How the Ideas Came Together



Abstract

These notes were written by an Al model that read the original chains of thought together with the resulting math-
ematical papers and writeups. For each problem, the model reconstructs how the proof came together: which
ideas first suggested a path forward, which substantial approaches encountered genuine obstacles, what changes
of perspective revealed the underlying structure, and how the decisive insights developed into the final argument.

The aim is to collect and explain the mathematical thinking behind the proofs in a readable, high-level narrative.
Rather than simply reproducing their finished presentations, the chapters emphasize the connections, intermedi-
ate discoveries, and sustained detours that clarify why the successful arguments work.

The collection covers high-dimensional sphere packing, binary and spherical codes, non-sofic groups, Connes
rigidity, arithmetic circuit and formula lower bounds, quantum parallel repetition, the closest vector problem,
Ehrhart’s volume conjecture, multicolor Ramsey numbers, and extremal graph theory.
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Chapter 1
High-Dimensional Sphere Packing and the Euclidean Linear Program

1.1 How a packing becomes a Fourier linear program

Suppose the centers of a packing in R? have mutual separation at least one, so the packed balls have radius 1/2. The basic
insight of Gorbachev and Cohn-Elkies is to count pairs of centers simultaneously in physical space and Fourier space [1, 2].
For a real Schwartz function f, we impose the two complementary signs

@ <0 (dd=). FOz0 (€er) FO= [ s@eed .

For a periodic packing with centers Uj\;l (A +t;), consider

N
S=>"> fle+ti—t;)

i,j=1z€A

Every term other than the N diagonal terms has nonpositive sign, and hence S < N f(0). Poisson summation gives a second
expression with the opposite useful inequality:

N -
N2 f(0)
5 t_] >
covol Z s Z ~ covol(A)’
&‘eA* =1
Writing vy = %2 /T(d/2 + 1), the density therefore satisfies
Ag < E@.
29 1(0)

The usual periodic approximation extends the inequality to every packing. Rotational averaging preserves both signs and
both origin values, so optimizing over radial functions loses nothing. Thus the entire geometric problem enters the Euclidean
functional

0
LPy= % inf Q A, < LP,.
2% jesw®) - f(0)
720, £(0)>0

F(@)<0 (Jz|>1)

The challenge is to determine the optimum of this full-space Fourier program itself, including both a universal obstruction
and an auxiliary function that reaches its exponential rate.
1.2 Balancing the origin exposes a sign-uncertainty problem

The ratio F(0)/F(0) initially looks like an awkward normalization. Instead, it becomes the geometric radius of a Fourier
eigenfunction. Given any admissible F', set

_Fo _ _3
ad—m7 h(z) = F(ax), g=h—h
Then h(0) = ﬁ(O), and therefore
1/d
g=-9, 9(0)=0,  g@) =0 (z[=R), R= (f%) :

The function g is nonzero: otherwise h = h > 0, while its exterior sign forces it to vanish outside a ball, which contradicts

Fourier analyticity. Moreover, [ g = g(0) = 0. Exactly half of its L' mass is therefore negative, and the entire negative half

lies inside the radius R. The packing question has become a concentration problem for an anti-self-Fourier function [3, 4, 5].
An extended first approach estimates this negative mass by Cauchy-Schwarz:

d
lgll} < 4vaR|gll3-
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Sharp Hausdorff-Young inequalities, Gaussian eigenfunctions, Laguerre combinations, and related norm comparisons im-
prove the resulting constants, but the method reaches only R ~ v/d/(2+/7), corresponding to the linear-program root /e/8.
Reaching /d/ this way would require the stronger global estimate

= (V5 o)

Explicit anti-self-Fourier Mellin profiles show why that proposed inequality is unavailable: a function can have a large global
norm ratio without placing its negative mass in the forbidden radial region. The obstacle is therefore not an unoptimized
constant. A global norm forgets where the negative mass lies. We instead keep the sign location and prove a direct local
mass-exclusion inequality.

1.3 The radial Fourier transform becomes a Mellin reflection
Set A\ = d/2. For a radial function, define its critical-line Mellin transform by

o g dr
X0 = [ gt
0 T
The radial Fourier transform is a Hankel transform, and its Bessel kernel depends on the product of the spatial and frequency
radii. Consequently the Mellin transform converts Fourier transformation into reflection followed by an explicit phase [6, 7]:

(= it)/2)
(A +it)/2)

The modulus of m, is one on the real axis, but its continuation off that axis contains the high-dimensional information missing
from norm inequalities.
Fix R = ¢/d, let S; = dvg, and introduce the logarithmic radius r = Re":

S, . S
Tollr (Bea(Be), 20 = o

Then ||¢||; = 1 and [ ¢ = 0. The upper boundary of the strip | Im ¢| < A is its ordinary Fourier transform, so
|Z(y +i\)| < 1.

X(t) = ma(DX,(~1),  malt) =

p(v) = RMX, (1),

The eigenfunction equation supplies the opposite boundary estimate
log|Z(y —iM)| < ha(y),  haly) = Aog(wR?) +log |T'(~iy/2)| — log [T(A + iy/2)|.

More precisely, the two boundaries are linked by

Y iy L(=y/2) ,
Z(y —i)\) = —(nRH M F(Tiy/z)Z(—y +4\).

Aty = 0, the gamma factor has a pole, but Z(i\) = [ ¢ = 0 cancels it in the actual transform. The remaining logarithmic
singularity of its majorant is integrable. Truncating that majorant, applying the strip maximum principle, and then removing
the truncation preserves the cancellation [8].

1.4 Harmonic measure identifies the sharp radius

At height Imt = oA, with —1 < ¢ < 1, the lower-edge harmonic measure is

sin 6 (1 + o) l-0
0= —— P,(T)dT = .
4(cosh(nT/2) — cosB)’ 2 7 /R (T) 2

Keeping this nonunit mass is essential: replacing the kernel by a probability density too early changes the exponential constant.
The maximum principle gives

P,,(T) =

log|Z(s +ioA)| < Hy(s),  Hy(s)= /RPU(T)h,\(s — AT dT.

The gamma quotient now exposes the mechanism behind the lower bound. For even d, write A\ = n. Its product formula
gives the exact identity

2
by (nT) = nlog(2mc?) Zlog ( > 121

7=0
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For odd d, the points j/n are replaced by (5 + 1 / 2)/ A, with an additional endpoint correction
AT |71
1 h log —.
og cot < 5 ) Sl
Its logarithmic singularity remains integrable against harmonic measure. Thus both dimension parities produce the same
leading Riemann integral over 0 < z < 1. Set

T R

Since both factors in the harmonic convolution are symmetrlc decreasmg,
H,(s) < H,(0) = AM,, (log(27c?) + J, ) 4+ O, (log A).

The decisive step is to approach the upper edge, o 1 1. After normalization and T = 2u, the lower-edge harmonic measure
converges to the logistic density

s 2 [(TTU
= —sech ( —) .
p(u) = 7 3
Its logarithmic potential has the exact evaluation

1 r’
/ w)log v x? + u? du = ¢ < ;r >+10g2 1/)——

One way to see why the digamma function appears is that the limiting law has characteristic function ¢/ sinh ¢. Differentiating
its logarithmic potential therefore gives

/ log\/xZ—i—quu—/ e " .t *1/) (:v—i—l)

sinh t

Integrating over 0 < zz < 1 gives
J, — log g, log(2mc?) + log% = log(m%c?).

Thus ¢ < 1/ forces exponential decay throughout an interior Mellin line. A bound at each frequency is not yet sufficient:
Fourier inversion also requires control of the entire unbounded line. The gamma-product estimates supply the additional tail
inequality

M), S|
— > .
olog g (1|2 B)

The first bound controls the central interval and the second makes the frequency tail integrable. Together they yield

Hy(s) < —ncA,  Hy(AS) < —

/ |Z(s 4 io\)|ds < Che 72,
R
On this line, Z is the Fourier transform of the weighted signed radial density:
Z(s+ioX) = / @A () eI dy,
R

Fourier inversion consequently gives

0
/ |<p(v)|dv§7/|Z s+io))|ds < Ce™7ed
oo 2r(1l — o)A

Equivalently, for either Fourier eigenvalue,

/ 9@l e < Ce gl
z|<c

An eventually nonnegative eigenfunction has exactly half of its absolute mass negative, and the exterior sign places that
entire half inside the ball. The exponential estimate makes this impossible. Applied to the balanced packing function, the
contradiction proves uniformly over all admissible F' that

(Fi) "= (t-w)e

Stirling’s formula then converts the sign-radius obstruction into an actual lower bound for the complete Euclidean linear

program:
d
LP, > (E— 0(1)> . (1.1)

This direction holds simultaneously for every admissible auxiliary function, before constructing any matching witness.
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1.5 The lower bound also has a positive dual witness

The Euclidean lower bound has a complementary linear-programming interpretation. Put p; = 29LP4/v4. A positive tem-
pered dual witness can be written as

Td = 50 + pa, fd = pd(s() + vq, Hd,Vd > 07 Supp g - {|$| > 1}

For every admissible radial F', positivity and the exterior sign give
paF(0) < (T, F) = (L0 F) = FO) + [ F s < FOO),

Thus a single positive object certifies the lower bound against all primal functions simultaneously. It arises by smoothing near-
optimal positive dual witnesses, obtaining uniform local-mass bounds from positive definiteness, and passing to a positive
tempered limit through compactness [9]. The Mellin argument explains why its sharp exponential strength is precisely the
threshold in (1.1).

