinates and G, H smooth
profiles in k — 1 coordinates, using the same ug,(. Their sampled arrays have uniformly bounded
supremum and retain their total support bounds. The function F; is a smooth profile, with the same
total support bound as F', and

ly[F]7e s — 1(F),
(WGl ylH]) rk—1 — (G, H),
WOFL G -1 — (Fi, ).
Moreowver,
ly O [F] = y[Ei]|Fpy — 0. (3.20)
Consequently, ||y [F] — y[G]H%’k_l — ||[F; — G||3. If F has total support at most S, then

JO(F) < SI(F), ijum ) < kSI(F). (3.21)

Proof. We first establish the harmonic summation formula for these coordinates. Decompose each
squarefree index uniquely as r = ap; - --pm, where PT(a) < R and R"™ < p; < R¢. The
normalized small-cofactor measure has Laplace transform

1 —sloggp ug p—SU _ |
— H (1 + e) — e ug exp (/ S du) (s >0).
p—1 0 U

BR wo<p<R™0

Mertens’ formulas [13, (5), (13), (15)] supply the value at s = 0 and the prime harmonic integral.
After division by that value, each Euler factor is 1 + (e=*1°8rP — 1) /p; expanding its logarithm
has error O(3 5., P~ 2) = 0(1). The Dickman transform [1, (2.4)~(2.6)] identifies the limit as the
transform of pp (to/ug) dio.

Mertens’ formula also gives weak convergence of Y- puo—p<pe (P — 1) log, p to du/u on (ug, (],
where J; is unit mass at t. For each fixed count, allowing repeated large primes costs Om(2p> Rruo (P—
1)72) = o(1) against bounded tests. Divide the ordered sums by m! to obtain (3.15). There
are only finitely many contributing count tuples, and all endpoints have zero limiting measure,
including tp = 0. The arithmetic atom ¢ = 1 has mass 1/Br — 0. Summing over m inserts the
factor exp( fuco e *"du/u) into the small-cofactor transform. The resulting total-size transform is

e’ exp( foc(e_su —1) du/u), which proves (3.16) and the stated mass. The same calculation between
two cutoffs proves the assertion about adding fragments to the small total.

Before imposing coprimality, the normalized harmonic measure is the product of the one-
coordinate measures. Imposing coprimality between two coordinates changes a bounded normal-
ized sum by O35, p~2) = o(1): under the full squarefree harmonic weights, a prime p occurs
in each coordinate with probability 1/p. A union bound over primes and pairs of coordinates

therefore gives
Z XR 7“1 XR(Td
Bd I'GRd H] @(rﬂ)

Apply this formula to the products in the three pairings. Expanding (3.7) gives the mixed-
marginal limit; opening its square gives two independently integrated coordinates and proves
lyD[F ]||%37k_1 — || F5||3. These two coordinates are each coprime to the retained tuple, but are
not required to be coprime to one another.

Bounded sampling follows from the finitely many smooth functions and |Xg(r)| = logp . The
full harmonic mass also gives ||y [F]|lcc < (€7¢ + 0(1))||F||so. For each choice of retained frag-
ment counts, F; is a finite sum of integrals over fixed domains. Differentiating compactly supported
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smooth extensions under those integrals proves smoothness; its support lies in a finite union of com-
pact projections. Taking G = F; in the preceding limits and expanding the squared difference now
proves (3.20). Finally, the permitted mass of the integrated coordinate is at most fOS pp(t/¢)dt < S.
Cauchy-Schwarz gives J)(F) < SI(F). O

Lemma 3.8 (Bounded profiles and exact faces). The harmonic limits above also hold for fized
bounded profiles of bounded total support whose discontinuity sets have limiting measure zero, sam-
pled by the same rule. Their marginals are bounded and have null discontinuity sets; smoothness
is asserted only for the smooth profiles of Definition 3.6. For fixed finite real linear combinations
2z, 2 of sampled d-coordinate arrays and exact discrete marginals, with corresponding combinations
of profiles and marginals H, H', one has

(20s 2 ra = (H, H') + o(1). (3.23)

In particular, for such an outer profile F' of total support S, 2p.S < 1 gives

ZAF = Co(I(F) + o(1)).

Under the actual-modulus hypotheses of Proposition 8.5, the mixed pairing with a canonical inner
profile H is

> ca(n+ hi)Ap(n)Bu,i(n) = Po(uc(Fi, H) + o(1)).

The coefficient roots retain every hereditary support and prime cap.

Proof. The weak harmonic convergence in (3.22) applies to bounded tests with null discontinuity
sets. Fubini and dominated convergence give the same property for each marginal. In an exact-face
square, expand the erased sums first: the retained root is shared, whereas the two erased roots may
share primes with each other. Only their intersections with retained roots, and intersections between
retained coordinates, are forbidden. Removing these restrictions costs O(3 5, p~%) = o(1) in the
normalized bounded form, as in the preceding proof. Bilinearity gives (3.23), without a pointwise
limit for the discrete marginal. Lemmas 3.2-3.3 preserve the support bounds; Propositions 3.4-3.5
give the two arithmetic forms. O

For the fragment calculations below, it is convenient to retain all fragments. Let II: be the
Poisson process on (0, ¢] with intensity du/u, and put v = e’ L(II¢). Its projection to the seed
and the fragments above ug is precisely (3.15); profiles are identified with their pullbacks. The
standard Poisson and Dickman identities [11, Thm. 3.9] [1, (2.4)—(2.6)] give, for 0 < z < (,

VC‘{maxng} =,. (3.24)
Thus, an inward prime cap uses v, with no extra z/( factor; totals above z retain their Dickman
density. Conditionally on total ¢ < ¢, ranked fragments have law ¢t PD(1); for ¢ > ( this law is
conditioned on its largest fragment being at most ¢ [1, Thm. 3.1, Cors. 3.1-3.2].

For ordered distinct occurrences u € X7, let X \ u delete the marked occurrences. The reduced
Mecke identity [11, Thm. 4.5] states that, for every nonnegative measurable W,

/Z\IJUX\ ) dve (X / /xpuXduC )Hlduf (3.25)

uEXT

Unordered marking contributes 1/r! only for symmetric integrands; labelled roles retain the ordered

form.
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3.4. A Selberg upper bound for the negative part. To count the rough cofactor left after
a prime pair is marked, we use the classical one-dimensional Selberg coefficients. Their diagonal
variables are constant, so their energy is exact. Recall B, = Br/px.

Lemma 3.9. Fiz z > 0, put Z = x%, and define

2 2
1 (a) 7z . u(d)d 1 (a) z
Gy = y Ag = ’ Ly(t) = Ad -
2= 2 o) el Dl 2() = DA
(a,W)=1 dla
(a,W)=1

These coefficients vanish unless d < Z is squarefree and coprime to W, and
M=1,  D<d/fe(d), Gz=(:+0(1)B,.
Their ordinary diagonal variables are exactly

A (@) Lagz, (@w)-1

Za = :u'(a)(p(a) Z
ald d Gz
In particular,
MINZ 22 1 = -1
£ = 4 = — sup |ze| = G, <, B, .
2 i =X~ @ (Pl =G

If 2 < &, then Lz(t) = 1 on every xf-rough positive integer.

Here, z, is the ordinary diagonal variable. In the normalization of (3.2), the corresponding raw
array is Brz,, after enlarging the ambient prime cap if necessary.

Proof. The diagonal and energy identities are the classical Selberg identities [12, §5]. Writing a = db
bounds the inner sum by Gz/¢(d), and on a rough integer only d = 1 contributes.

For the asymptotic, apply [12, Lem. 6.1] with v(p) = 1, and test function 1. Its singular
product is (W) /W, its constants A;, A2 may be fixed, and its parameter L is O(logwy), since
W = [,<u, p for all sufficiently large . Thus, uniformly for our choice of W,

Gz = (pﬁ/vm(logZ + O(logwp)) = (2 + 0(1)) By.

