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Single-minus tree-level n-graviton scattering amplitudes are revisited. Often presumed to vanish,
they are shown here to be nonvanishing for certain “half-collinear” configurations existing in Klein
space or for complexified momenta. A Berends–Giele recursion relation for these amplitudes is
derived and solved in a form involving a sum over trees. In a restricted kinematic decay region, this
solution simplifies significantly to an (n−2)-fold product of soft factors. It is further shown in this
region that, combined with suitable analyticity assumptions, the n-graviton amplitude is generated
by a recursive Lw1+∞ Ward identity with the three-graviton amplitude as a seed.

Reconciling Einstein gravity with quantum mechanics
is a central challenge in modern physics. Self-dual grav-
ity [1, 2] provides a much more manageable—while still
rich—toy model for addressing this challenge. Quantum
effects are finite, computable, and one-loop exact [3, 4]. A
complete solution of quantum self-dual gravity is conceiv-
ably within reach [5–11] and may shed light on quantum
Einstein gravity.

Penrose famously solved classical self-dual gravity us-
ing twistor theory [12, 13] a half-century ago. The
highly non-trivial solutions are generated by an infinite-
dimensional symmetry group known as Lw1+∞ [14],
which also appears in Einstein gravity [15, 16].

It is sometimes stated that the tree amplitudes of self-
dual gravity are nonzero only for three or fewer gravitons
[4]. Tree amplitudes are purportedly a repackaging of the
classical solutions. This raises a conundrum: how can the
richness of the nonlinear Penrose solutions possibly be
encoded in the nearly trivial tree scattering amplitudes?

In this paper, we show that the self-dual tree-level am-
plitudes are in fact nonzero for any number of gravitons.
They are supported on single-minus half-collinear config-
urations. This means that they have exactly one minus-
helicity graviton and in split signature are localized to a
null line on the boundary of spacetime. A general for-
mula is derived for the single-minus amplitude involving
sums over tree diagrams with a number of terms that
grows exponentially in the number n of gravitons. In
a kinematically restricted “decay region” we find a sim-
ple formula in terms of a product of soft factors. These
nonzero single-minus amplitudes extend to gravity a sim-
ilar result for Yang–Mills theory [17].

The symmetry group Lw1+∞ plays a central role. The
Lw1+∞ Ward identities are a tower of soft theorems that
recursively relate the n+1 to the n-graviton scattering
amplitude. This Lw1+∞ recursion, along with some an-
alyticity assumptions, enables a complete construction
of the decay-region1 self-dual amplitudes from a three-
graviton seed. This beautifully mirrors the Penrose con-
struction of the self-dual solutions from the action of
Lw1+∞ on the vacuum.

1 We do not know if this is possible outside of the decay region.

The classical solutions and tree amplitudes of self-dual
gravity are a small subset of those of (complexified) Ein-
stein gravity. Both theories admit an Lw1+∞ action. In
the Einstein case, Lw1+∞ was recently shown [18] to re-
cursively generate all the double-minus amplitudes. The
current work extends this statement to single-minus and
sheds further light on the incompletely understood role
of Lw1+∞ in Einstein gravity.

The workhorse of this paper is an adaptation of the
Berends–Giele recursion relation [19], a rewriting of the
Feynman rules, to the single-minus context—see (33).
Using this recursion, the expression for the general single-
minus amplitude is derived and presented in (B11). Re-
stricting to a special kinematic decay region (see Sec. II),
in which one particle is ingoing and all others outgoing,
we obtain the much simpler expression

Mn = i2−n
n−2∏
a=1

∑
[aj]>0

[aj]

n−1∏
b=1

δ(⟨bn⟩) δ2
(

n∑
i=1

λ̃i

)
. (1)

Here, the nth graviton is minus-helicity, and the rest of
our notation is explained below. This formula is analytic
(apart from the δ-functions) in the noncollinear momenta
except for the fully collinear locus ([ij] = 0), where the
first derivative has a δ-function. Simplification of the
general solution (B11), if possible, is left to future work.

After a brief review of our notation, Sec. I gives the
general form of half-collinear amplitudes and defines
a fully permutation-invariant stripped amplitude M1···n
containing the essential information. The decay region is
defined in Sec. II and the formula (1) for Mn is derived
therein from Lw1+∞ recursion. Next, the general-region
Berends–Giele recursion relation is derived in Sec. III,
and Sec. IV solves it in the decay region. Lastly, App. A
reviews MHV amplitudes and Cayley trees, while App. B
and App. C supply details of the Berends–Giele and
Lw1+∞ recursion formulae, respectively.

Both GPT-5.2 Pro and a new OpenAI internal model
played a significant role at all stages of this project.