1.6 The ideal auxiliary function emerges from the Gaussian

The lower bound explains the target radius but does not construct a packing auxiliary function. A Gaussian supplies the right
Fourier symmetry but the wrong saddle location. Its Mellin envelope is

A—it

ES(t) = n't/?T ( 5

). mOBS-0 = B0,
To shift the saddle without disturbing this exact symmetry, we multiply by an even deformation
Ex(t) = ES(t)er=/N h(2) = / we(a)(cos(az) — 1) da.
0

On the contour ¢t = \(T" + iu), the saddle radius satisfies

A1+ w)

5 > +/ we(a)asinh(ua) da, r=e',
0

v(u) = —% logm + %1/} (

The desired sign transition occurs near v = 1. There, the Gaussian gamma factor supplies asymptotic damping density
e~2%/(2a?), whereas a negative perturbation consumes |w(a)| cosh a. Saturating the available damping therefore suggests
the distinguished profile
—2a
e
wela) = ————F—.
(@) 2a? cosha

Its saddle displacement is

e 1 [* e 2 tanh 1
/ w*(a)asinhada:—f/ wda:—flogz.
0 2 0 a 2 2

The final equality is Wallis’s product, obtained by expanding the integrand into paired exponentials and applying Frullani’s
identity. Thus the Gaussian radius is transformed into precisely the radius already predicted by the Mellin obstruction:

L Tie™) 2 L
T exp | — 5 og 5 )=
1.7 A remote shell restores the missing global damping

The ideal density cannot itself be used: near zero it behaves like —1/(2a?), and its deformation grows as h.(T) = «|T|/4 +

O(log(2 + |T|)). This cancels the gamma factor’s exponential decay and destroys the Schwartz construction. Truncating and

tapering the ideal density restores strict damping:

(1 —10e(1+a))e 2@
2a? cosha

ap 263, A= 1010g(1/€), ws(a) = — l[aO,A](a).
This handles saddles near the target, but at very large radii the factor cosh(ua) can amplify the negative perturbation faster
than the Gaussian damping.

The second essential idea is to add a much smaller positive component on an entire distant interval:

B:5737 Q:eiSEB/S, wB(a) 1[B7B+1](CL), We = Ws + WR.

" cosha
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At the target saddle its contribution tends to zero. Farther out, Qe(*~15 overwhelms the truncated negative component. An
interval, rather than a single point, avoids resonant frequencies:

/B+1(1 —cos(aT))da =1 — sinc(T'/2) cos((B + 1)T) > % min(72,1).
B

The tiny correction therefore restores positive damping on the entire unbounded saddle branch while leaving the limiting
radius unchanged.

1.8 A Fourier pair supplies positivity at every radius
To control the signs without breaking Fourier symmetry, let
B=e/t, Pi(x)=F+(1+2°)(1£iz), Po(2)=—(1+2%), X;(t) = Ex())F;(t/N).

Inverse Mellin transformation defines real radial Schwartz functions f_, f, fo. The evenness of the common deformation
and the identities P_(—z) = Py (z), Py(—z) = Py(z) give
Fo=te Jo=to
The first gamma pole provides their origin values:
f-(0) = f4(0) = 2723 > 0 f5(0) = 0.

Uniform saddle asymptotics show that f_ is negative and fj positive beyond the target radius, while f is positive throughout
the large-radius regime.

The remaining small-radius interval requires a separate argument; the exterior saddle estimate gives no information near
the origin. Shifting the Mellin contour past NV < log d gamma poles produces

f4(r) (=y)" 2R} 2 / * ;
= Adn + Ral(r), y=mere, hy = we(a)a sinh a da.
0 "2 (r) = [t
The coefficients satisfy A4, = 1+ 0-(1) in the required range, and the contour remainder is negligible relative to e~¥. Hence
f+(r) —y
=e Y(1+4+0:(1) >0
Fo@ ~ ¢ o)

uniformly across the entire missing interval. The construction now provides an everywhere-positive Fourier transform, the
correct exterior sign, and equal positive origin values.

1.9 The exact Euclidean threshold and both uncertainty signs
Let R, 4 be the resulting sign radius. The saddle formula and Wallis evaluation give

. . Rs d 1
lim lim —= = —.
el0d—oo \/d T
The rescaled function F; 4(z) = f_ (R, qx) is admissible for the original unit-exclusion linear program, with
FE,d(O) — Rd .
Fg,d(o) €,d

Combining this witness with the uniform Mellin obstruction and vcl/ ¢ \/2me /d yields

lim LP;/d _ /Qi’ Ay < LP, = 2~ (0.604400544291677695...+0(1))d
™

d—o0

Finally, f, — f_ is anti-self-Fourier and f is self-Fourier; both vanish at the origin and become positive beyond the same
radius. Thus the same construction resolves the two sign-uncertainty problems simultaneously:
A_(d Ai(d 1
i A AL L

i VA dos Vdon

Although these limits coincide, the central Mellin cancellation gives the finite-dimensional transformation

A [ —
(Tag)(x) = 5/ A 1g(tz) dt, Tag = Tag,
1

which sends an anti-self-Fourier function to a self-Fourier one with strictly smaller eventual-sign radius [4]. Consequently
A, (d) < A_(d) in each dimension, even though their high-dimensional leading constants agree.



Chapter 2
Binary and Spherical Codes Beyond the Classical Bounds

2.1 Two problems with the same missing degree of freedom

We begin with two superficially different extremal problems. Let A;(n, d) be the maximum size of a binary code of length n
and minimum Hamming distance d, and let A(n, s) be the maximum size of a spherical code with pairwise inner products at
most s. Their asymptotic rates are

R3() = limsup 1 log, As(n, [dn]), Rypon(s) = limsup 1 log, A(n, s).
n—oo T n—soo TN
At s = 1/2, the spherical-code size is the kissing number 7,, = A(n, 1/2). Determining its exact lower and upper exponential
growth rates demands matching constructions as well as upper bounds; the contribution here is a strict improvement on
the upper side. The respective classical landmarks are the optimized McEliece-Rodemich-Rumsey-Welch bound and the
Kabatianskii-Levenshtein bound [10, 11].

Near 6 = 1/2 — ¢, two simpler approaches reveal the obstruction. A Walsh-positive exponential kernel retains its diagonal
term e /|C|, giving only an O(¢) rate; a translated-cap Plotkin argument requires cap radius 1/2—©(/2) and suffers the same
loss. Neither recovers the quadratic Gilbert-Varshamov scale or decides whether that lower rate is optimal. The contribution
here is a stricter upper bound, not an assertion that upper and lower rates meet.

Delsarte’s method attacks both problems with a polynomial having nonnegative coefficients in the appropriate orthogonal
basis and the opposite sign on forbidden inner products [12, 13]. On the Hamming cube the basis is Krawtchouk; on the sphere
it is Gegenbauer. In either case the familiar spectral construction retains one stabilizer-fixed vector in each harmonic degree.
The question guiding both investigations was whether that one-dimensional choice had quietly discarded exponentially many
degrees of freedom.

The apparent shortcut is to replace a fixed vector by a large stabilizer representation. Unfortunately, a larger representation
does not by itself give a positive scalar kernel. Nor does the antipodal embedding of the cube into a sphere transfer spherical
recurrence coefficients to Boolean Fourier levels. The eventual common idea is subtler: attach a moving subspace to each
codeword, construct the actual orthogonal coordinate transitions, and prove positivity from their complete Gram remainder.
The gain comes not from abandoning scalar linear programming, but from recovering multiplicity that its usual fixed-vector
construction never uses.