Changing the strict cutoff in that lemma to a < Z adds at most Z~1t°(1) and does not affect the
estimate. 0

Proposition 3.10. Fiz r.,z,£ > 0 with & > max{p.(,z}. Let y be a bounded diagonal array on
Ri_1, vanishing when H#i rj > x'°. Let M be any set of prime pairs p < q with p,q > z¢ and
pq < x°, where

s+ 2r.+ 2z < 1.
Then,

n N\ 2
> Y (M) Buwr-n (iuyn%,k_l > 1+o<1>).

(pO)eM  z<n<2e ba (pyem P4
n=bg (mod W)
pg|n+h;

The error is uniform for fized supremum and support bounds on y. No distribution estimate for

primes or for the minorant is assumed.
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Proof. We use the ordinary CRT calculation in [16, Thm. 3.6(i) and §4.1], with the exact auxiliary
diagonal from Lemma 3.9. We account for the marked pair and for primes shared by auxiliary and
retained indices. The marked primes exceed both coefficient prime caps. Hence, when pq | n + h;,
one has Lz((n+hi)/(pq)) = Lz(n+h;). Opening both squares gives x/(Wpq) times their complete
CRT mean. The coefficient bound in Lemma 3.9 and Lemma 3.2 bound the total counting error
by

ms+2rc+2z+o(1) — O(Px)

For a prime p > wp and a coordinate j, put Uy j = (1 — plyj,yn;)/(p — 1). Here the average is over
all residues modulo p, so

1
2
EpUp,; =0, Eplp,s = p—1

Put d = k — 1. If the divisibility events in distinct coordinates were independent, the CRT mean
of LQZB;Z- would be exactly

B—Qd (Z Zg )(Z yg ) BRdH H
B\ o) ) \ & el )~ Gp VIR

The local states are S € {@,{i}} U{{j},{4,j} : j # i}; the state {i,j} retains a prime shared by
the auxiliary index and coordinate j. With a, = p — 1, their exact kernel is

1—|SUT|+ay|SNT)
ST ’
P

K,(S,T) = Dy(S,T) = 1g—ra, "

in the actual and independent models, respectively. In particular, all mixed third and fourth
moments are included. One has Y g7 |Kp — Dp| = O(p™?) and Y g7 [Dpl = (1 +d/ap)(1 + 1/ay).
Since |z,| < G, tensor expansion bounds the total difference by

B> lyll3

k
e 11 (1+p+0k )ZpQ o(BR"/By).

< R
u)0<p§zmax{ﬁ*§vz} p>wo

The harmonic sum 3=, yeaq 1/(pg) is O s(1). Multiplication by z/W, together with Gz ~ 2B,
and (a:/W)Béd/Bx = P,, proves the result. O

For the application, fix the global cap
19037 9519

£0= 100000 < & = 50000

and impose, on every outer and inner coefficient root, even in the radial cores,

Pt (de) <z, (3.27)

This hereditary restriction is preserved by the transform in Lemma 3.2. Since b(n;z) > 0 only
on z&*-rough integers, the cap forces d; = 1 on this support. The exact restriction identity (3.8)
therefore gives

(3.26)

Ap(n) = A%ﬂ-(n) whenever b(n + h;; ) > 0. (3.28)
The same identity holds when n + h; is prime. Roughness also gives, for every actual coefficient
modulus g,

Yo olmz)= Y oln;x) (3.29)

r<n<2z r<n<2z
(n,q)=1
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Proposition 3.11 (Exceptional square bound). Let C; be a finite real linear combination, with coef-
ficients independent of x, of canonical (k—1)-coordinate sums and exact faces A%’i from Lemma 3.8.
The profiles are fized, bounded, and have limiting-null discontinuity sets. Suppose every summand
satisfies (3.27) and has coefficient-root physical radius at most

11 17
— Kex = —.
40’ 50
Let H; be the corresponding combination of canonical profiles and marginals F; = E;F. Then

(3.30)

Te =

> b(n+ hi; 2)Ci(n)* < Po(Kex|| Hill3 + (1)) (3.31)

The norm is the full fragment norm. All profiles, bands and auxiliary cutoffs are fixed before x — oo;
their exact face arrays may depend on x.

Proof. By inversion and Lemma 3.3, C; = B,, ; for a uniformly bounded raw array of the same
radius and cap. In Proposition 3.10 use the ambient cap min{(,&y/p«}: the array vanishes outside
it, so its weights and diagonal norm are unchanged. (3.23) gives [|yz||% ,_, — [[Hill5. The coefficient
and divisor bounds of Lemma 3.2 make the nonsquarefree exceptions in Proposition 2.23, and fixed
endpoint shifts, negligible in this weighted sum.

Divide [2¢4, a,] into 1024 equal bins with right endpoints s;, and set

1—2r.—s; 1
2 10000’

These satisfy 4499/200000 < z; < 863/25000 < & < & and sj + 2r. + 2z; = 1 — 1/5000. Thus,
Proposition 3.10 applies in each bin. On the exceptional support, Lz, = 1. The positive majorant
of Proposition 2.23 gives

Zj = Zj = IL‘zj. (3.32)

E
)

Mo

b(n + hs; 2)Ci(n)? < 3 Lpginh; Lz; (n+ hi)*Ci(n)?

L p<q, p,g>at*, pg<a®*
sj—1<log,(pq)<s;

J

outside the negligible nonsquarefree set. The strict condition pg < z is inherited from Ny in
Proposition 2.23, including in the last bin sjg24 = a«. Only ordinary counting is used: the error in
bin j is % t2ret2zto(l) — o(P,).

The prime harmonic measure is du/u on fixed positive logarithmic intervals [13, (5), (13)]. Inte-
grating over &, < u < s/2 gives the unordered pair measure

]. — Ox
dua(s) = log(s : 3 ) ds, 26 <5< a.. (3.33)
S *

The last arithmetic bin has pg < x®+; its limiting mass remains pa((s1023, ax)), because the endpoint
has zero pip-mass. Proposition 3.10 gives the constant (12/5)3"; zj_l,ug((sj_l,sj]) in (3.31). This

sum is a right-endpoint bound for

24 o log((s—&)/&)
5 Jog, s(1—2r, — s — 2/10000)

We bound the finite bin sum itself. Put Lo (t) = Y21 (=1)™H14" /m, hex = (ax — 26.)/1024,
Cx = 1 —2r. —2/10000 and t; = (s; — 2&)/& € [0,1). The alternating-series bound gives
log(1 +t) < L9;(t) on this interval. The density in (3.33) is increasing, so the finite bin sum is at

most

(3.34)

1024{ 2524hexL21(tj)w _ 840334010068226419110401 17 (3.35)

= < —.
10% Z 55;(Cex — 55) 2500000000000000000000000 50

The exact auxiliary energy in Lemma 3.9 requires no smoothing loss. This proves (3.31). U
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4. CHOICE OF WEIGHTS AND COMPLETION OF THE PROOF

4.1. The trial function and its supports. Take the rational midpoint step function F' of [14,
§§1.1-1.2], with its outer, base, enlarged and full cap domains J#p, 7, 74, #;. The parameters
are

2742997 2624989
k = 40, Si=— Py =
2624989 10000000 (4.1)
_— 2499106033 2510000 262499 :
0 9624989000 1 9624989 = 1000000
Thus 0 < Ty < 11 < 5, and the physical radii satisfy
2742997 11 2499106033 251 11
=pS="""" <= Jp= "% = —— < =, 4.2
ro = ped 107 S 10 Px20 1010 P11 = 7600 < 10 (4.2)
Write
h = S/98304 (4.3)

for the trial mesh. The cap domains use the full upper endpoint of each cell, with fragment caps
rounded down to this mesh; their exact cells are listed in [14, §1.1]. Their caps decrease with the
radial cell index, so the domains are divisor-closed; also 7 C 4 C J%. All face forms use the
same outer trial F'.