Notation and useful identities. We use spinor-helicity
variables for massless momenta, with (λ, λ̃) denoting real
spinors in (2, 2) signature,

pαα̇ = λαλ̃α̇. (2)
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We fix a Lorentz and little-group frame by setting

|i⟩ = λi = (1, zi), |i] = λ̃i = ωi(1, z̃i), (3)

with zi and z̃i real and independent, and ωi ∈ R. We use
the standard brackets

⟨ij⟩ = ⟨λiλj⟩ = ϵαβλ
α
i λ

β
j , (4)

[ij] =
[
λ̃iλ̃j

]
= ϵα̇β̇λ̃

α̇
i λ̃

β̇
j , (5)

such that

p2ij = (pi + pj)
2 = ⟨ij⟩[ij]. (6)

With respect to the parameterization (3), we have

⟨ij⟩ = zij , [ij] = ωiωj z̃ij , (7)

where zij := zi − zj and z̃ij := z̃i − z̃j .
We normalize all δ-functions by∫

δ(x) dx = 2π,
1

x+ iϵ
− 1

x− iϵ

ϵ→0
= −i δ(x), (8)

and use the standard Feynman prescription 1/(p2 + i0).
For later use, it is convenient to define, for any finite

set S ⊂ {1, . . . , n} with |S| ≥ 1,

λ̃S :=
∑
i∈S

λ̃i, [S, T ] :=
[
λ̃S λ̃T

]
. (9)

I. SINGLE-MINUS GRAVITON AMPLITUDES

We now consider the single-minus graviton amplitude
with one minus-helicity leg at label n,

Mn := Mn(1
+, . . . , (n−1)+, n−). (10)

The half-collinear regime is defined by

⟨ij⟩ = 0 ∀ i, j ∈ {1, . . . , n}. (11)

In Klein signature, this is compatible with nonzero [ij].
In the frame (3), the condition (11) forces zij = 0 but
does not restrict either ωi nor z̃i.

The fact that the amplitudes can only be supported on
this locus follows the same argument as in [17]. In short,
the usual power-counting argument for the vanishing of
single-minus tree amplitudes relies on choosing a refer-
ence spinor that renders polarization vectors mutually
orthogonal, but there are insufficient powers of momenta
in the numerator to be able to saturate all contractions.
In the half-collinear regime, the choice is obstructed be-
cause ⟨jn⟩ = 0 for j ̸= n makes the plus-helicity polar-
izations singular. As in Yang–Mills theory, this loophole
allows nontrivial distributional support on the locus (11).

In the half-collinear regime, it is convenient to factor
out from Mn its universal dependence on the collinear
variables and hence define a stripped amplitude M1···n by

Mn = i2−n ⟨rn⟩n+3

⟨r1⟩3⟨r2⟩3 · · · ⟨r n−1⟩3
M1···n

×
n−1∏
a=1

δ(⟨an⟩) δ2
(

n∑
i=1

⟨ri⟩λ̃i

)
. (12)

The prefactor carries the required little-group scaling for
one minus and n−1 plus gravitons, so that M1···n has no
little-group weight in the external particles.2 On the sup-
port of the collinear δ-functions, this expression is inde-
pendent of |r⟩ provided ⟨rn⟩ ̸= 0. In the fixed frame (3),
if |r⟩ = (0, 1), then ⟨ri⟩ = 1 for all i, and so (12) becomes

Mn = i2−nM1···n

n−1∏
a=1

δ(zan) δ
2

(
n∑

i=1

λ̃i

)
. (13)

We will study M1···n, which depends only on {λ̃i}. We
also define a set-collinear distribution

δS := i1−|S|
∏

i∈S\{r(S)}

δ
(
zi − zr(S)

)
, (14)

where r(S) ∈ S is an arbitrary chosen “root” label. On
the support of δS , all |i⟩ for i ∈ S coincide, so λ̃S in (9)
is the only nontrivial spinor data in the block S.

II. Lw1+∞ BOOTSTRAP

Three-point amplitudes are famously fixed by Poincaré
invariance. In this section, we ask if single-minus ampli-
tudes could perhaps be fixed by a larger symmetry. A
sharp candidate for this is the recently identified Lw1+∞
symmetry of gravity [15, 16]. We find the answer to be
positive. More precisely, we posit two assumptions de-
tailed in the following two subsections, and use them
to determine a closed-form expression immediately af-
terwards.

A. Chamber analyticity and the decay region

As a function of the coordinates z̃k, the (stripped) am-
plitude M1···n is analytic everywhere, except possibly at

• [ij] = 0, in particular the coincidence loci z̃i = z̃j ,

• “bulk” loci where weighted sums coincide, namely
the vanishing of (9), or in particular,∑

k∈S

ωk

ωS
z̃k =

∑
k∈T

ωk

ωT
z̃k. (15)

2 With the normalization (12), M1···n scales with weight n− 1 in
the reference spinor |r⟩.
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On such loci, M1···n may be singular or discontinuous.
To avoid such singularities, we introduce a restricted

kinematic region Rπ
n,n−1 as follows. As in [17], we first

define a kinematic region by demanding that there exists
a Lorentz frame in which

ωn < 0, ωa > 0, a ∈ {1, . . . , n−1}. (16)