2.2 Why the first binary recurrence was wrong

Write V; for the real span of Boolean characters indexed by j-element subsets of [»]. The natural addition and deletion maps
are

Ues = esurqy,  Des = es\iq)-
q¢S q€S
They satisfy U* = D and
(DU = UD)|y;, = (n — 2j)idy;.
Consequently the primitive degree-k harmonic space

E, = ker(D Ve — Vk—l)

m’“‘(Z)(kL)'

Repeatedly applying U embeds this same m-dimensional space isometrically into every Fourier level V; with k < j <n — k.
When k grows proportionally to n, this primitive multiplicity is exponential. The raising-lowering identity is the familiar
Boolean sl mechanism [14]; what matters here is retaining its nontrivial primitive representation instead of discarding ev-
erything except the zonal line.

At this point the analogy with associated Krawtchouk polynomials seems to predict the neighboring-degree coefficient

= _VU-k+)n—j—k)

n

has dimension

J

That attractive guess is false. For n = 8, k = 1, and degrees through L = 7, it gives Perron eigenvalue 3/4 and falsely bounds
the even-parity code by 508/7. The actual code has 128 words, whereas 508,/7 < 128. This small counterexample pinpoints a

6
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structural error, not a harmless asymptotic normalization. Matching a formal associated recurrence is insufficient unless its
edges arise from actual orthogonal incidence maps.
The genuine coordinate maps have disjoint supports: deleting a coordinate produces pairs (¢, S) with ¢ ¢ .S, while adding
one produces pairs with ¢ € S. Their adjoints on the normalized primitive fibers give
2 Gkt D=k Rkt
I nG+n nn—j+1)
Dimension-weighted reciprocity now yields the corrected symmetric Jacobi entry

! ny/(j +1)(n —j)

The whole numerator lies outside the square root. For the same eight-bit example, its actual Perron eigenvalue is approximately
0.569289, and the valid bound is approximately 261.843 > 128.

2.3 Moving projections and the missing positive remainder

We now ask which normalization preserves the primitive fibers, coordinate isometries, and Perron eigenrelation simultane-
ously. Let A and v be the Perron eigenvalue and positive unit eigenvector of the corrected Jacobi matrix. Three weights have

distinct roles:
n wi
Ny=1{.]), wj =/ Nj v, aj =,/ ="—.
J (]) J J ¥ J Ziwi

The last square root is essential: a; is an isometric block amplitude, whereas w; is the recurrence weight recovered after two
fibers are paired. Identifying either with v; loses the dimension balance.

For each word z, the signed primitive embeddings assemble into ¥, : £ — EBjL: « V; with block amplitudes a;. Set
P, =T,¥* and

K(z,y) = Tr(P:Py) = [ €59yl > 0.
The true upper and lower coordinate maps combine into an isometry /3 satisfying
B (Z®W,Y)=VAU,Y, IT==z/Vn
The two mixed terms must both be retained. With ©, = (Zz ® id) P, — VA BP,, their cancellation gives the exact identity
(02, 0y)us = ((2,5) = A) K(x,y). 22

Thus the required remainder is positive because it is an actual Gram kernel, not because an associated Krawtchouk expression
was presumed positive.
If distinct codewords have inner product at most s < A, trace Cauchy-Schwarz in the ambient space of dimension D =

i (7) gives

|C*mj,
K > 2 M
) (z,y) > D

z,yeC
Summing (2.2) therefore proves
L
1—s 2 =k (?)
A=s () = (1)
The ambient dimension is D, not D?. Translation and permutation equivariance make the kernel radial, so its positive Walsh

expansion produces an ordinary scalar Delsarte certificate rather than a hidden higher-point relaxation. The representation
constructing the polynomial is high-dimensional, but its feasible certificate still depends on only two codewords.

IC] < (2:3)

2.4 The first breakthrough and the stronger benchmark

Take L/n — a, k/n — b, with 0 < b < a < 1/2. The corrected Perron eigenvalue tends to

2(a(l —a) = b(1—1b))
a(l —a)

A(a,b) =

9

while the ambient and primitive dimensions have entropy exponents Hs(a) and Hy(b). Hence

A(a, b) >1-2 — RQ(&) < HQ(CL) — Hg(b) (2.4)
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At b = 0 the primitive space becomes the classical fixed line, recovering the first MRRW construction. Positive b subtracts a
genuine harmonic entropy [10, 15].

But improving the first MRRW bound does not automatically improve the optimized second bound. Writing g(z) =
H5((1 —+/1 — z)/2), that stronger benchmark is

_ : 2 _ 2
M, (6) = , min [1+ g(u?) — g(u® + 20u + 26)].

Comparison with one sampled u, or with either endpoint, is insufficient.
A particularly transparent strict separation occurs at

130 YT a9y = 1500°

The spectral margin reduces to the exact positive rational number

2
182386
5) a(1 - a) 3182386369

2
Aat —a) = b(1 = b))" - (13 “ = 513890625000000°

Rigorous bounds over the entire MRRW minimization interval give

Ro(4/13) < Hy(1/25) — Hy(1/1500) < ;O% < My(4/13). (2.5)

The small spectral margin concerns an eventual asymptotic theorem; it does not claim an improvement for short block lengths.

2.5 Why constant-weight shells are needed for every distance

Our whole-cube bound alone does not beat M (d) everywhere. For example, around 6 = 0.1 its optimized value is about
0.700, whereas the second MRRW bound is about 0.693. This failure explains why a much longer second construction cannot
be replaced by optimizing (2.4) more carefully.

Restrict the code to a weight-an shell. Bassalygo-Elias averaging costs 1 — Hs(«) when returning to the whole cube [16].
A point stabilizer now acts separately on the support and its complement. Attaching primitive harmonics of degrees 5n and
~n to these two coordinate blocks gives the resulting exponent

1 — Hy(a) + Ha(u) — aHy <5> — (1 - a)H, ( 7 ) 7 (2.6)
o l-—«a
subject to the correct associated-Hahn spectral threshold.
At S =~ = 0, the Johnson recurrence recovers the full classical second-MRRW objective, including interior minimizers.
Starting at such an interior minimizer, choose 5 = v = ¢ > 0 and increase the retained degree by O(¢) to maintain spectral
feasibility. The ambient entropy rises by O(¢), but the two primitive spaces contribute

2elog,(1/e) + O(e).

Their logarithmic advantage dominates: activating a tiny stabilizer representation beats the spectral cost of restoring feasibility.
When the classical minimizer is the endpoint corresponding to the first MRRW bound, the established whole-cube argument
supplies the improvement instead.

The endpoint and interior arguments together give the full result

R2(5) < min{liH((S),Iicw(a)} < M2(6)7 0<d< %

The separate rational witness (2.5) makes the strict comparison particularly tangible. Higher-order Delsarte relaxations pro-
vide useful context, but are not the mechanism behind this two-point improvement [17].

2.6 From zonal lines to moving spherical harmonics

For z € S"~1, the classical spherical construction retains one SO(n — 1)-fixed line in every ambient harmonic space H;(R").
Its zonal generator is a normalized Gegenbauer polynomial [13, 11]. Guided by the binary construction, we replace this fixed
line by the moving stabilizer representation

,+k — 2 , +k —4
Ba = Hula®), d’“:<n k >_<nk—2 )

Rotating x to y simultaneously transports F, and all its embeddings into ;(R"™).
This differs from the fixed-base-point matrix-valued semidefinite programs of Bachoc and Vallentin [18]: the stabilizer
representation here moves with the codeword, while the final overlap Tr(P, P,) remains a scalar two-point kernel. The
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distinction is crucial, because the improvement belongs to ordinary spherical linear programming rather than to a stronger
three-point method.
The adjacent harmonic degrees are governed by
k) _ (—k+1D)(i+k+n-2)
' ViE+1D)(i+n—2)(2i+n—-2)(2i+n)
At k = 0, these are the classical Gegenbauer coefficients. For k& > 0, the same moving-projection identity (2.2) gives the rank
saving

(2.7)

L
< 1—s> i, dlmHi(R")'

“A—s dimHg(zt)

An individual associated Gegenbauer channel need not be positive: already in dimension four, 2> — 1 = %Pg(t) — % hasa
negative constant coefficient. Positivity belongs to the full weighted Gram remainder, not to its individual summands.

A(n, s)

2.7 A hierarchy rather than one improved polynomial
Define the spherical entropy
hspn(u) = (1 4 u)logy(1 + u) — ulog, u.
For L/n — a and k/n — b, the one-row construction has exponent hsn(a) — hspn(b) and threshold
2(a—b)(1+a+b)
(14 2a)y/a(l+a)

Again the new term is exactly the entropy of the transported stabilizer fiber.
The next step is to allow general SO(n — 1) representations. The multiplicity-free branching of SO(n) to SO(n — 1) gives
interlacing row parameters

a1>b1>a2>--->b >ar+1>0
With z; = a;(1+ a;), y; = b;(1 4+ b;),and ¢(a) = \/a(l + a)/(1 + 2a), the residues

H; (T —y5)
nyéi(xl )

are positive and sum to one. The resulting spectral and dimension quantities become
r, = Z Riq(a;), ¢, = Z hsph(ai) - Z hsph(bj)
i i j

The finite representation-graph estimate gives the spherical rate ®, whenever 2", > s.