Use v = v¢ from §3, with ¢ := {y/p«. The companion uses the smaller ambient cap &y/p, but
every retained fragment cap is at most 68225h < £y/p. By (3.24), the restricted measures, and
hence the trial forms, coincide without an additional normalization factor.

4.2. Verification of the supports.

4.2.1. Divisor-closed source conditions. Fix R > 1, £ > 0 and Y := RE. For a positive squarefree
integer D, put

sp =logp D, up = logp p, M¢(D) :==max({u, : p | D, p>Y}U{0}). (4.4)
For a nondecreasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0, define

Hye(D) = max D g+ up + o(uy) |, (4.5)
5>Y q|D
qa>p

with empty maximum zero. For m > 1, write H,,¢ when ¢(u) = (m — 1)u. Deleting primes
decreases sp, M¢(D) and Hg¢(D), so their upper-bound conditions are divisor-closed. The same
notation applies to fragment configurations, using the inclusive tail at each witness as in [14, §1.3].

Lemma 4.1 (Lower-order transfer). Let R > 1, >0 andY = RE. Let D, E be positive squarefree
integers with sp < S and sg <T. Puta:=B—~T,b:=B— S, and Q := [D,E] > RP.
(i) If B+& > 2T and
sp<a or Hgf(D)Sd‘Flf,
then Q € DW(Y).
(i) If B+ & > max(2S —T,2T — S) and
sp<a or HyeD)<a+§, sE<b or Hye(F)<b+§&,
then Q € DA(Y).
Proof. Since Q > RB, the size bounds force sp > a and sg > b. For Y > 2, exponentiating the
remaining conditions gives Proposition 2.4 with X = RB, Dy = R® and Ey = R”.
If 1 <Y < 2and D > 1, its least prime factor gives Ha¢(D) > sp + & > a + &, a contradiction.

Thus D = 1. In (ii), the same argument gives E = 1. In (i), writing X = R® and Ey = R”, we
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have Q = E > X and E? < E3 < XY < EY,s0 E <Y < 2 and again E = 1. Hence Q = 1, which
belongs to every dense class. O

For order three, put
a=B-T, b:=B-5, A=a+np, C=b+ng, A+C < B+E&. (4.6)

Proposition 4.2 (Transfer to order three). Let D, E be positive squarefree integers with sp < S
and sg <T. Suppose the nonnegative nondecreasing functions ¢p, ¢ satisfy

¢p(u) + ¢p(u) =3u  (u=>0). (4.7)

Define
O = {sp < a} U{Hype(D) < A, ¢5(Mc(D)) < O}, (4.8)
Ty = {55 < b} U{Hype(E) < C, ép(Me(E)) < A}. (4.9)

IfD€ 0, Ec 94, and Q = [D,E] > RE, then Q € DO(Y).

Proof. The size bounds again force sp > a and sg > b. Set f(t) := R¢p(ogrt) and g(t) = RoE(loggt)
The remaining support conditions exponentiate to (2.1), with caps RA, R® whose product is at most
RBY . Proposition 2.3 therefore applies for Y > 2. If 1 <Y < 2 and Q > 1, its primewise argument
at the least prime p | Q gives p? < Y, a contradiction. Thus @ = 1 in that case. O

For every order-three row, use
3 23
¢p(u) == min {ZU,L} , op(u) == 3u — ¢p(u), L= EC’. (4.10)

These functions are nondecreasing and satisfy (4.7). Both opposite-root conditions in (4.8)—(4.9)
remain part of the support.

4.2.2. The retained distribution estimates. Return to R = x”*. Use the old prime and new minorant
source ladders, and their retained rows, from [14, §1.3], with

1
T = ]_07107 Um,T = 5 — Ax + T. (411)

The strict distribution inequalities, lower-order transfer guards, order-three budgets and coverage
of all mixed moduli are verified in [14, Lem. 1.1].

Let & C 575 impose every retained outer predicate of both ladders. Write %,1q and Zew for
their raw inner predicates, including the radial bounds and global fragment cap, before imposing
the cell restrictions. The actual inner domains are

gl = jﬁ N gnew’
L = I N Log N Loew-

Thus %4 C 4 ; the raw old and new predicates need not be nested. All source predicates are
divisor-closed, so coefficient roots inherit their restrictions.

(4.12)

4.2.3. Distribution estimates for inner squares. Since p,T7 = 251/1000 > 1/4, pairs of inner roots
require a source beyond Bombieri—Vinogradov for both the prime indicator and the minorant. For
roots of normalized radius at most 7', put ¢ := B — T and define

(B, T,€) ={s <c} U{Hye < c+&} (4.13)
Lemma 4.3 (Transfer for two inner roots). Suppose & > 0, ¢ + & > 0, and the squarefree roots

D,E € .7(B,T,¢€) have normalized radii at most T. If Q = [D, E] > R®, then Q € D (RY).

Proof. Apply Lemma 4.1(ii) with both radius bounds equal to T'. Its guard is B4+& > T, equivalently
c+§>0. O
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Put

1
B = — s — B — T 5 414
BV =50 c Bv — 11 (4.14)
and take 100001 31 21319
= 5 = —, 5 = —, s = 0s/p. 4.1
" 106 “* 10000 800000 ¢ /p (4.15)

At (ws, 05), the prime estimate with this o and the minorant estimate with oy, » have strict margins,

and
1 55122259
B + 2ws — 2pT = 13194945000 > 0, cs + & > 0; (4.16)

see [14, Lem. 1.1].

The retained new order-two row 12 imposes {s < by12} U {Hag, 1, < bnj12 + &nj12}. The same
lemma gives
4 _ 5 £.17)
TN R i1} (4.
Increasing the activation removes witnesses, so this row implies . (Bpy, 11, £s). Lemma 4.3 supplies
the common order-two source above RPBV < z1/2 while Bombieri-Vinogradov applies below it.
Since &5 > 0 and the roots are coprime to W, Lemma 2.2 permits adjoining W; the strict base and
level bounds absorb W = z°(1),

Cs — bn,12 >

4.2.4. Finite-band approximation. Fix the source rows and their positive activations, and put
Emin = ming & > 0. Keep the radial shell boundaries fixed, and partition [&min, (] into finitely
many bands, retaining every activation, cap and breakpoint of (4.10) that lies in this interval. In
each coordinate, combine the primes in a band into one block. At tier £, primes at most RS form
a smooth seed. For each root, order the remaining block logarithms z; < --- < zp; and put

1<j<M

H(‘;zrzd = max (Z 2o + 25 + gb(zj)) , (4.18)
v>j

again with empty maximum zero. The seed contributes to the radial total and smaller-prime
prefixes, but is not a witness.

Lemma 4.4 (Fixed-band sources). Replace the prime witnesses and activated mazima in each
source predicate by the band blocks. The resulting supports are divisor-closed and imply the same
dense-divisibility conclusion on that row’s modulus band.

Proof. Deleting a prime decreases the ordered block logarithms, hence their tail sums, maxima and
radial total. For an activated prime p, let j be the first block containing a prime at least p. Then
2j > up, and the seed and preceding blocks contain only primes below p. A block-tail bound with
threshold A therefore gives

P(up) < ¢(2;) < A—sp +1logg Deyp.
The block maximum also bounds every activated prime. Thus the primewise tail and opposite-root

conditions hold, and the transfer results above apply. ]

For large z, all prime divisors of W lie below every activation. The roots are coprime to W, so
Lemma 2.2 preserves their source class after adjoining W. Moreover,

_ 2624989 _ 262499
T P= 906 -

For a row with upper boundary B, = (1/2 + 2wy)/p, this gives

(4.19)

R = p(px/P)oc 20, WD, E] < P B Ho(l) o g 1/2+2we—eq

for some fixed €, > 0. The source estimates therefore apply at each fixed band resolution, with the
fixed Fourier subdivisions, divisor weights and presieving modulus.
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As the band mesh tends to zero, the probability that two fragments share a coordinate and band

is at most
2
k Bo du
— — — 0. 4.2
() 20

«

This follows from the second Poisson factorial moment and the finite intensity above &upi,. Multi-
plication by (e7¢)*||F||% bounds the corresponding weighted v*-mass. Away from collisions, each
active block is one fragment, so all source predicates agree. The smooth seed retains its full mass.