By momentum conservation
∑n

i=1 λ̃i = 0, we can write

ωn = −
n−1∑
a=1

ωa, z̃n =

∑n−1
a=1 ωaz̃a∑n−1
a=1 ωa

, (17)

so that z̃n is the ω-weighted average of the outgoing z̃a.
For gravity, we now define a further subregion Rπ

n,n−1 of
(16) by additionally requiring a unique outlier among the
outgoing z̃’s, which we take to be z̃n−1. Then we order
the remaining z̃’s according to a fixed permutation π of
{1, 2, . . . , n− 2}. That is, we have

z̃π(1) < z̃π(2) < · · · < z̃π(n−2) < z̃n < z̃n−1. (18)

In this region Rπ
n,n−1, all [ij] have fixed signs and hence

are locally linear. A remarkable property, shown explic-
itly in Sec. IV below, is that even though Rπ

n,n−1 contains
bulk loci (15), M1···n is not singular within this region,
which is thus a genuine chamber. We will work inside
this chamber in the rest of this section.

It is also useful to introduce the permutation-invariant
decay region

Dn,n−1 =
⋃

π∈Sn−2

Rπ
n,n−1 (19)

=
{
ωn < 0, ωa > 0, ∀ a ∈ {1, . . . , n− 1},

z̃j < z̃n < z̃n−1, ∀ j ∈ {1, . . . , n− 2}
}
. (20)

This region contains internal walls where M1···n may fail
to be analytic, but one can provide a general formula
for the amplitude by permuting the labels of its internal
components Rπ

n,n−1. For the remainder of this paper, we
assume π = (1, . . . , n−2) without loss of generality and
denote Rπ

n,n−1 by the shorthand Rn,n−1.

B. Lw1+∞ Ward identities

The presence of Lw1+∞ symmetry, which acts through
Ward identities, imposes strong constraints on gravita-
tional scattering. In fact, these constraints have recently
been found to fully determine amplitudes in momen-
tum space [18, 20]. In short, for the particular case of
(stripped) MHV amplitudes, the n-point formula is ob-
tained from that with n − 1 points by the insertion of
an all-orders-soft graviton with label s. Formally, this
reads [18]

M̃1···n =

n∑
i̸=s

[si]2

p2si + iϵ
M̃

(i)
ŝ , M̃

(i)
ŝ := M̃ŝ

∣∣∣
λ̃i→λ̃i+λ̃s

.

(21)

Here, as in App. A, M̃1···n denotes the amplitude stripped
of momentum conservation, while the shorthand M̃ŝ

stands for an amplitude with n−1 labels (i.e., no leg s).
We refer to (21) as the Lw1+∞ Ward identities.

Our assumption is that the same identities (21) can be
applied to the single-minus amplitudes. In this case, the
object of interest is the amplitude (13) stripped of the
half-collinear and half-momentum-conserving δ-function.
It follows from the identities (6)–(8) that, inside a fixed
chamber, the above expression reduces to

M1···n =
1

2

n∑
i=1
i̸=s

|[si]|M (i)
ŝ , M

(i)
ŝ := Mŝ

∣∣∣
λ̃i→λ̃i+λ̃s

, (22)

where, as usual, |x| denotes the absolute value of x. The
Ward identity is to be interpreted in terms of the tower

of differential operators ωk
s ∼

(
λ̃s

∂
∂λ̃i

)k
generating the

shift, namely the Lw1+∞ generators.3 In the following,
we will extend this relation inside a fixed chamber assum-
ing that the shifts λ̃i → λ̃i + λ̃s stay within their walls,
e.g., ωs ≪ ωi, so the Ward identity is unambiguous.

C. Decay region amplitude

With the Poincaré-fixed seed M123 = |[12]|, define for
a ∈ {1, . . . , n−2} the soft factors

Sa :=
1

2

n∑
j=1

|[aj]|. (23)

Then the Ward recursion generates

M1···n

∣∣∣
Dn,n−1

=

n−2∏
a=1

Sa. (24)

This formula is the gravitational analogue of the inverse
soft construction found in [17]. It exhibits Sn−2 per-
mutation invariance inherited from Dn,n−1. It is proven
by deriving the corresponding expression in the chamber
Rn,n−1 and then using permutation symmetry to extend
the result to arbitrary π. Note that in that case, we have

Sa

∣∣∣
Rn,n−1

=

n−1∑
j=a+1

[ja], (25)

resulting in

M1···n

∣∣∣
Rn,n−1

=

n−2∏
i=1

 n−1∑
j=i+1

[ji]

. (26)

3 At the exact location of singularities, these operators generate
distributional terms at the wall, which we ignore in the following.
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The idea of the proof is conceptually simple. Take any
label λ̃s → 0, landing on the analogous chamber R(s)

n,n−1

without label s. We proceed by induction and assume

Mŝ

∣∣∣
R(s)

n,n−1

=

n−2∏
i=1,i̸=s

 n−1∑
j=i+1,j ̸=s

[ji]

. (27)

In App. C, we apply the Ward identity (22) and derive
the result (26). This assumes ωs ≪ ωa so that we do
not cross any wall. We then use our assumption that the
amplitude is analytic in Rn,n−1, which has no walls, to
extend the result throughout that chamber.