A subtle detour is that improving every fixed parameter tuple does not automatically improve an optimized infimum:
paired interlacing rows can escape together to infinity. Compactifying these escaping pairs produces a lower-level configura-
tion with a scale factor ¢ < 1; its entropy shift is — log, c. This missing boundary analysis is what allows a genuine comparison
between consecutive hierarchy levels.

R, =

2.8 Comparing with the right spherical benchmark

We must compare with the correct classical spherical benchmark. The direct Kabatianskii-Levenshtein exponent is not the
full classical benchmark. A spherical-cap reduction first changes stot < s at entropy cost

1-— t

1-—

5 10g2

The optimized classical exponent is therefore

1—¢2)"1/2 1 1—t¢
Bt = it o (<>2) g, =]

not the whole-sphere value at ¢ = s [19, 11]. The same cap optimization accompanies every higher-level bound. If %, denotes
its cap-optimized rate, the strict hierarchy is

Ryn(s) < iggﬁr(s) < R1(8) < Frow(s) < Bxw(s), 0<s<l.
r_

The whole-cube rational witness, Johnson-layer refinement, tangent harmonics, and multi-row representation graph there-
fore fit into one mathematical progression. In both geometries the classical positive scalar kernel survives, while replacing
its discarded fixed line by an exponentially large moving harmonic space yields strict improvement for every fixed binary
distance and spherical angle.



Chapter 3
Constructing a Non-Sofic Group

3.1 Finite permutation models and the missing obstruction

We begin by asking whether every finitely presented group is sofic. A negative answer requires one finite multiplication table
and a fixed ¢ > 0 for which no permutations simultaneously satisfy

dy (o(gh),o(g)o(h)) < e, dy(o(g),1) >1—e.

The degree |Y| is unrestricted, so defects may disappear into larger and larger approximate actions [20].

The eventual counterexample combines a binary Leavitt algebra, property (T), two self-similar compressions, and Thomp-
son’s group V. Its central difficulty is extracting one usable expander from many expanding components.

The early shortcuts fail for revealingly different reasons. A nonembeddable tracial algebra need not be a group factor with
its canonical trace; projecting a linear-system group onto a central eigenspace does not preserve approximate multiplication;
and undecidability provides no uniform bound on the size of permutation witnesses. Even stability and ascending HNN
constructions leave the defect free to escape between sheets. What we need is an explicit combinatorial amplifier, not an
indirect pathology.

3.2 Expanders with a forbidden centralizer

If a sofic approximation of K x .J has a single uniformly expanding K -generator graph, Kun and Thom prove that .J is locally
embeddable into finite groups, or LEF [21]. Expansion separates approximately central permutations into Hamming clusters,
and repairing products turns those clusters into a finite multiplication table.

If approximately central permutations have commuting defect at most §|Y|, their agreement set has small boundary. Ex-
pansion forces their Hamming distance to be either at most 45/ or at least 1 — 4§/); repairing these separated clusters
produces a finite multiplication table.

We therefore want K to commute with an infinite finitely presented simple group J, which cannot be LEF. The difficulty
is obtaining one expander carrying the .J action rather than a disjoint union of unrelated expanders [22, 21].

3.3 Why a self-similar ring became the right playground

Central extensions and one-sided inverses did not prevent permutation defects from escaping among many sheets. Elementary
matrices suggested something stronger: their commutators encode ring multiplication, their groups can have property (T),
and a self-similar coefficient ring can compress the entire configuration into a proper corner.

Choose the binary Leavitt algebra over Fo,

R=F2<So,81,t0,t1>/ (tiSj :5ij7 80t0+81f1 = 1)

For a binary prefix a, put e, = s,t,. Incomparable prefixes satisfy ¢, s, = 0, while t,s, = 1, so s,rt; behave as matrix units
in the corresponding cylinder corners. A complete prefix family makes that corner the whole ring; in particular,

R MQ(R), r— (tirsj)i,j€{0,1}~

Leavitt introduced rings with exactly this kind of nonclassical module type [23]. Its decisive feature is that an entire elementary
group compresses into a proper corner without losing any coefficients.

3.4 Putting property (T) and Thompson’s group into the same ring
For a prefix family F, write
ELg(R)
for the elementary group in its corresponding matrix corner. An elementary root has the concrete form
1+ s.rty, a,beE, a#b, reR.

When the corner is proper, extend its units by the identity on the complement. Since R is generated by four elements as a
unital ring, the theorem of Ershov and Jaikin-Zapirain applies to the elementary groups of ranks at least three and supplies

property (T) [24].
The same ring also contains the prefix-table model of Thompson’s group V. Given a bijection between two complete binary
prefix codes,

a; '—>bj,

10
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the corresponding ring unit is
w = Z S ta;-
i

Composition of prefix tables agrees with multiplication of these units, and refining a table does not change the represented
element. Acting on infinite binary strings shows that this copy of V' is faithful.

Characteristic two gives an elegant bridge. For incomparable prefixes, P = s,t, and Q = syt, satisfy P? = Q? = 0,
PQ = e,, and QP = ep; hence their cylinder transposition factors as

Tap = (1+ P)(1+Q)(1 + P).

An auxiliary cylinder handles transpositions within one block. Thus the property-(T) elementary group and local Thompson
group interact inside the same explicit algebra.

The relevance of V' is that it is infinite, simple, and finitely presented [25, 26, 27]; a finitely presented LEF group is residually
finite, so

V is not LEF.

We now have a concrete candidate for the forbidden centralizing group J.

3.5 The nine cylinders and the two compressions

To combine property (T), proper compression, a commuting local copy of V, and ambient generation, use the complete prefix
code

000,001, 01),
1000, 1001, 101),
1100, 1101, 111),

Oé17a27043761,627637yl, V27V3)'

~ o~ o~ o~

o
B
v
D

Its nine cylinders partition Cantor space. Set
G = ELp(R) 2 ELy(R), I'= EL(QI,Q%%)(R).

Both are finitely generated and have property (T).
To build the compressors, introduce the auxiliary code

n = (100,101, 11)
and defined two prefix-table units by

| i B i
uw| o0 a1 1y
v|o0 1o ol

Both maps send the «; cylinder into its left child. Therefore
ulu™ = vT'v ™" = EL(4,0,050,050)(R) =t K C T

The difference v~'u centralizes I'. This shared compression was the structural reason for introducing two units rather than
one: they realize the same copy of I' while exposing different complementary cylinders.
The ambient generation statement G = (I", u,v) requires a real coefficient calculation. Conjugating an a-root by u~

produces the full matrix
t()’f'S() t()’f’Sl
tl rSo tl rsy

as r ranges through R = M, (R). Thus u generates the combined «, /3 blocks; v generates the «, v blocks; and a commutator
through an « cylinder supplies the missing 3, v roots.
Inside the right child of the first a cylinder, place

1=0001, J=V, 2V

1

The group K lives entirely on the left-child cylinders a;0, whereas .J lives on the disjoint cylinder «; 1. Consequently
[K,J] =1, KnJ={1}, K xJ— G.

At this point every required algebraic feature had a transparent geometric meaning: compression acts on left children, the
forbidden Thompson group lives on a right child, and the two compressors together recover the full ambient elementary

group.
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3.6 The many-expander obstruction

Suppose, toward a contradiction, that G has sofic models Y,,, with N,, = |Y,,| — oco. Kun’s theorem edits o(}V,,) generator
edges to decompose a property-(T) model into uniform expanders [22]. Applying it to I" and G gives component partitions
Q,, and A,; transporting Q,, through ¢; = o,,(u) and t; = o, (v) gives the K-component partitions P; .

One sustained detour tried to convert property (T) directly into mixing. That requires a lazy or anti-bipartite averaging set:
a bipartite graph can have spectrum near —1 despite a Kazhdan gap at 1. Correcting the averaging cures this spectral problem
without choosing a component. The crucial mismatch is that Kun gives many expanders, whereas Kun-Thom requires one.
On @ U @, for example, the swap commutes exactly with identical expanding K actions but preserves neither component.
The self-similar configuration must overcome this specific obstruction.

3.7 The first comparison: component mass cannot drift freely

For a I’ component () € Q,,, define the size function
M(z)=1Q]  (xeQ)

Because ul'u—! and vT'v~! both lie in T, the transported generators correspond to fixed I'-words. Their edges therefore cross
the original I' partition on few vertices, provided all relevant cleaning and transport errors are controlled in the same finite
model.