Each band law has an atom at zero and an absolutely continuous positive part. On every zero-
band stratum, radial, activation and nonconstant support boundaries are null. For ¢p, a cap at
or above its plateau is vacuous; a smaller cap has one boundary. One-sided smooth extensions
retain the zero atoms, and removing thin neighborhoods of the remaining boundaries gives inward
approximations within the hereditary supports.

Dominated convergence and (3.21) give convergence of the ordinary and face forms, including
changing inner restrictions. The positive Palm and factorial integrals also converge: on bounded
radial supports, the mark counts above each fixed cutoff and the fixed Chernoff factors are bounded.
Fix the strict source, cap and counting margins, then choose finitely many bands and inward smooth
approximations fine enough to preserve them. Let x — oo with these choices fixed. No uniformity
in the number of bands or in the smoothing derivatives is required.

4.3. A hybrid Selberg inequality. Retain mi;ue = 1 — Ktrue from Proposition 2.21, and put

1 49999
— —1— = - 4.21
Rdef 50000 ) mo Rdef 50000 ( )
Thus Mirue = Mo and Kirue < Kdef- Fix a detected coordinate . For real outer, inner and correction
sums A = Ap, By and C, respectively, write D = A — By, P = P(n+ h;), 0 = o(n + h;;z) and
b=0b(n+ hi;x).
For n > 0, expansion using A = By + D and 9o = P — b gives

PA? — [P(2ABy — B3) + 20DC — PC? — nbD?* — = '6C?]

=P(D-C)*+ z(nD +C)?>0. (4.22)

since P,b > 0.
Let F be a real source-supported outer diagonal profile and let %y C £ be complete hereditary
inner domains, including their physical cell restrictions. With V; = E;F', put

= | Fl3, Joi = 14 Vil3, (4.23)
Tri = 105 Vill3, Eo,; = ||Vill3 — Jo.i- (4.24)

Theorem 4.5 (Signed minorant criterion). Assume I > 0 and the following conditions:

(1) every actual outer—%y modulus has a prime-distribution estimate for P = 1p, as in Propo-
sition 2.12(iit);

(2) every actual outer—% modulus has the fized-minorant estimate;

(3) every actual self-pair modulus from two £ roots has both estimates;

(4) the global cap (3.27), ordinary outer-square counting and Proposition 3.11 apply.

If

% Zk: {JOJ + <m0\/<]+,z’ - \/ﬁdefKexEo,i>j] > 1, (4.25)
i=1

then DHLIk, 2] holds.
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Proof. By Lemma 3.8 and §4.2.4, choose By with profile Hy = 1 ¢, V; and C with profile H supported
on £\ %, up to arbitrarily small fixed approximation errors. The coefficient roots of C' remain in
the hereditary domain .7}, although its profile support need not be hereditary. Bands and inward
smoothing are fixed before x — co. On the support of b, the cap gives D = A%ﬂ- — By by (3.28);
its limiting squared norm is Ey; by (3.23). For the correction square, use

bC? = PC? — pC2. (4.26)
Both distribution estimates apply to the same actual self-pair moduli. Using (3.1), normalize by

M (U) = (" Doyt S U,
r<n<2zx
n=byp (mod W)

The source hypotheses, (4.26) and Proposition 3.11 give

My (P (2ABOfBO) = Joi +o(1),
(2QDC —thruea/z Ho,H>+O(1),

)
)
Ma(PC?)
)
) <

= | H|3 + o(1),
M (bC C?) = rue||HH2+0( ),
M (bD?) < KexEoji + o(1).

For fixed n > 0, optimizing scalar multiples of 14\  V; gives the increment

2 Jo
Mirue’ 4,1 nKeXEO,i-
N+ Ktrue

Its supremum over 1 > 0, including zero correction, is

(mtrue\/J—l—,i - \/HtrueKexEo,Oi > (mO\/J+,i - \/KdefKexEo,i)Q+ :

The ordinary square has main term p;*C,I. Thus (4.25) and (4.22) make the prime-detection
sum (1.5) positive after the fixed approximation errors are absorbed. Since A(n)? > 0, this proves
DHLIk, 2] for each fixed admissible k-tuple; compare [16, Lem. 3.4]. O

For w,v > 0 and 0 < A < mg,
(mov/u — V)i > (mg —moX)u + (1 — mo/A)v. (4.27)

Indeed, if v > m2u, the right side is nonpositive; otherwise, the difference is mo(m —Vu/A)? >
Set
1
= o5
bp, = (1 — mo/\)Kdet Kex, do =1—ap — by,

ap = m% — mo)\, (4 28)

These satisfy dg > 0, 0 < ap, + b < 1 and —1/1000 < b, < 0. Applying (4.27) with u = J; ; and
v = Kdef Kex Fo,; gives the lower form
Joi +apdy i +bpEo; = doJo; + apJii + by e, (4.29)

where J1; = Jo; + J4; and Ju,; = ||Vi]|3 uses the unrestricted face norm.
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4.4. Restoring the arithmetic supports. Use the caps of §4.1 and the actual inner domains
(4.12). Work in L?(#, V"), extending functions by zero. Let E; integrate coordinate i, let Pp
multiply by 14, and put H,; = 1, and R,; = 1 ¢, on face i, for a = 0,1. Define

A=Y Ef(doHo; + anH ;i + by) Ei, (4.30)
B:=> Ef(doRo;+ apRi; + bp)E;, (4.31)
D:=A-B=> Ef(do(Ho;— Ro;)+ an(Hi; — Ri;))E; > 0. (4.32)

The negative full-face term cancels from D.
For a retained total s> =37, t; < S, put w; = S — s>+ (k — 1)t;. Since the total-size density is

po(ti/C) <1,
/ dV(Xl) < /S_s'[ dt; . log k
Ho(Xe) Wi —Jo S—S?—i—(k—l)tiik—l.

The boundary s> = S has zero fibre measure. Weighted Cauchy—Schwarz and }; w; = kS give
> EfE; < Sklog(k)/(k — 1). For k = 40, the inequality Y;1,(369/100)7 /5! > 40 gives log40 <
369/100. Together with S = 2742997/2624989 < 130/123, this proves

Y EfE; <Copld,  Copi=4. (4.33)

The multipliers of B are 1, ap, + by, by, so
—|bp|CopId < B < Cyp1d. (4.34)
For F' in this space and V; = E;F, put
e=(1-Po)F, In=IFI  a=lel}  Juu=(FAF).

All forms here use unscaled products of v. The inner deletion is

B:=(F,DF) =dy Z/ Vil dv* ™t + ay, Z/ V3|2 dvFt (4.35)
7 A\ L AN\
Define its two uncombined losses by

/BOld = Z/ ’Vi|2dyk717 5new = Z/ ‘V;|2de71. (436)

Ho\ Lo HANL
The intersection (4.12) and 7 C 74 imply

B < doBoia + (do + an)Brew = dofola + (1 — br) Bnew- (4.37)
On face 7, write Y = X and put

1, Y € 4,
hi(Y) :=  max{|ap + bp|, |bn|}, Y € 54\ 4, (4.38)
|bnl, Y ¢ .