This concludes the first main result of this paper. In
the following, we will derive a more general formula that
holds without any restriction on the external kinematics
(beyond momentum conservation and being in the half-
collinear regime). We obtain this more general result by
an explicit calculation akin to summing all contributing
Feynman diagrams. It would be very interesting to un-
derstand if we can relax our analyticity assumptions and
use Lw1+∞ to fix M1···n with general kinematics.

III. BERENDS–GIELE RECURSION

The single-minus graviton sector is governed by an un-
ordered Berends–Giele recursion for gravitational form
factors with one leg off-shell. Starting from this, we de-
rive in App. B a fully on-shell recursion for M1···n. This
on-shell recursion is equivalent to summing tree-level
Feynman diagrams, but is tailored to the half-collinear
regime and is analogous to the construction of [17] in the
case of Yang–Mills gauge theory.

To state the result, we first define for nonempty sets S
a family of preamplitudes M̄S by

M̄{i} = 1, M̄{i,j} = 0, (28)

and, for |S| ≥ 3,

M̄S = −
∑

S=S1⊔···⊔SA
A≥3

Vλ̃S1
···λ̃SA

A∏
a=1

M̄Sa
, (29)

where the sum is over all set partitions into A ≥ 3
nonempty blocks. Here, Vλ̃S1

···λ̃SA
is a “retarded” multi-

point vertex, which we will now define in terms of a sum
over Cayley (i.e., spanning) trees. In App. A, we review
the role of similar spanning trees in the familiar MHV
amplitude for gravity [21–23].

Let Trees(A) denote the set of Cayley trees on the ver-
tex set {1, . . . , A}. For a tree T ∈ Trees(A) and an edge
e = (u, v) ∈ E(T ), removing e disconnects the vertex set
into two components Ae⊔Be = {1, . . . , A}; we take Ae to
be the component with the smaller label among {u, v},
which we take to be u.

We define

Vλ̃1···λ̃A
:=

∑
T∈Trees(A)

∏
e=(u,v)∈E(T )

|[uv]|Θ
(
− [AeBe]

[uv]

)
,

(30)

with Vλ̃1
:= 1 and Θ(x) denoting the step function as

usual. Similarly, we define the “advanced” vertex V̄ by
flipping the sign in the Θ-argument,

V̄λ̃1···λ̃A
:=

∑
T∈Trees(A)

∏
e=(u,v)∈E(T )

|[uv]|Θ
(
+
[AeBe]

[uv]

)
,

(31)

with V̄λ̃1
:= 1. Finally, we introduce

T̂λ̃1···λ̃A
:= Vλ̃1···λ̃A

− V̄λ̃1···λ̃A
. (32)

As explained in App. B, this is the on-shell kernel that
appears after LSZ reduction of BG recursion.

Having defined M̄S , the stripped amplitude M1···n is
given by the recursion

M1···n = −
∑

{1,...,n−1}=S1⊔···⊔SA

A≥2

T̂λ̃S1
···λ̃SA

A∏
a=1

M̄Sa . (33)

This on-shell recursion relation is the next main result
of the paper. When combined with the prefactor (13),
it provides a general, albeit implicit, formula for the
n-particle single-minus gravity amplitude with arbitrary
external kinematics. It is the gravitational analogue of
the ordered single-minus recursion in gauge theory [17],
with color-ordering replaced by set partitions and Parke–
Taylor factors replaced by T̂. An explicit non-recursive
form is also provided in App. B.

In a general kinematic region, it is worth noting that,
because the helicity dependence has been absorbed in
our frame (13), the stripped amplitude M1···n is fully
permutation-invariant,

Mσ(1)···σ(n) = M1···n, ∀σ ∈ Sn. (34)

This property holds but is not manifest in the LSZ for-
mula (33).

A. Concrete examples

From (33), the lowest-point stripped amplitudes are as
follows. At three points,

M123 = |[12]|. (35)

At four points, since M̄{i,j} = 0, only the all-singleton
partition contributes,

M1234 = − T̂λ̃1λ̃2λ̃3
= −

(
Vλ̃1λ̃2λ̃3

− V̄λ̃1λ̃2λ̃3

)
, (36)



5

where each three-vertex is a sum over the three trees
on {1, 2, 3}. By some algebraic manipulation of the step
functions, one may turn this into

M1234 =
1

2

(
|[12]| |[34]|+ |[13]| |[24]|+ |[14]| |[23]|

)
. (37)

At five points,

M12345 = −T̂1234 − |[15]|V234 − |[25]|V134

− |[35]|V124 − |[45]|V123. (38)

Here, expanding the vertices fully explicitly generates
44 terms. These expressions rapidly proliferate in the
generic region. Nevertheless, we find that, when special-
ized to the region R5,4, this five-particle amplitude is just

M12345

∣∣∣
R5,4

=
(
[21] + [31] + [41]

)(
[32] + [42]

)
[43]. (39)

in agreement with (27).