For a transported component P € P, ,,, let D(P) be an original component maximizing |P N D(P)|, and put

L(P) = |P| - |PN D(P)|.
Expansion bounds the unmatched mass by crossing edges:
> L(P) =o(N,).
PEP;n
Because a transported component has the same size as its source, a large intersection implies the one-sided inequality
M(tix) = (1 —nn)M(x)

for most x, with n,, — 0. The I" generators preserve M, but iteration does not suffice: M is unbounded, and small relative
losses may accumulate.

3.8 From logarithmic midranks to a bounded median

A substantial intermediate approach binned log M on a randomly shifted grid. Random shifting makes crossings of bin bound-
aries rare even when component sizes vary widely; replacing the resulting classes by bounded midranks then converts almost-
monotonicity into concentration. The identity Var(midrank) = (1 — >, p3)/12 revealed the essential principle: average a
bounded monotone function of component size, never the unbounded size itself.

The final argument implements that principle more cleanly. In each ambient expanding component A, choose a vertex-
weighted median m 4 of the original sizes M (z) and define

@) = 31

—_— x €A
)+ ma
Then 0 < f < 1, and 1/2 is a median on every A. The elementary inequality

(I -n)zx S ®
I-nzx+a xz+a

—n (z,a > 0)

converts the one-sided transport estimate into
f(sz) = f(x) = nn
away from o(NN,,) vertices for every positive ambient generator s. Because s is a permutation,

> (f(sz) = f(x) =0.

x

The boundedness of f therefore makes both its positive and negative variation o(V,,). On the edited ambient expander,

[f(x) = f(y)] = o(Nn).

{z.y}eE(Ls)
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The finite coarea identity gives
1
[osta:s@ = tla= Y @) - 1wl
0 {z.y}€E(LoA))
Splitting at the median and applying expansion to the smaller side of each cut yields

'YGZ

z€A

@3l X ir@- s

{z.yteE(LalA])

Thus, outside a set E,, of o([V,,) vertices,

For nonexceptional x, y in the same ambient component,
L M(y) 1426, \°
Lo 090 < ) = ) — 1.
Pn 7M($)7P7 P 1-2,

This deterministic median argument is the final substitute for the earlier randomized grid: it compares component sizes
precisely where the transport endpoints meet inside one ambient expander.

3.9 From median concentration to component matching
Consider a transported component
P=%Q
that meets an original component D(P) on at least
(1= mn)|P|
vertices. Suppose further that there is a witness « € @) such that
t;x € PN D(P), x,tix ¢ E,,
and z, t;x belong to the same ambient component. The first condition compares the source component Q with its target D (P);
median concentration then gives
pu [PI < [D(P)| < pulPl,
and hence
[PAD(P)| < (pn — 1+ 20, )|P| = o| P]).

For sufficiently large n, the intersection contains more than half of D(P). Since distinct transported components are
disjoint, they cannot both have majority intersection with the same original component. The assignment

P+ D(P)

is therefore injective on the good components. This is stronger than merely showing that the two partitions have approxi-
mately the same block sizes: it identifies actual blocks inside the same finite model.

Transport crossings, exceptional sets, and nondominant components occupy only o(N,,) vertices, so the matched intersec-
tions cover N,, — o(N,,) vertices.

Every fixed I'-word preserves the original partition outside o(N,,) vertices. On matched intersections, injectivity forces it
to preserve the transported partition as well:

#{x : P(z) # P(wz)} = o(N,).

This resolves the factor-crossing difficulty without asserting that a compressor preserves the original components just because
its central ratio does. The preserved objects are the matched transported components, obtained through the common ambient
median and majority intersection.

3.10 Selecting one component carrying every relevant word test

For a fixed radius, collect into one exceptional set all failed word equalities, failed distinctness tests, generator exits, edited
edges, and nonretained components. Each such set has size o(N,,). Choose the word radius

Tp —> OQ
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slowly enough that the combined global exceptional proportion e,, still tends to zero. Averaging over retained components
with weights | P| supplies one transported block satisfying

1P, N By < 26| Pyl

Therefore every K x J relation, commutation test, and freeness test of radius r,, holds simultaneously on this same component.
A good vertex distinguishes all relevant K words, so infinitude of K implies

|P,| — oo.

The generators of K and J act on most of P, but their restrictions are only partial permutations. Their missing domains
and ranges have the same size, so complete each partial bijection by matching the missing points arbitrarily. This changes
only the controlled boundary vertices. The resulting full permutations continue to satisfy each fixed product, commutation,
and freeness test asymptotically.

However, completing permutations can destroy expansion on a tiny set. The correct intermediate conclusion is an additive
Cheeger inequality,

10X | > ymin(|X|, [P, \ X|) — an| Py, a, — 0.

We cannot discard the additive error: for a small set X, it may be larger than the desired lower bound. Instead, fix

O< A<y
and choose a maximal set

BaCPu Bl < 5IP)
for which
|0B,,| < A|Bp|-

The additive inequality forces

a

|Bal < =5 |Pal = o|Pa])-

Maximality then shows that the induced graph on
Zn =Py \ B,

has a genuine uniform expansion constant, with the near-half-size case handled separately using the same additive inequality.
Completing the remaining partial permutations on Z,, preserves this expansion and changes only o(|P,|) vertices.

The outcome is precisely the object needed by the Kun-Thom theorem: an approximation of K x J on one expanding K
component. That theorem therefore implies that .J is LEF, contradicting

J=V.

The maximal-cut repair is essential: it turns many loosely compatible expanding components into the single expander required
by the centralizer obstruction. Since V is infinite, simple, and finitely presented, it cannot be LEF: finitely presented LEF
groups are residually finite [28]. Thus G, and consequently the full unit group Ly, (1,2)*, are not sofic.

3.11 Extracting an infinite finitely presented counterexample

The finite-presentation step applies to the established counterexample. If G fails the finite test (F,¢), put 7 = {1} U F U F*
and form

He=(Xo(@aeT)| X1 =1, Xgn=X,Xp (g,h€F)).

Evaluation X, — a preserves the nontrivial tested generators. If Hr were sofic, its defining relations would give exactly the
forbidden approximation of F' with the same tolerance. Enlarging F' to contain generators of G also makes Hr — G, hence
Hp infinite. Thus one obtains an infinite finitely presented non-sofic group.

For a free presentation F; — G with kernel N, soficity of G is equivalent to co-soficity of the invariant random subgroup
dn. Thus the example also gives a non-co-sofic normal point mass [29], without asserting non-hyperlinearity.

The decisive progression is from R = M;(R) to two compatible compressions, then from logarithmic midranks to bounded-
median matching. Simultaneous word tests and maximal-cut repair finally produce the single expander that forces V' to be
LEF. Its contradiction establishes both non-soficity and the infinite finitely presented counterexample.



Chapter 4
A Counterexample to Connes Rigidity

4.1 The obstacle was not finding equal factors

Connes’s rigidity conjecture asks whether an ICC group with Kazhdan’s property (T) can be reconstructed from its group von
Neumann algebra. We seek two groups

2 A, L(T) = L(A),
with both groups ICC and both having property (T). Equal group algebras without these extra conditions are abundant:
Connes’s classification makes the factors of amenable ICC groups exceptionally nonrigid [30]. The difficulty is to preserve
both rigidity hypotheses while hiding an honest difference between the underlying groups.

The first sustained attempt began with nonisomorphic finite groups having the same complex group algebra. A finite nor-
mal subgroup destroys ICC, while distributing the finite difference over lamp coordinates in F(7) x K destroys property (T):
Bernoulli states with sparser and sparser nontrivial lamps yield almost invariant vectors. Naive cohomological pushouts and
root-adjoining merely relocate this obstruction: they retain finite central conjugacy classes or identify fibers without intertwin-
ing the acting group. A separate construction instead couples an infinite symplectic [F3-module to a root-graded property-(T)
group. Its finite-matrix ideal contains arbitrarily large finite symplectic groups supporting a nontrivial pseudosymplectic co-
cycle, while its Laurent-polynomial quotient excludes locally finite normal subgroups. The binary-carry route below makes
the same measured-versus-algebraic distinction more transparent.

The decisive change is to ask what a crossed product actually remembers. For an abelian group A acted on by K,

L(Ax K) 2= L®(A,mz) x K.

The algebra on the right depends on the probability space A, its Haar measure, and the measurable K action. It need not
remember the compact group law on A. Thus the correct target was not two isomorphic K-modules. It was two different
compact group laws on the same K probability space. This distinction between measurable conjugacy and algebraic conjugacy
organizes the whole construction [31].