Then m; = doRo; + apR1; + by, satisfies |m;| < h;. For a measurable cover ¢ \ 0 C U; #; and
positive rational ¢;, define the nonnegative outer bound

i, © 77
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Vi(Y)[”

: ) dvF(X). (4.39)



Proposition 4.6 (Restoration of the quadratic form). One has
po(PoF, B(PoF)) — | PoFI} > pu(Jas — B — €0) — I + (1 - pelbnlCop)a. (440

If F is real and PoF with the stated inner domains satisfies the realization and source hypotheses
of Theorem 4.5, then DHL[k, 2] holds if

pe (T — €6 — doBia — (1= b)Blew ) > Iy, (4.41)
where superscripts denote outward lower and upper bounds.
Proof. Since PoF = F —e, B=A—D and ||PoF|3 = Iy — a,

p+(PoF,B(PoF)) — |PoF |5 = puJam — I — puf3
— 2p. Rele, BF) + p«(e, Be) + a.

Using e = 1 4,\gF, |m;| < h;, and the cover, Young’s inequality gives

2Rele, BF) < Z/% 2h;(Y)|F(X)Vi(Y)| dvF < &o.
2,J 73

Also (4.34) gives (e,Be) > —|b,|Copcy, proving (4.40). Since p, < 1/3 and [by| < 1/1000, the
coefficient of « is positive. Thus (4.37) and (4.41) make the restored quadratic form positive, so
PoF # 0. Apply (4.29) to E;(PoF') and then Theorem 4.5. O

4.5. Support-error bounds. The finite source comparisons and the positive cover of their failures
are given in [14, §§1.3, 1.5]. We record the consequence needed for support restoration.

Proposition 4.7 (A positive cover of the support failures). For the trial and source domains of
§4.1, all support failures are covered by the six classes

027 05/27 1201d7 150}%7 Iél‘SW? 5n;)§/ (442)

The outer classes have dimension 40, the inner classes dimension 39, and the subscript is the
effective obstruction order. Both inner pairs are imposed on the base domain. Their indicators
admit a positive cover with 61 low-witness intervals, 30 rank-two intervals and sixz higher-rank
terms, including coincident marked coordinates and every absorbed lower-order condition.

Proof. The rational comparisons in [14, Lem. 1.1] verify the actual-LCM bands, inward cell caps,
activations, and largest-fragment and opposite-root bounds. The lower-order transfer conditions
give Hy ¢ failures. For order three, the allocation (4.10) satisfies max(A, C) < 7L/3; after excluding
largest witnesses, its failures are Hy )9 ¢ failures by [14, Lem. 1.4]. This gives the six classes.

For each class, split nonlargest witnesses at the point pg of [14, §1.5]. Low witnesses are covered
by its positive Palm—Chernoff bound. Above pg, exactly two fragments give the rank-two terms,
with the two marks in either the same or distinct coordinates; at least three give the third-factorial
term. The half-open partitions in [14, §1.5.1] cover the full ranges, and [14, Lem. 1.6] shows that
radial clipping loses no low witness, including those absorbed from lower-order rows. Every term
is nonnegative, so overlap does not affect the upper bound. ]

4.6. Integral estimates and completion of the proof. We use the unscaled forms Iy, Jy ,
Bold, Pnew and Eo from §4.4. For each outer component choose the rational Young parameter
specified in [14, §2.4]. Let L™ be the sum of the resulting outer bounds and the inner bounds
weighted by dg and 1 — by, respectively.
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Lemma 4.8 (Numerical bounds). For the stated trial there are bounds 0 < I; < Iy < Ij; and
J;H < Jxu such that

doBotd + (1 = by)Buew + €0 < LT, (4.43)
pxy 500103 Lt 696075110 697
’ i’H > ) = S < 6" (4.44)
I~ 5000000 T, 10 10

Proof. These are the bounds of [14, Lem. 2.5]. Its signed cap form is (F, AF'), with face multipliers
1, ap + by, and by, and its component bounds use the cover in Proposition 4.7. The companion
divides every form and loss by the same positive factor. Multiplying its bounds by that factor gives
the stated enclosures and leaves both quotients unchanged. O

Proof of Theorem 1.1. Fix an arbitrary admissible tuple H = {hi, ..., hgo} of distinct integers.
Since IE > I > 0, Lemma 4.8 gives
p*(‘])\_,H_L+>_II——; > 1
I 50000

(4.45)

Corollary 2.19 and Proposition 2.22, with the source comparisons in [14, Lem. 1.1], supply the
mixed estimates. The argument of §4.2.3 supplies both self-square estimates. These are uniform
in a primitive global residue. Presieving and Proposition 2.14 give the required residue classes
for this fixed tuple. The finite-band approximation of §4.2.4, with the bands and smoothing fixed
before x — 00, verifies the realization hypotheses of Proposition 4.6. By (4.43), the strict inequality
above makes its restored quadratic form positive. Hence the prime-detection sum is positive for
all sufficiently large =, and A(n)? > 0 gives infinitely many translates of H containing two primes.
Since ‘H was arbitrary, DHL[40, 2] follows. O

APPENDIX A. ANALYTIC ESTIMATES

Write e(t) = exp(2mit) and e4(t) = e(t/q). All modular fractions retain their original unit
domains.

A.1. Divisor estimates.

Lemma A.1 (Divisor bounds in progressions). Fiz 0 < 9 < 1 and the coefficient bounds. Uniformly
for coefficient sequences v at polynomially bounded scales N, one has Y, |[v(n)|?> < N(log z)¢ and
Yon=a(q) V(M) <c 2°(N/q +1). If a divisor-bounded sequence u is supported in [cz,Cz] and in a
")

fized number of intervals of total length O(x(logx)™"), with coefficient bounds independent of D,

then for fized J, A and sufficiently large D,
Z 7(¢q)” (mz)mxl |A(u; @ mod q)| <4 z(logz)~ 4. (A.1)
a,q)=

q<z?
Proof. The first two bounds follow from [15, Lem. 1.3(i),(ii)] and the progression count O(N/q+1).
Enlarge each boundary interval to length < H = x(logz)~". Shiu’s theorem [18, Thm. 1, (2.1)-
(2.2)], applied to a fixed divisor-power majorant, bounds its progression mass and reduced-residue
mean by Hp(q) *(logz)C. Tts length conditions hold for ¢ < z¥ with 0 < o < min{1/2,1 — ¥};
q =1 has zero discrepancy. Now use }° v 7(q)” /p(q) < (logz)?". O

Lemma A.2 (Zero frequency). Suppose (bibar,qo) =1, and let 0 < C(n,f) <1 be bounded by the
indicator of (by — ba)n + bilr =0 (mod qp). For L > 1 and any finitely supported 3,

> D IBm)B(n+£r)|C(n, ) < (1+ L/qo) Y |B(n)]*. (A.2)
<L m n
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In the dispersion reduction of [15, §5.3] and [19, Appendix], the noncoprime zero-frequency contri-
bution satisfies

12| < MN(log z)¢ (1 + RNDO> Dy == exp((logz)/3). (A.3)

Its ratio to MN?/R is O((logz)°(R/N + Dg')).

Proof. Apply 2|uv| < |u|? + |v|>. For fixed n, the congruence selects one class of £ mod qo; after
m = n—+£r, the second square uses (by —ba)m~+belr =0 (mod qp), also one class. This proves (A.2),
including any further unit restrictions. Insert L =< N/R in [15, §5.3, preceding (5.26)]; harmonic
summation over go > Do and ¥, [8(n)|> < N(log )¢ give (A.3). In our applications R/N < z~2¢,
giving every fixed logarithmic saving relative to M N2/R. g

A.2. Reciprocal phases. Put Ep,(c;t) = 1(; )1 exp(2mict/m) for m > 2, with Fy(c;t) == 1; the
inverse is evaluated only on units.