IV. AMPLITUDES IN THE CHAMBER

In this section, we elaborate on the chamber Rn,n−1

in which the recursion (33) collapses and the answer ad-
mits a closed form. This rederives (26) by merging the
three steps analogous to our gauge-theory analysis [17]:
(i) vanishing of V on outgoing data, (ii) collapse of the
recursion, and (iii) evaluation of V̄ . A new ingredient
that emerges in this last step is the application of the
directed matrix-tree theorem.

A. Vanishing of V in the chamber Rn,n−1

We first show that within Rn,n−1, the retarded vertices
built only from outgoing data vanish:

Vλ̃S

∣∣∣
Rn,n−1

= 0, (40)

for any set S ⊆ {1, . . . , n− 1} with |S| ≥ 2. This elimi-
nates most walls of the type (15) and in conjunction with
the next subsection shows that this is a genuine chamber.

The proof closely follows [17]. Write λ̃i = ωi(1, z̃i) with
ωi > 0 for i ∈ S. For a cut A ⊔ B = S, define weighted
means z̃A = 1

ωA

∑
i∈A ωiz̃i, so that

[A,B] = ωAωB(z̃A − z̃B), [uv] = ωuωv(z̃u − z̃v). (41)

For each fixed tree T appearing in (30), at least one edge
e = (u, v) obeys

(z̃Ae − z̃Be)(z̃u − z̃v) > 0, (42)

as follows from a tree weighted-variance identity. For
that edge, the ratio [Ae,Be]

[uv] is positive and the corre-

sponding factor Θ
(
− [Ae,Be]

[uv]

)
vanishes, so that VT = 0,

and hence (40) holds.

It follows from (29) that in the chamber Rn,n−1,

M̄S

∣∣∣
Rn,n−1

= 0 for all |S| ≥ 2, (43)

while M̄{i} = 1 remains. Therefore, in (33) only the
all-singleton partition contributes, and as such we obtain

M1···n

∣∣∣
Rn,n−1

= −T̂λ̃1···λ̃n−1

∣∣∣
Rn,n−1

= V̄λ̃1···λ̃n−1

∣∣∣
Rn,n−1

.

(44)

B. Evaluating V̄ in the chamber Rn,n−1

We can now simplify the vertex (31) in Rn,n−1. Using
momentum conservation λ̃Be

= −λ̃n − λ̃Ae
, we rewrite

[Ae, Be] = [λ̃n, λ̃Ae
] = [n,Ae], (45)

so that plugging (31) into (44), we get4

M1···n

∣∣∣
Rn,n−1

=
∑

T∈Trees(n−1)

∏
e=(u,v)∈E(T )

|[uv]|Θ
(
[n,Ae]

[uv]

)
.

(46)

Next, we use the outlier chamber condition (18). One
can convince oneself that in Rn,n−1, the sign of [n,A]
depends only on whether n− 1 ∈ A:

sg([n,A]) =

{
−1, n− 1 /∈ A,

+1, n− 1 ∈ A.
(47)

With labels ordered as in (18), we have [uv] < 0 for all
u < v ≤ n− 1. Hence, each step function in (46) is just

Θ

(
[n,Ae]

[uv]

)
= 1 ⇔ [n,Ae] < 0 ⇔ n−1 /∈ Ae. (48)

Thus, only those trees survive for which, for every edge
e = (u, v) with u < v, the root n−1 lies in the component
containing v. Equivalently, the contributing trees are
exactly the increasing trees rooted at n−1.

Let IncTrees(n−1) denote the set of increasing trees on
vertex set {1, . . . , n−1} rooted at n−1. Then in Rn,n−1,

M1···n

∣∣∣
Rn,n−1

=
∑

T∈IncTrees(n−1)

∏
(u,v)∈E(T )

|[uv]|. (49)

This sum can be evaluated by the directed matrix-tree
theorem, as we now show.

4 We emphasize that we cannot yet apply the matrix-tree theorem
to this formula because each factor in the product depends on
the global structure of the tree. This precludes the existence of a
simple Hodges formula and is the motivation for introducing the
outlier condition under which the step functions become unity.
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Consider the acyclic directed graph on the vertices
{1, . . . , n−1} with an arrow i → j for i < j, weighted
by wi→j = |[ij]| = [ji]. Let Q be the associated directed
Laplacian matrix:

Qij =


[ij], i ̸= j, i < j,

0, i > j,∑n−1
k=i+1[ki], i = j.