4.2 Choosing an acting group that cannot hide order-four torsion

We need an ICC, torsion-free, property-(T) acting group with a large characteristic-two quotient. The useful choice was

SL4(IE‘3)) .

This is a finite-index subgroup of a universal lattice. Suslin’s elementary-generation theorem identifies the relevant elementary
and special linear groups, while the theorem of Ershov and Jaikin-Zapirain gives property (T) for the universal lattice and
therefore for K [32, 24].

Minkowski’s congruence lemma makes the level-three constant-term subgroup torsion-free [33]. If g(¢) € K had finite
order, then ¢g(0) = 1; writing

K = ker <SL4(Z[t]) 9(0)—g(0) mod 3

g(t) =1+t"A(t), r>1,  A(0)#0,
gives
g)™ =1+ mt"A(0) (mod t"t1),

contradicting g(¢t)™ = 1. Thus K has no torsion.
At the same time, reduction modulo two is surjective:

7o : K — @ := SL4(Fst]).
Indeed,
1+3f(t)E;; € K
reduces modulo two to every elementary matrix 1 + f(¢) E;;, and those matrices generate (). Hence the module calculations
can take place in characteristic two even though the actual acting group is torsion-free. This separation is essential: @ itself
contains elements of order four and could not distinguish the two final groups by torsion.

The same elementary conjugations show that K is ICC. A nonidentity matrix cannot commute with every E;; unless it is
scalar; a scalar element would have finite order and hence must be trivial. Conjugating by

1+3f()Ey,  f(1) € ZIt,

then produces infinitely many distinct conjugates.

15
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4.3 The quadratic Boolean module that makes the carry equivariant
Set
R=TF,ft], V=R, bv)=v®v.
The tensor product here is over Fs, not over R. Set
B =spang {v@v:veV}CV &,V

This choice took some work. An ordinary symmetric-square quotient would obscure the characteristic-two polarization and
the Boolean coordinates needed for the later spectral estimate. The actual divided square keeps both the diagonal vectors and
the polarized terms:

b(u+v) —b(u) —blv) =u®v+vu.
The split abelian module is

D=V @&B.

It has exponent two and sits in the split exact sequence
00—V —D—B—0.
Write
X = Homp, (V,F2), Y = Homp, (B, F2).

Then

D=XxY

with coordinatewise addition and product Haar measure. The action of K on these compact coordinates factors through Q.
We now seek a second group law on exactly the same coordinates. For a € Fy, let@ € {0, 1} be its integer lift, and define

—_— e/~

Fyq(v) = €(v) +2¢(b(v)) (mod 4), (4,q) e X xY.
The elementary binary-carry identity

G+d =a+a+2ad (mod4)
produces the decisive cocycle. If
ree =L@ l)|p,
then
Frg+ Fog = Frw grqvrg -
Thus the functions F} , form a compact subgroup
Cc(z/4z)",

and the same coordinate space X x Y acquires the alternative law

() x(,q") =+ q+q +ree).

The map
P: X xY —C, ®(l,q) = Foq,

is a K-equivariant homeomorphism. Crucially, it also preserves Haar measure. Translation in C' becomes the triangular
transformation

(qu) — (€+€/7Q+q/+ri,£/)~

Successive translations in X and Y preserve product measure, which is therefore Haar for the * law.

This was the conceptual breakthrough: the identity on the underlying coordinates is an equivariant probability-space
isomorphism, but it is not an isomorphism between the two compact group laws. The carry is invisible to the measured
action and visible to the discrete dual.
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4.4 The same factor, but different torsion
Let
E=C.

Pontryagin duality supplies a nonsplit exact sequence

0—V-—F—B—0,
parallel to the split sequence defining D. The evaluation character

e (F) =iV, Fecq,

satisfies

e2 =u(v), o(ey) = b(v).
Taking e = (1,0,0,0) and a functional ¢ with ¢(e) = 1 gives

ee(Fr0) =1,

s0 €. has order four. Hence E cannot be isomorphic to the exponent-two group D.
Form the two semidirect products

I'=Fx K, A=DxK.
Fourier transform and the equivariant Haar-preserving map ® give
L(T) = L®(E,mz) x K
=X xY,mx @my) X K
>~ L(A).
There is no requirement that ® respect the compact group law: only measure preservation and intertwining of the K actions
enter the crossed product.

On the other hand, T contains the order-four element .. Any finite-order element (d, k) of A must project to a finite-order
element of K. Torsion-freeness forces k = 1, and then d € D has order at most two. Therefore

T2 A.

The characteristic-two quotient builds the carry; its torsion-free lift keeps the order-four signature visible.

4.5 Why the groups should be ICC

For an abelian-by-K group, a convenient ICC criterion is that K is ICC and every nonzero element of the abelian normal
subgroup has an infinite K orbit. The remaining issue is therefore the common modules V' and B.
For nonzero v € V/, choose a nonzero coordinate v; and ¢ # j. The elementary matrices

gn =1+ t"E;;
give distinct vectors
gnv = v +t"vje;.
For the tensor module, the useful correction is to keep the two tensor variables independent:
V ®r, V = Fylty, t2]'S.
After removing the maximal common power of ¢ and specializing at to = 0, equality of two orbit points would force
T +tMz=0

for a nonzero vector z over Fa[t1]. Since that ring is an integral domain, n = m. Every nonzero element of B therefore has an
infinite orbit.

For D = V & B, projection onto a nonzero coordinate proves the criterion directly. For F, its exact sequence reduces the
argument to the same two cases: an element with nonzero image in B has infinite orbit, and an element in the kernel is a
nonzero element of V. This explains why the split and carry extensions have parallel ICC arguments despite being different
as groups.
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4.6 The critical property-(T) argument is relative

The most delicate remaining issue is property (T). Knowing that K has property (T) is not enough: the groups D and E are
infinite abelian, and an arbitrary extension of a Kazhdan group by an infinite abelian group need not be Kazhdan. We must
instead establish relative property (T) of

(Dx K,D) and (Ex K, E).

This is exactly the point at which the unsuccessful wreath-product attempt had failed, so it could not be treated as a formality.
The spectral criterion is conveniently expressed on the compact dual. Given an abelian K -module A, suppose there are a
finite set J C A and ¢ > 0 such that every K-invariant probability measure i on A satisfies

Z /A (@) — 1P du() = e(1— u({1})).

Property (T) of K converts almost invariant vectors into K -invariant ones. Their spectral measures satisfy this inequality,
which forces an atom at the trivial character and hence full invariance. This relative property-(T) step does not follow from
universal-lattice property (T) alone [34].

To establish the inequality, let

Vn = {v € Fy[t]* : degv; < N for every i}.

A vector is primitive when its four coordinates generate the unit ideal. Elementary row reduction makes all primitive vectors
a single Q-orbit. Counting by their monic greatest common divisor gives the exact formula

V| =2, |Prim(Vy)| =7-2*V "3 + 1.

Thus primitive vectors occupy asymptotic density 7/8.
For (¢,q) € X x Y, the two detection functions are

v +— L(v), v— q(v®v).

The first is Boolean linear and the second is Boolean quadratic in the 4V coefficients of v. Every nonzero Boolean polynomial
of degree at most two is nonzero on at least one quarter of the cube. Since only one eighth of the cube is nonprimitive, at least
one eighth consists of primitive detecting vectors. Relative to the 7/8 primitive density, this yields the uniform lower bound

p{(60): (€) ale€)) # (0,00} 2 2 (1= u({(0,0)}))

for every K-invariant probability measure .
For D, the two detecting bits correspond to the two elements

(670)7 (0,6@6).
For F, they are encoded together in the low and high bits of
Fyq(e) € Z/AZ,

so the single character ¢, detects both. The same 1/7 estimate therefore supplies the spectral criterion for both semidirect
products. Rank four now has a clear explanation: in rank j, the corresponding lower bound is

1/4 — 21—
1—21-7

which is positive precisely when j > 4.
There is a useful economy in the argument. It is enough to establish ICC and property (T) directly for

A=Dx K.

Its common group factor is a II; factor, so every group realizing that factor is ICC. Moreover, property (T) of a countable
group is equivalent to property (T) of its group von Neumann algebra [35]. Hence the same factor isomorphism transfers
both properties to the carry group, rather than requiring an entirely separate relative-property-(T) argument for every later
extension.