Lemma A.3 (Reciprocal phases). Let dy,da be squarefree and d | q, where q == [d1,ds] is singly
y-densely divisible. Suppose N > d, N < ¢©°, and ¢y is smooth at scale N, with fized-order deriva-
tives bounded by powers of log(2qN). Put &; == d;/(dy,ds), 8; == 6;/(d,8;) and B = [[?1(c;, 0}) /6.
The sum

= > ¥n(n)Eq (c1;n+ 01)Egy(c2in + o)
n=a (d)

satisfies, uniformly in the integer coefficients, shifts, and classes,

S| < o (y/N/d () + (/D B). (A4)

S| < o (Vafd + (V/a)B) . (A5)

Proof. Put X = N/d > 1, m = q/d, and substitute n = a 4+ dv. Primes dividing d contribute
constants of modulus at most one. CRT leaves F},(v) = 1,¢z,ep(fp(v)) for p | m, where f, is proper
with at most two simple poles and |Z,| < 2; Z, retains all original denominator zeros.

Apply [15, Prop. 4.12 and proof of Cor. 4.16] as follows. At nonzero-phase primes the masks
change complete Fourier and translated-difference sums by at most two and four terms, respectively.
Outside bounded primes, a translated difference vanishes exactly when p | h, for the shift difference
h. At zero-phase primes, in the sum and its correlations, expand

1U¢Z =1- Z 1,=. (p)-

z2€Z

Each expansion has at most 5“(9) terms and never increases the scale. For m = rs, the surviving
phase factors satisfy o | r, so | s. On sg, the off-diagonal bound remains ¢°(y/s0 + Y /(s0, h)/+/50)
at scale Y'; the published ged summation applies unchanged. Scales below one contribute O(g®).

Each active exclusive prime has normalized mean —1/p; other local means have modulus at most
one. The affine substitutions preserve the remaining means, giving B in each term. Completion
and differencing yield

S| << ¢*(vVm + XB),
S| < (VX (Vr+ s+ XB)  (m=rs).
By [15, Lem. 2.10(i)], m is yd-densely divisible. Choose r as in Cor. 4.16; then f, st <

(myd)/% = (qy)'/6. All divisor and smoothness losses use the ambient ¢, since N < ¢©o O
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In the applications of [15, §5], d = gy < Q and N/Q > x!/?720-20=0-0() The exponent margins
for Type I of orders 1,2, Type II, and the minorant’s smooth-factor estimate are, respectively,
1/104 (98/5)w + 50, 26w + 76, 7/17 — O(e), and 12w + 30; Type II uses 1/2 — 6w — § — O(g). Thus
N/qo grows polynomially, verifying N > d. Also r | ¢ with r > N2~9=9(); the same inequalities
give N < ¢3.

A.3. Hyper-Kloosterman correlations. We use the normalization

1
Kls(e;m) = . Z em(z1 + 22 + 3),

r1,r2,x3 mod m
x1r2x3=c mod m

also for composite m. For a prime p, put Ka(c;p) = >, px €p(u + c¢/u); this second sum is
p
unnormalized.

Lemma A.4 (Prime-field inputs). For every prime p and nonzero ¢, A, B € Fy,

[Kl3(c; p)| < 3, Y. Ka(A/t;p)Ka(B/(t+1);p)| < 8py/p. (A.6)

teF,\{0,—1}

Proof. The first estimate is [10, Thm. 4.1.1(1)—(2), p. 49]: rank three and weight two give the
unnormalized bound 3p. For the second, substitute u +— u~! in [5, Prop. 2]. Its normalized sum is
Ks(c;p)/+/p, so its bound 8,/p gives the displayed bound. The two excluded poles are retained in
both statements. O

For ab # 0, the unit-masked correlation Cy(a,b; h) = ZUGM Kls(av; p)Klz(bv; p)e,(hv) satisfies

=b, h=0
Colabsm) < B =% T
9,/p, otherwise.

Indeed, orthogonality gives Cp(a,b;0) = ply—y — 1 —p~t —p=2. For h # 0, [5, Props. 2, 6]
give |Cp(a,b; h)| < 8,/p + p~? with this normalization; the unit mask removes | Kl3(0;p)[* = p~2.
Orthogonality and [10, Thm. 4.1.1, rank two| also bound the unit-masked Fourier coefficients of

v — Klz(av; p) by 3,/p.
Lemma A.5 (Hyper-Kloosterman completion). Let s,71, 72 be squarefree, (s,r1r2) = 1, and let a;
be a unit modulo r;s. Write d == (r1,r2) and u; *=r;/d. Put q := s[r1,re] and

G = (agu? — alug,d)lﬂ(azr% — alrg, 3)1/2.

For q, H < 20, a smooth weight wy at any positive scale H, and every ¢ > 0,

Z wp (h) Klz(a1h; m18)Klg(agh; ras)| < 2°(1+ H/q)\/q G. (A.7)
(h,g)=1
The fixed-order derivatives of wg are bounded by powers of logx, as in the Type III completion of
[15, §§6-7].

Proof. Put s’ = sd; then s',uj,uy are pairwise coprime, ;s = wu;s’, and ¢ = s'ujus. Apply [15,
Lem. 6.25] to (s',u1,u2). Since (u1,u2) = 1, every unit-masked complete Fourier coefficient is

<y q1/2+77(a2u:1)’ — aqus, s')1/2 = ¢'/?tga.

The equality uses asri — a1r3 = d>(agu — aju3) and (s,d) = 1. For H > 1, [15, Lem. 4.9(i)] gives

completion cost O((1+ H/q)(log z)®); absorb its logarithmic loss and ¢" in z°. For H < 1, use the
O(1) support size and [15, Rem. 6.10]. The case ¢ = 1 is immediate. O
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Lemma A.6 (A gcd average). Let D > 1 and c1,c2 > 0 be integers with (¢, D) =1, and let I, J
be integer intervals of cardinalities Ly, Ly, respectively. Then

SN (D, eim — eon)'/? < 7(D)(LiLy + LyVD).

mel neJ

Proof. For each n and k | D, (c1,k) = 1 gives at most L;/k + 1 solutions of cym = can (mod k).
Thus
S (D,am —ean)? < Ly Y VE(Li/k+1) < 7(D)(LiLy + L;VD).
m,n k|D
g

In [15, §7.3, pp. 90-93], a; = Am; for the unit A = ablbgbggg. Keeping the original unit
conditions, put
A = myud — maoud, T = myry —mars = d*A.
Modulo d and s, cancelling Amymg gives G = (d, A)Y/?(s, T)Y/2. The integer diagonal remains
T = 0; off it, T is independent of s and 3, (T, 5)"/? < K7(|T)|). Since (u;,d) = 1, Lemma A.6
gives o
Z (d, myud —moud)? < 2°W(M? + MVd).
m1,mo=M
After cancellation, omit the unit and off-diagonal restrictions in this nonnegative average and apply
the divisor sums of [15, Lem. 7.4]. The replacement s’ = sd occurs only in the correlation estimate,
leaving the scale S and dense divisor unchanged. Together with Proposition 2.15 and Lemmas A.2
and A.3, these estimates give the application of [15, §7].

A.4. Triply densely divisible moduli.

A.4.1. Double completion.

Lemma A.7 (Double completion). Let g | m < z©, with m squarefree, and let A, B, L be residue
classes modulo m. Let wp,wn be smooth weights at positive scales D,N < zC, with arbitrary
translations and fixed support and logarithmic derivative bounds. Put Fy = n 4+ Bd and Fy =
n+ (B + L)d. Uniformly in d.,n, mod q,

AL (AL, m ND
Z 'LUD(d)wN(TL)l(Fng,m)1em<FF> Ce (AL, m) (m +N+D+ ) . (A8
112 m
d=d« ((q))
n=nx« (q

There is no lower bound on D/q, N/q or density assumption on m.