(50)

Then the directed matrix-tree theorem gives∑
T∈IncTrees(n−1)

∏
(u,v)∈E(T )

|[uv]| = det
(
Q(n−1)

)
, (51)

where Q(n−1) deletes row and column n−1. Since Q(n−1)

is upper triangular, its determinant factorizes and hence
we recover (26):

M1···n

∣∣∣
Rn,n−1

= det
(
Q(n−1)

)
=

n−2∏
i=1

 n−1∑
j=i+1

[ji]

. (52)
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Appendix A: Review of MHV amplitudes and Cayley trees

To set notation, we first review the n-point MHV graviton amplitude [21–26]. It has two minus-helicity legs; without
loss of generality, we take them to be n−1 and n. With our normalization (8), we write

MMHV
n

(
1+, . . . , (n−2)+, (n−1)−, n−) = i⟨n−1n⟩8M̃n δ

4

(
n∑

k=1

pk

)
, (A1)

where M̃n is the stripped MHV amplitude. We use this example to introduce key concepts used in the main body.
a. Cayley tree formula. Let Trees(S) denote the set of (unrooted) labeled trees whose vertex set is the finite set

S. As elements of S will be physical particle labels, we refer to these trees as Cayley trees, in contrast to Feynman
trees. Moreover, their union covers the complete graph of S and in that sense they are spanning. For Γ ∈ Trees(S),
we write E(Γ) for its edge set. Away from collinear points, the permutation-invariant tree formula for the stripped
MHV amplitude is [21]5

M̃n =
1

⟨n−1n⟩2t21 · · · t2n−2

∑
T∈Trees(S)

 ∏
(a,b)∈E(T )

tatb
[ab]

⟨ab⟩

, (A2)

where ta = ⟨an⟩⟨an−1⟩ and S = {1, . . . , n−2}. Applying the matrix-tree theorem to (A2) yields Hodges’ determinant
formula [22].

b. Regularized Cayley factors. The ratios [ij]/⟨ij⟩ may be rewritten as [ij]2/p2ij . In a collinear regime where
⟨ij⟩ → 0, the correct distributional prescription is obtained by keeping the Feynman iϵ,

[ij]

⟨ij⟩
−→ [ij]2

p2ij + iϵ
=

[ij]

zij + iϵ sgij
, sgij := sg([ij]), (A3)

and we will repeatedly encounter the associated Cayley tree factor

TS :=
∑

Γ∈Trees(S)

∏
(i,j)∈E(Γ)

[ij]2

p2ij + iϵ
. (A4)

These objects play the same role in gravity that Parke–Taylor factors play in Yang–Mills theory.

Appendix B: Derivation from Berends–Giele recursion

This appendix derives the recursion (33) from the unordered Berends–Giele recursion [19] for gravity and provides
the Cayley tree identities used throughout.

a. Unordered Berends–Giele recursion for gravity. Let FS denote the planar gravitational form factor (current)
with external set S = {1, . . . , n−1} on-shell and one additional leg n off-shell, in the self-dual sector. The unordered
Berends–Giele recursion relation takes the form

F{i} = 1, FS =
1

P 2
S + iϵ

∑
A⊔B=S
A,B ̸=∅

[A,B]2 FA FB , (B1)

where PS =
∑

i∈S pi and [A,B] = [λ̃Aλ̃B ] with λ̃A =
∑

i∈A λ̃i. The sum is over unordered bipartitions.
The single-minus amplitude is obtained by LSZ reduction on the remaining leg n,

M1···n = lim
p2
n→0

−ip2n F{1,...,n−1} δ
4

(
n∑

i=1

pi

)
, pn = −

n−1∑
i=1

pi. (B2)

5 Only Sn−2 symmetry is manifest.
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b. Momentum identity. For any nonempty set S,

P 2
S =

∑
i<j
i,j∈S

⟨ij⟩[ij]. (B3)

Let T be a labeled spanning tree on vertex set S, and for an edge e = (u, v) ∈ E(T ), write Ae ⊔ Be = S for the cut
induced by removing e, with u ∈ Ae and v ∈ Be. Then the following identity holds for every tree T :

P 2
S =

∑
e=(u,v)∈E(T )

⟨uv⟩[Ae, Be]. (B4)

To show this, fix the frame (3), so ⟨ij⟩ = zij and p2ij = zij [ij]. In this frame, [Ae, Be] =
∑

i∈Ae

∑
j∈Be

[ij] and write
the RHS of (B4) as a sum over pairs (i, j):∑

e=(u,v)∈E(T )

zuv[Ae, Be] =
∑

i<j∈S

[ij]
∑

e=(u,v)∈E(T )
e separates i and j

zuv. (B5)

In a tree, the edges separating i and j are precisely the edges along the unique path from i to j. Along that path,
the sum of differences zuv = zu − zv telescopes to zi − zj = ⟨ij⟩ (up to a sign fixed by the path orientation, which
matches the separation convention). Thus, the coefficient of [ij] is zij and the sum equals (B3).

c. Distributional identity. The Cayley tree factor (A4) is, outside the half-collinear regime, a rational function
of the kinematics. In the half-collinear regime, it develops distributional support governed by the identities in App. A
of [17]. Using this in combination with the tree identity (B4), one derives the following analogue of the Parke–Taylor
identity of [17]:

TS − δS VS =
1

P 2
S + iϵ

∑
A⊔B=S
A,B ̸=∅

[A,B]2 TA TB , (B6)

where we recall the definition (14) of the fully collinear object δS . Here, Vλ̃S
is the retarded vertex obtained by

localization TS onto the fully collinear kinematics, which can be expressed as

VS =
∑

T∈Trees(S)

∏
e=(u,v)∈E(T )

|[uv]|Θ
(
− [Ae, Be]

[uv]

)
. (B7)

The advanced vertex V̄S is obtained by reversing the sign in the Θ-argument. The identity (B6) is the key input for
solving the BG recursion by “replacing one V by T” and simultaneously controlling the half-collinear contact terms.

d. General form factor and on-shell recursion. The solution of (B1) can be written as a sum over set partitions
of S. Let S = S1 ⊔ · · · ⊔ SA be a partition into A ≥ 1 nonempty blocks, and let λ̃Sa

=
∑

i∈Sa
λ̃i as usual. Then

FS =
∑

S=S1⊔···⊔SA
A≥1

TS1···SA

A∏
a=1

(
M̄Sa

δSa

)
, (B8)

where TS1···SA
is the Cayley factor built from the block momenta:

TS1···SA
:=

∑
T∈Trees(A)

∏
(a,b)∈E(T )

[SaSb]

zab + iϵ sgab
, sgab := sg([SaSb]). (B9)

Inserting (B8) into (B1) and using (B6) yields the preamplitude recursion (29).
Finally, LSZ reduction on the remaining leg n evaluates the on-shell limit of TS1···SA

. Using the master identity
from App. A of [17] together with (B4), one finds, with T̂ = V − V̄ as in (32) and δS,n the half-collinear support on
the union S ∪ {n},

lim
p2
n→0

p2n TS1···SA
δ4

 n∑
j=1

pj

 = T̂S1···SA
δS1,...,SA,n δ

2

 n∑
j=1

λ̃j

. (B10)
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Stripping off the universal support then gives the on-shell recursion (33). The explicit solution is

M1···n =
∑

τ∈FTn(r)

−T̂λ̃S1(r) ··· λ̃Sd(r)(r)

∏
v∈Int(τ)\{r}

(
−Vλ̃S1(v) ··· λ̃Sd(v)(v)

), (B11)

where FTn(r) denotes the (unordered) Feynman trees of leaves {1, . . . , n−1} with a root labeled by r, with d(r) ≥ 2
edges connected to r and d(v) ≥ 3 edges connected to vertex v. For each internal vertex (r or v), the set of 2D momenta
incoming onto it are labeled λ̃Sj(v). A similar formula exists for gluons, summing instead over (color-)ordered trees.

Appendix C: Lw1+∞ recursion

a. Setup and statement on a fixed chamber. Fix n ≥ 3 and a connected component (“chamber”)

Rπ
n,n−1 ⊂ Dn,n−1 \ Σn, (C1)

where Σn is the singular locus (coincidence walls and possible additional bulk walls). By analyticity within Rπ
n,n−1,

the signs of all relevant brackets are fixed on Rπ
n,n−1, so absolute values are locally linear and the shift maps below

do not cross walls.
For any inserted plus-helicity leg s ∈ {1, . . . , n−2}, the integrated Lw1+∞ Ward identity on Rπ

n,n−1 takes the shift
form (21), which we quote here for readability:

M1···n =
1

2

n∑
i=1
i̸=s

|[si]|
(
Mŝ

)(i)
,

(
Mŝ

)(i)
:= Mŝ

∣∣∣
λ̃i→λ̃i+λ̃s

, (C2)

where Mŝ is the stripped amplitude with leg s removed. We will choose a momentum-conserving representative such

that Mŝ has no explicit dependence on λ̃n, hence
(
Mŝ

)(n)
= Mŝ. We define the decay ansatz Mdec

1···n by

Mdec
1···n =

n−2∏
a=1

Sa, where Sa =
∑

j:[ja]>0

[ja], a ∈ {1, . . . , n−2}. (C3)

The goal is to prove that within each chamber Rπ
n,n−1, M1···n

∣∣
Rπ

n,n−1

= Mdec
1···n

∣∣
Rπ

n,n−1

, so that the recursion (C2)

generates Mdec with seed M123 = |[12]|. The argument follows from induction on n starting from n = 3. Recall that
to simplify the algebra, we work in a representative ordered chamber where π = (1, . . . , n−2), i.e.,

z̃1 < z̃2 < · · · < z̃n−2 < z̃n < z̃n−1, (C4)

and then use label covariance/permutation invariance to cover the other chambers in Dn,n−1 at the end.
b. Reduction of Sa inside an ordered chamber. Within this chamber, one has [aj] > 0 for j < a, [aj] < 0 for

a < j ≤ n−1, and [an] > 0 for a ≤ n−2. Hence we will write Sa as

Sa =

n−1∑
j=a+1

|[aj]| = |[an]|+
a−1∑
j=1

|[aj]|. (C5)

Thus, in the ordered chamber (C4), the decay ansatz for the stripped amplitudes with graviton s removed is

Mdec
ŝ =

(∏
a<s

(Sa − |[as]|)

)(∏
a>s

Sa

)
, (C6)

where leg i has not yet been shifted.