4.7 Shifting the carry produces an entire infinite fiber

The original two-group mechanism also admits a stronger refinement: the carry can begin at any coefficient position without
changing the measured action. Define a continuous K-equivariant shift

T,: X — X, (T ) (v) = £(t"™).
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It is surjective, and its kernel has size
Z,, = Homg, (V /t"V,Fy), |Z,,| = 2%
Pull the original carry back along this shift:
(la)xn (0q") = (E+ 0 q+d +rrem0)

Write Cp, = (X X Y, %), B, = C,,and

I, =E,xK.
All C, have the same product Haar measure and the same coordinate K-action. Consequently

LT,) 2 L®X xY,mx @my) x K = L(A) (n >0).
The map
Pn:Cn— Co,  pullq) = (Tul,q),

is a K-equivariant surjective homomorphism with kernel Z,, x {0}. Duality therefore embeds I'y in I';, with the exact index

[T, : Tg] = 24"

In particular, the resulting family is mutually commensurable.
The index alone is not an isomorphism invariant, so we need an intrinsic way to recover n. Because K is torsion-free and
E,, has exponent four, the torsion subgroup of I',, is precisely £,,. Consider the characteristic quotient

A, = E,[2]/2E,.
There is a K-equivariant map
d:B—YV, d(b(v)) = v,
and the shifted carry gives
2E,, = 1,(t"V), 00— V/t"V — A, — kerd — 0.
Every nonzero element of ker d has infinite K -orbit, whereas V' /¢t"V is finite. Therefore
[{a € A, |K -a| <oo}| = |V/t"V| = 21n,

This number is determined by the abstract group: an isomorphism preserves its characteristic torsion subgroup, the quotient
action, and the finite-orbit locus. Hence I',, = T',,, implies n = m. The conclusion is an entire countably infinite fiber of
the group-factor functor, strengthening the original two-group mechanism rather than merely producing indistinguishable
factors [36, 37].

4.8 The complete rigidity mechanism

The guiding idea is now compact enough to state in one diagram:

D=V &BhB, 0—V-—F—B—0,
(D,mp, K) = (E,mz, K),
D has exponent 2, E contains order-four torsion.

The quadratic carry changes the discrete group while preserving the measurable dual action. The torsion-free universal lattice
separates the groups; Boolean support and primitive-vector counting preserve property (T); infinite module orbits ensure ICC.

This construction does not contradict existing W *-superrigidity theorems, which establish reconstruction for particular
classes or particular groups rather than for every property-(T) ICC group [38, 39]. Nor does it settle the analogous reconstruc-
tion questions for higher-rank lattices themselves.

The algebraic and analytic pieces now fit coherently: the binary carry changes torsion without changing the measured dual,
quadratic Boolean support supplies the Kazhdan gap, and finite orbits recover the shifted index. Together, these ingredients
explain how a single von Neumann algebra arises from infinitely many pairwise nonisomorphic property-(T) ICC groups.



Chapter 5

Permanent Circuits: Critical Cones, Matching Sums, and Root-of-Unity
Cancellation

5.1 The gradient promised much more than an input-counting bound

For

per,,(X) = ) ﬁﬂ?i,a(i), N =n?,

oceS, i=1

We seek a circuit lower bound genuinely larger than N. A circuit may share intermediate values freely, so formula-specific
occurrence counting is unavailable [40]. Instead, Baur-Strassen differentiation produces all first derivatives with constant-
factor circuit overhead [41]:

9ij per,, = per(X; ).
The first natural hope was that the gradient map had enormous generic degree. At the all-ones matrix,
Hess(per,,)(1) = (n —=2)}(J - 1) ® (J —I)

is invertible, so the gradient is generically finite. But its coordinates have a large common base locus: two zero rows already
give a critical component of codimension 2n. Thus the naive Bézout count (n — 1)" is unjustified. The determinant’s high-
degree but essentially birational adjugate map makes this failure particularly clear.

Neither coefficientwise absolute values nor separate differentiation repairs the problem. Absolute values erase interme-
diate cancellations, turning an arbitrary circuit into a monotone support computation; the tempting exponential matching-
rectangle count then no longer applies. Differentiating all gradient coordinates separately likewise duplicates the circuit. A
Hessian—vector product is inexpensive, but the entire Hessian is not.

5.2 Global Newton-volume arguments lost control of matching faces

On the torus, normalized logarithmic gradients are

x;;0;; per
G = = ;%‘j:;%‘jzl.

n

After removing row and column scalings, their dimension is (n — 1)2. The Birkhoff polytope suggests a normalized volume of
order exp(©(n?logn)), but Bernstein’s theorem achieves that count only under face nondegeneracy. A disconnected match-
ing face can factor as f; f», and

fi=f=0 = V(fifs)=0.

The permanent’s coefficients cannot be treated as independent.
Freezing n — r rows produces coefficients

Fe(Y)= Y cmo][viswy 1 =per(Bpu yymn)-
pilr— n] i

All injections with the same image share one coefficient; generic choice of B does not remove this dependency. Hyperplane-
complement recursions suffer cancellations among Euler characteristics, and tropical exponent determinants are constrained
by alternating paths of one common optimal matching. These sustained failures identified the real problem: we needed a
permanent-specific geometric invariant that did not presume generic coefficients [42, 43].

A more sustained attempt computes the missing degree by eliminating one variable row at a time. Writing

F(Zy) =Y ci(Z)y;,
J
the torus fiber is a hyperplane complement whose Euler characteristic vanishes whenever a free torus factor remains. For two
rows, a generic arrangement heuristic gives roughly (25:12), whose logarithm is only linear in n. Iterating the heuristic can
even exceed the global Bézout upper bound, showing that singular discriminant strata must cancel substantial contributions.
Tropicalization meets the same dependence: near-perfect matchings come from alternating paths of one global optimum, so

their exponent vectors cannot be treated as independent.

20
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Further variants confirm the same obstruction. Rank-one and Fourier specializations leave large singular strata; Ryser-type
expansions introduce too many dependent coefficient parameters. Perturbing each gradient coordinate by an independent
Fermat power costs O(m log d), exactly the multiplication budget a successful degree argument would recover. One shared
power is inexpensive but leaves the original critical cone wherever its underlying linear form vanishes. The desired high-
degree geometry must therefore come from the permanent itself.

5.3 A critical cone can concentrate exponential degree at one point

The decisive change was to consider a homogeneous degree-d polynomial P in m variables with
codim Crit(P) > k, Crit(P) = V(01 P,...,0mP).

A generic k-dimensional subspace W avoids all nonzero critical directions. A second generic linear map A combines the
gradient outputs so that

F(u) = AVP(Wu) : C* — C*, F~1(0) = {0}.

The second choice is essential: merely restricting all m gradient coordinates does not provide a square system.

We can check the first choice directly in the Grassmannian. The space of k-planes has dimension k(m—k); those containing
a fixed critical direction have dimension (k — 1)(m — k). The projectivized critical cone has dimension at most m — k — 1, so
all bad planes together have dimension at most

(k—1)(m—k)+(m—k—1)=k(m—k) — 1.

Thus some k-plane avoids every nonzero critical direction. A second incidence argument chooses the output combinations
so their common kernel misses the entire gradient image.

The first interpretation concentrates the intersection at the origin: k degree-(d — 1) gradient combinations form a regular
sequence with Hilbert series

(1 _ Zd—l)k

(1—2)F =(Ltz+- 27"

Their local intersection length is (d — 1)*.

A further pivot expresses the same geometry through generic fibers and multiplicative complexity. Since £ has no nonzero
homogeneous zero, homogenizing F(u) = a creates no solutions at infinity. A generic fiber therefore has exactly (d — 1)*
distinct points. If ¢ multiplication gates compute F', introduce one variable and one quadratic equation per gate; the k output
equations are affine. The isolated-fiber Bézout bound gives [44]

(d—1)k <21,

Reverse-mode differentiation uses at most three multiplications per original multiplication: one forward product and its two
adjoint updates. Free affine input and output maps then yield

L> kloggéd— 1) .

This refined formulation avoids the additive input-dimension loss in the initial local-intersection accounting.

5.4 Columnwise inclusion—-exclusion bounds the matching critical locus

The needed specialization must keep m = ©(n?) variables while attaining critical codimension ©(m). Its basic piece is the
rectangular matching polynomial

Myoa(X)= Y per(Xs,).
1€ii], 7Cls]
TI=17]=d

The initial square-zero encoding
2
u; =0, by = g Tigli
i

identified matching sums with coefficients of e4(¢1, . . ., £s). The essential insight was that, after conditioning on finitely many
shared quantities, the gradient equations become separate constraints on each column.
To make this observation effective, introduce the shared power sums

pe(X) =3 [l#a. @#BCH,

a=1i€eB
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of which there are 2¢ — 1. Inclusion-exclusion over partitions enforces that the remaining d — 1 matched rows choose distinct
columns. For ¢ = d — 1, the resulting column equations have leading form

Qi(v;p) = (=1)%qleq(v1, ..., V..., v) + Ri(v;p), deg, R; < q.