Proof. For ¢ = 1, allow affine constants in both factors. At p { AL, their invertible affine change
gives the complete sum FX ep(AL/(uv)+au+bv). Lemma A.4 bounds it by 3p for ab # 0; direct

summation gives at most p otherwise. For p | AL use p? with the original unit mask. CRT therefore
bounds every Fourier coefficient by 3™ m(AL, m), where v(m) counts its prime factors. Poisson
summation and two integrations by parts give normalized Fourier ' cost O((1 + X/m)(log z)°™M)
at every scale X > 0. Applying this in both variables proves the affine estimate.

For q | m, substitute d = qd’' + d«, n = qn’ + n, and write m = gm;. The g¢-part is constant
of modulus at most one, and zero if an original denominator is a nonunit. The mq-part has the
same slopes, affine constants, and numerator AL/q? mod m;. Apply the affine estimate at scales
D/q,N/q, using (AL/q*,m1) = (AL,m1) < (AL, m); m; = 1 is immediate. This is the congruence
reduction of [19, Lem. 13]. O
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A.4.2. The dispersion argument.

Proof of Proposition 2.18. Write wy, dg for the given parameters and enlarge them to w, § preserving
(2.14). Choose 0 < £ < 1071906 sufficiently small. First suppose N = 7 with

1 1
max {4 + 12w + 49 + 100e, 32w + 10 + 4008} <~ < 3 4w — 26 — 50e. (A.9)
Use the sums ¥y, ..., 3¢ and parameter partitions of [19, Lems. 3-9], writing Ry for its R and
fixing coefficient supports and derivative bounds before taking suprema. The sums X3, ..., ¥4

retain the mask L (4 Bd) (n+ Bd)m)=17 with the integer substitution for n in .

Strong order-three density with orientation (1, 1) factors each modulus as ¢r, with both factors
singly z%-dense and =% %N < r < z73N. By [15, §5.3, Cor. 5.3] and Lemma A.1, discard
moduli whose part on primes at most Dy = exp((log z)/?) exceeds exp((logz)?*?), and move the
remaining such primes from ¢ to r. The transferred factor is ¢ = 2°(1); [15, Lem. 2.10(i)] makes
both factors singly cz%-dense, hence z%-dense. Dyadic subdivision gives

e 07N < Ry < z7%N, ot < RoQ < ot FTRTE (A.10)

Proposition 2.15 covers smaller moduli. After the dispersion square, put ¢ = gog; with gy =
(q(l), q(z)). Every qo > 1 exceeds Dy; Lemma A.2 applies on n,n + ¢r < N since Ry/N < x~%.
Put H = 2°RoQ?/(qoM); H < 1 contributes nothing. The quotient ¢; is singly goz’-dense.
Choosing its divisor at target X = x75Q/H, or taking the whole quotient when X > ¢, gives
q1 = uivy and
qo_lx_‘s_seQ/H < U< z7%Q/H,

g e H < V < 2% H, UV = Q/q.

Here (A.9) gives X > qou?¢T20+43¢ > 1. These are the choices in [15, §8.1, (8.3)-(8.5)], with the
factor g ! retained in the lower bound for V.

Set D = N/(x°%°H?). The preceding bounds give 1 < D < x%r, so single density supplies d | r
with 79D < d < D. Write r = dry, d < A and A; = 27 A as in [19, Lem. 4], and put

g = (v1,v2), g0 = (qo,¢), K = max{1,2°H/V}, m = rigoui [vi, v2]qo.

(A.11)

The original products rqouiv;qs are squarefree, so m is squarefree and (d, m) = 1. Moreover,
K<q, H<H/q,  Hy=z"te,

2 5 2

RoQ*H _  _ #’RoQ*H (A.12)
Q9K A 90941

The moment estimate [19, Appendix, Lem. 27] uses UV =< Q)/qo. Its progression remainder is

O(N/qo) because gy < Hy and (A.9) give N/qp > x" for some fixed n > 0. In [19, Lems. 4-8], the

removed diagonal contributes < " DAHVN < qoz t?WANV?2. Before differencing, separate

the four Fourier weights by Taylor expansion on d = dy + O(A1). Indeed, for |h| < H,

A7 ()] < (log ) 77D a1%,
and likewise for ¢77. A fixed finite family of common smooth cutoffs therefore suffices, with arbitrar-
ily small power error. The fibers of (hy, ha) — hi(va/g) —ha(v1/g) have size O(1+gH/V) = O(gK).
Thus Lemma 6’s squared bound loses k2. For sy | m, fixing k1 mod (s2,v1/g) bounds the number of
image values divisible by sy, and likewise their differences, by O(H?/ss+ H). Lemma 7’s remainder
is still O(x~4" N2). Lemma 6’s m-supported divisor partition uses O(logz) prime divisors and has

cost 2°(1) for our polynomial-size m.
Accordingly, the target in [19, Lem. 8] becomes

s2q3 g N?

25 Lo IC22TeR

s9 = (wg, m), R = max{z’ "1 H3 H*}. (A.13)
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Use its transformed parameters wl,wg,zl,)\,X,A,A,B and substitutions dolq = z1d, y = wiA,
y = wlj\, retaining the unit conditions. The error is admissible since K? < ¢3g3.

Put s = z/wi, Ji = sk+ (A — A)B. Lemma 9s linearization is the integer identity 7 =
(An + skd)/\; it forces wy | k. After cancellation of wy, both A/wy, A/wy are units modulo m. The
class indicators cost at most gogo choices, so X5 <. qogo Y1 sup Xe(k) up to negligible Taylor errors,
where

l,5+1006H2N
$56A1 ? :

k| <
14 e

wa | k, (Jg,m) <T, T = max{sy', H '}

All divisions by A and ws here are integer divisions. N

Write \* = (/\,X), u= AN, v= X/)\*; negating A\, A\, k, A together makes u,v > 0. The sum
vanishes unless A* | sk. Otherwise choose 0 < F' < v and G € Z with uG — vF = sk/\*, and put
n =uny + Fd, n = vn; + Gd. The numbers u, v, \* /ws are units modulo m, and

G—I—B_F—I—B_ Ji Jk/'U)Q
v u  Nuw (W wg)uv

(mod m).

The homogeneous Mobius—CRT partition of [19, Lems. 10-11], at scale
A" = min{N/(|Al2%), Ay},

gives the phase in Lemma A.7, with numerator wsA;L;. Here Aj, A5 are units and L1 =
As(Jy/ws) mod m. Only the weights are translated. The partition costs x2¢(A1/A*)g3, where
g3 | m/qo, and imposes modulus ¢pgs3. Equation (A.8) cancels g3 at every rescaled length. Since
(waA1L1,m) = (J, m), it gives

3338(*]/67 m) A1

NA*
_— * . A.14
Po(k) <, T <m+N+A + m) (A.14)

The ged sum [19, Lems. 15-16] gives > (Ji, m) <. 22T apply it after k = woj, using (swa, m) =
sy and T > x19%w |A|N/ (25 weA1). If T < 1, the admissible set is empty.

Put W = H*R. Since T < 29T 2N /(gA;) and A* < N, comparison with (A.13) reduces to
bounding

(A,B,C) =

2. .0+131e
Ko™ 7W (1 L m ) (A.15)
m

94390 "AF NAY
The ranges in Lemma 8 and (A.12) give

N $546MH4 xé—sMHZ
<Km<KL ;

SLATF R gNK 7Y

the last upper bound uses RyQ? = v °qoM H. In particular, K3H/q¢} < Hy and K3H?/q3 < H}.
Substitution, with M N = z, now gives

—14-2y+8w-+356+100. 32 105 —~v-+400e 14+48w-+166—4~v+400e
A < g 1T2rTse c B gty , C<x v .

Equation (A.9) bounds all three ratios, proving (A.13).