1. Telescoping verification of the shift Ward identity

We now use (C6) to prove that Mdec
1···n in (C3) satisfies the shifted Ward identity (C2) for any s ∈ {1, . . . , n−2}.

The proof consists of splitting the sum in (C2) into two terms, a right part and a left part.
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a. Right part: i = s+ 1, . . . , n−1. Define tail sums

Ri :=

n−1∑
b=i+1

|[sb]|, ∀ i ∈ {s, . . . , n−1}, Rn−1 = 0. (C7)

Then for i ≥ s+1, we have |[si]| = Ri−1 −Ri. When i ∈ {s+1, . . . , n−2}, the shift λ̃i → λ̃i + λ̃s acts linearly on |[ij]|
inside the ordered chamber, because we assume ωs/ωi ≪ 1. Applying the shift to (C6) gives

(
Mdec

ŝ

)(i)
=

(∏
a<s

Sa

)( ∏
s<a<i

(Sa − |[sa]|)

)
(Si +Ri)

(∏
a>i

Sa

)
, ∀ i ∈ {s+1, . . . , n−2}, (C8)

while in the special case i = n−1,

(
Mdec

ŝ

)(n−1)

=

(∏
a<s

Sa

) ∏
s<a≤n−2

(Sa − |[sa]|)

. (C9)

Now define

Ti := Ri

(∏
a<s

Sa

) ∏
s<a≤i

(Sa − |[sa]|)

(∏
a>i

Sa

)
, ∀ i ∈ {s, . . . , n−1}. (C10)

A direct algebraic subtraction gives, for i ∈ {s+1, . . . , n−2},

|[si]|
(
Mŝ

)(i)
= Ti−1 − Ti, (C11)

and for i = n−1, the same holds because Tn−1 = 0 and Rn−2 = |[s n−1]|. Therefore, the right sum telescopes:

n−1∑
i=s+1

|[si]|
(
Mŝ

)(i)
=

n−1∑
i=s+1

(Ti−1 − Ti) = Ts = Rs

∏
a̸=s

Sa = Ss

∏
a̸=s

Sa = Mdec
1···n. (C12)

b. Left part: i = 1, . . . , s−1 plus the i = n term. Similarly, we define head sums, for i ∈ {0, . . . , s−1},

Li :=

i∑
b=1

|[bs]|, L0 := 0, (C13)

so that |[si]| = Li − Li−1 for 1 ≤ i ≤ s−1. From (C5) with a = s,

|[sn]| = Ss − Ls−1. (C14)

For i ∈ {1, . . . , s−1}, one can explicitly evaluate the shifted product (the only nontrivial change is in the factor
(Si − |[is]|)):

(
Mŝ

)(i)
=

(∏
a<i

Sa

)
(Si + |[sn]|+ Li−1)

( ∏
i<a<s

(Sa − |[as]|)

)(∏
a>s

Sa

)
, 1 ≤ i ≤ s−1. (C15)

Now define

Ui := (|[sn]|+ Li)

∏
a≤i

Sa

( ∏
i<a<s

(Sa − |[as]|)

)(∏
a>s

Sa

)
, i ∈ {0, . . . , s−1}. (C16)

Using Li −Li−1 = |[si]| and the fact that Ui−1 contains (Si − |[is]|) in the second product while Ui contains Si in the
first product, one obtains the telescoping identity

|[si]|
(
Mŝ

)(i)
= Ui − Ui−1 i ∈ {1, . . . , s−1}, |[sn]|

(
Mŝ

)(n)
= |[sn]|Mŝ = U0, (C17)
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where we used (C3) for the i = n term. Summing (C17) yields

s−1∑
i=1

|[si]|
(
Mŝ

)(i)
+ |[sn]|Mŝ =

s−1∑
i=1

(Ui − Ui−1) + U0 = Us−1. (C18)

Finally, by (C14), one has |[sn]|+ Ls−1 = Ss, so that

Us−1 = (|[sn]|+ Ls−1)
∏
a̸=s

Sa = Ss

∏
a̸=s

Sa = M. (C19)

Finally, combining (C12) with (C18)–(C19) gives

n∑
i=1
i̸=s

|[si]|
(
Mŝ

)(i)
=

n−1∑
i=s+1

|[si]|
(
Mŝ

)(i)
︸ ︷︷ ︸

=M

+
( s−1∑

i=1

|[si]|
(
Mŝ

)(i)
+ |[sn]|Mŝ

)
︸ ︷︷ ︸

=M

= 2M. (C20)

Multiplying by the 1
2 prefactor in (C2) shows that Mdec

1···n =
∏n−2

a=1 Sa satisfies the shifted Ward identity in the ordered
chamber.
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