For larger «y, use density nesting and [15, Thm. 2.8(ii),(iv)], with Proposition 2.15 and Lem-
mas A.2 and A.3. This range begins at 1/4 + 14w + 49 and overlaps the preceding one by
(1 — 72w —246)/4 > 0. Also 1 — 68w — 145 > 0; the distances from 1/2 — ¢ to the two lower
endpoints are (1 — 48w — 160 — 40)/4 and (1 — 64w — 205 — 207)/2. Small enough e preserves all
these margins. The residue classes restrict the fixed primitive class modulo Pj; all estimates are
uniform in that class, I, and the coefficient bounds. O
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A.5. A smooth factor on singly densely divisible moduli.

Proof of the first assertion of Lemma 2.20. Put v :=1/2 — 0 > 1/4 4+ Tw + 20. Apply [2, Lem. 3,
(2.3)—(2.4)], using Proposition 2.15 below /2% and Lemmas A.1 and A.2 for the exceptional and
zero-frequency terms. The parameters satisfy
Ho ﬂjaRQQ

@M
There is nothing to sum if H < 1. The complete moduli rqoq1,7q0ge are singly dense, hence so
is their least common multiple [15, Lem. 2.10(ii)]. Retaining the source’s CRT unit restrictions,
apply Lemma A.3 with (d,dy,d2) = (qo,7qoq1,q2). Indeed, N/qo > N/Q > x?V~1/2-20=0-0() >
pl2w+30-0() and N < [rq0q1,q2]3. Footnote 1 supplies the corrected mean-factor average. For
90 = (qo, ) the resulting estimate is

Ty
e < x5+0(1)
90Q*N/q3
Substitute RQ? < :c1+4“’+5+0(5)/N and M N = z. The two terms in braces are respectively
O(l,(1+28w+85—4'y+0(6))/6) and O(l'_1/2+0(1)).

x*t?fO(s)N < R« x*ZEN’ RQ < x1/2+2w+0(€)7

53 (RQ2)7/6(L'5/6 1
o MN1/2 M

Choosing ¢ sufficiently small gives the required z7¢ saving. O

A.6. Localized coefficients and the minorant. Write (a,b,c,&) = (ay, by, cs, &) and ¢ =
1 —c¢—a. Use the six sifted functions and named-prime partitions of [19, Lem. 19], with footnote 3.
Choose 0 < 7 < 1070 after the strict margins in Proposition 2.22.

Lemma A.8 (Minorant coefficients). The localized coefficients below, their positive box majorants,
the elementary Heath-Brown factors and their bounded convolutions satisfy (2.4) for 2 < N < 2,
with one divisor exponent uniformly in endpoints, auziliary coprimality and cutoffs. The smooth
Type I and Type II inputs of Proposition 2.22 therefore give the asserted averaged distribution for
the siz sifted functions.

Proof. Put H = z¢%, z := 2¢ and My := 2'~¢. For each partition, let 7, s be its named-prime
products, with » < H, s < My/H. Insert (v, z) = D dlv, P+ (d)<= u(d). Terms with rsd < My have
a free factor of length at least x¢ and give Type I after smooth subdivision. Otherwise order the
primes of dy decreasingly and stop at the first product h with rh > H. Writing dy = hd gives
uniquely

rh/P~(h) < H<rh< Hz=2a"  P%(d) <P (h), rshd> M.

The variables rh and sdk in n = rshdk have lengths between zoto) and 20T, This is [3, proof
of Lem. 14, (4.5)—(4.8)], retaining the named-prime restrictions until separation.

For Siegel-Walfisz, put L :=logz, Y = eVL. Fix J > 2 so all coefficients and positive majorants
are bounded by 7;(n)L®, independently of the saving and mesh. Rankin’s bound and divisor
moments give

> 7(n) < NelosN/1esY 1,051 3 7i(n) < NY LW,
n<N n<N
Pt(n)<Y p?|n for some p>Y

Both are o( NL™4) for every A. Write each remaining integer as n = pm, where p > Y is its unique

largest prime. Fix its containing variable and all other factors. The permitted p form a bounded

union of intervals: removing it from h either fixes P~ (h) or leaves h = pand r < H < rp. A Mébius

factor becomes —pu of the cofactor; |u| is unchanged. Handle integer, logarithmic and smooth

weights by partial summation. For ¢ < LB, prime Siegel-Walfisz at endpoints T' > Y applies since

g < (logT)*#; summing the remaining weights uses Y, oy 7(m)°W /m <« LOW. For auxiliary
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coprimality rg, keep (m, grg) = 1 and remove primes dividing r, at cost < 7(r9)N Yy —1LOM . For
q > LB, fix a largest factor in a j-fold divisor representation:

> 1) <5 (N/q) L7t + N-Yipi=2,
n=N
n=ao ()
The other factors have product O(N'~1/7), including the isolated point in this bound. Use q/¢(q) <
7(¢) and choose B after A to obtain (2.4) with a fixed divisor exponent. Convolution closure [15,
proof of Lem. 3.4(iii)] uses |||l < ML) and preserves that exponent.
Separate the restrictions into ratio-1 4+ h boxes, with h = L~ and singleton prime bins up

to Z = L¥. Interior boxes give the Type I/II coefficients above; the positive full-box boundary
majorant g satisfies, for C'; independent of D, E|

For a prime comparison this follows by summing L) 3 7<)z ¢t > p=t(1+0(h)) p~! over inte-
gers; for rshd = My(1 + O(h)) use the preceding divisor count on a short interval. Named-prime
boundaries obey the same bounds; r < H, s < My/H remain exact. For |e| < g,

|A(e; ap mod q)| < |A(g; ap mod q)| + 2|\gl1/¢(q).

Choose D, E after the desired saving, then the Type I/II saving to absorb LOp.2(1) hoxes, using
>4<0 ©0(q)7! < log(2Q). Lemma A.1 handles total-product endpoints for Q < z%%3. Every
partition is independent of the modulus and primitive class. ]

Lemma A.9 (Buchstab decomposition of the minorant). Suppose the Type I, II and III inputs
used in Proposition 2.22 hold on a squarefree modulus family of level Q < x°53. Then P — by — by
has the same averaged distribution estimate.

Proof. Put L = logx and write f = g modulo the asserted discrepancy bound. For the three
unsigned sums T3, 75,7y in the last display of [19, §4.4], Buchstab’s identity and the preceding
lemma give P = T3 + T5 — Ty. Central indexed subset sums and initial semiprimes up to v/3z
use the widened Type II range; prime squares cost O((v/z + Q)LPM) by counting square roots in
primitive classes modulo squarefree q.

For T3, apply [19, proof of Lem. 20, properties (1)—(4)] with 7 in place of 10719 and localization
errors O(7/1000). The preceding lemma supplies Siegel-Walfisz; the two grouping gaps are 1 —c —
3a/2 = 0.054225 and ¢ — (1 —4¢£) = 0.01815. Type I/II/III therefore give T3 = 0. Replacing a prime
at scale N by A/ log costs at most z°() (zN~1/2 4 QN1/?), a power saving for z¢—°1) < N < gote(l),

The split in [19, proof of Lem. 21] gives T5 = by; the fifth-factor check is the argument in
Proposition 2.21. For Ty, apply [19, proof of Lem. 22] with the complementary cutoff and equal-
prime reversal in footnote 2. This gives Ty = —Us, where Us is its five-prime sum Y3. Interchanging
p2, p4 makes by a subfamily of Us; the footnote’s pair/triple criterion gives a central indexed subset
sum on the complement, except where p3 = ps. For k = 4,5, let Dy p count configurations with a
repeated prime p < P. Counting the cofactor, including the isolated point, gives

Z |A(Dy. p; ag mod q)| < z°Y(z/P + QP), 2t < P < g(1=(:=2)9/2,
q<Q

This is a fixed power saving for Q < 293, so Uz = by and the result follows. g
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