Record also the first ¢ — 1 = d — 2 elementary symmetric functions of each column. Summing the ; determines the
missing e, (v), since

Zeq(vl, ce Uiy, ) = (E— q)eq(v).

Substitution into an individual equation gives a monic reduction of v to lower column degree. Consequently the incidence
algebra is finite over a parameter ring with

2 — 1+ s(d—2)
generators. Passing from that enlarged incidence space to the actual gradient ideal can only decrease dimension, so
dim Crit(M; 5 4) < 2" — 1+ s(d — 2).

This uniform argument controls the actual dependent permanental coefficients rather than replacing them with generic ones.
More explicitly, the leading coefficient in the reduction is (¢t — ¢)q!, which is nonzero because ¢ = d — 1 < ¢ and the ground
field has characteristic zero. Whenever a column monomial contains v}, we replace that factor by terms of strictly lower
total column degree. Iteration terminates and leaves only monomials with every coordinate exponent below q. The incidence
algebra is therefore a finite module over the ring generated by the 2¢ — 1 shared power sums and the s(g — 1) recorded column
invariants. This justifies the dimension estimate even if those parameter values themselves satisfy algebraic relations.
The collision cancellation can be made explicit. For a row set I and a partition 7 of I, its Mobius coefficient is

u(m) = [T 0P8I = 1)

Bem

The expression

S IT (s T
T Bem 1€EB
retains only injective assignments to columns other than the chosen one. A collision fiber of size greater than one has coef-
ficient equal to the sum of signs of all permutations of that fiber, namely zero; a singleton fiber contributes one. The highest
column degree counts all permutations of 7, explaining the factor ¢!. This gives an identity for the actual matching coefficients
rather than a heuristic independence assumption.

There is a subtle cancellation worth preserving. An actual derivative of the matching polynomial omits its own column,
whereas the incidence polynomial contains high powers of that column. Those powers cancel after the shared parameters are
specialized to their true values. Treating the parameters independently only enlarges the incidence variety, so its finite-module
dimension remains a valid upper bound for the genuine critical locus.

5.5 Root-of-unity cancellation embeds many blocks into one permanent

A product of favorable blocks would be useless: V(fif2) = 0 whenever both factors vanish. A sum in disjoint variables
behaves differently:

Crit (Z An fh> = [[crit(fa), M #0.
h h

Its critical codimensions add. The remaining challenge is to realize this sum by one permanent substitution, not by separate
circuit evaluations.
A four-by-four example reveals the necessary cancellation:

per = —8(uz + vw) + 2(ps + qr).

Sz g e
»w Qo c

The mixed-block complementary permanent vanishes, while the two within-block permanents remain nonzero.
For the general construction, partition » = bt rows into blocks Rj,, write

Yn = Z Zi 212 =0, 0 = (71)‘”12‘1,
1€ERy,
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and choose a primitive dth root of unity . The constant columns consist of ¢ — d copies of each block indicator and, for h > 2,
the d columns

].RlU.A.URhfl +2<j1Rh, 0 S] <d.
Their square-zero product is

b b
(H?/Z_d>H((y1+--~+yh 1)+ 0yi) :Z i 116

g7#h
where
M =0"1 N=0""(140)" 7 #0.
Every surviving term leaves exactly one row block unsaturated. Appending variable columns and an all-ones lower block
therefore gives

X U :
per(l 0) :C}z:l)\hMt’Svd(XRha[s])’ c#0.
=
All cross-block matchings cancel algebraically.

The initial exploratory version used one hub block and two root-of-unity orbits for each other block. Its square-zero capacity
discarded every pattern that omitted rows from multiple blocks. That was sufficient to discover the cancellation mechanism,
but the cumulative-block construction uses exactly » — d constant columns and explicitly tracks every surviving coefficient.
The induction satisfies

R i il

The latter sum equals (1+60)"~!, and cannot vanish because |0| = 2¢ > 1. Thus the final argument checks both requirements:
mixed matchings cancel, and every intended matching block survives with a nonzero coefficient.

5.6 Parameter choice, the explicit bound, and the determinant check

We choose

| logyn - | n _ _ _
d_LﬁlJ’ t =4d, b—btJ, r=0b, s=n—-r+d, m=rs.

Both r and s have order n. The incidence bound gives

dim Crit(P) < b(2' — 1+ s(d — 2)) < %
because each of the shared-parameter and column-parameter terms costs at most m /4. A slice of dimension

2
m n
R
41 7 48
therefore avoids the nonzero critical cone. For n > 216, the resulting explicit bound is

2

144(

The determinant cannot be substituted silently. Its corresponding block matrix reduces to

L> log, log, n — 3) |

X U
det (V 0):cdet(AXC),

where AX C'isonly d x d. Its critical locus is the rank-< d—2 variety, of codimension four. Thus the large critical-codimension
witness is genuinely permanent-specific.

More generally, a homogeneous degree-greater-than-two affine specialization of the n x n determinant has critical codi-
mension at most n — 1, by the relationship between determinantal complexity and the hypersurface singular locus. Since its
degree is at most n, the gradient method can then give at most

O(nlogn),

less than even the elementary quadratic input-dependence bound. This scope check is significant: the enormous Birkhoft-
volume heuristic applies superficially to both matrix polynomials, whereas the actual critical-locus construction provably
separates their behavior.

The lower bound follows by combining the permanent-specific block specialization with the critical-locus dimension esti-
mate and the Baur-Strassen and Bézout degree bounds. Its strength comes from the interaction of these ingredients, not from
any one of them separately.



Chapter 6
Permanent Formulas: Matching Coefficients and the Division Barrier

6.1 Why neither multilinearity nor differentiation gave the right bound

We consider fan-in-two arithmetic formulas over C computing

per, (X) = > [[#i00)-

oceS, i=1

A formula is a tree: unlike a circuit, it cannot reuse an intermediate computation. The permanent is multilinear, but an unre-
stricted formula may create nonmultilinear intermediates and cancel them later, so syntactically multilinear lower bounds do
not apply. Row-by-row multihomogenization needs all 2° subsets of b row groups; sharing those components changes a for-
mula into a circuit, and output multidegree one does not remove the intermediate components. Baur-Strassen differentiation
fails for the same reason: its efficiency comes from sharing [41].

The useful alternative was the algebraic Nechiporuk perspective associated with Kalorkoti [40]. For a selected variable
block Y, expand

1,2) =Y eal2)Y"

and measure
dy (f) = trdeg. C(ca(Z2) : ).

The question becomes: how many independent outside parameters must enter through formula leaves labeled by variables
inY?

6.2 Pruning a formula charges coefficients to marked leaves

Mark every formula vertex whose subtree contains a Y-labeled leaf, and let [y count those leaves with repetition. Along a
path where only one child is marked, the other child computes h(Z), so addition and multiplication transform the marked
expression by

u+— A(Z)u+ B(Z).

An arbitrarily long chain compresses to one affine map. Only a gate with two marked children creates a genuine branching
point.

A marked tree with [y leaves has at most [y — 1 such branching points. Charging four outside parameters at each branching
point and two at the final root gives

dy (f) < 4ly —2 < Adly.
The complexities of entirely unmarked sibling subformulas never enter this count. Thus cancellations are harmless: they
may change the resulting coefficient polynomials, but they cannot increase the transcendence degree beyond the number of
parameters exposed by the marked skeleton.

Crucially, this is not a count of distinct coefficients. The polynomials z and 22 are different but have transcendence degree
one, whereas z; and z5 supply two independent parameters. We need algebraic independence rather than linear independence
or a long list of superficially different complementary permanents. Passing to the field generated by all coefficients is what
makes that distinction precise.

6.3 A short matching should control quadratically many coefficients
Take
¢ = [log, n], k=20, m=n—k,

and let Y be a matching of £ matrix entries. After row and column permutations, take Y = {x;; : i € [k]}. For S C [k], the
coefficient

CcCs = [H LL'““| per,,

icS
is obtained by deleting the indicated rows and columns and setting all remaining marked diagonal entries to zero.

24
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A matching is preferable to a full row: it has 2* possible coefficients while approximately n?/k disjoint matching blocks
fit into the matrix. The earlier choices explain why this balance matters: full rows provide too few blocks, tiny blocks provide
too few complementary coefficients, and larger rectangular blocks cannot be packed densely. A logarithmic matching is the
first shape with quadratically many possible coefficients and nearly quadratically many disjoint placements. The first useful
specialization separated the outside indices into two halves and inserted one forced bridge. After differentiating in a cross
entry, row-column balance forced that bridge to appear, and the Jacobian factored into independent left and right matching
signals. Power-of-two weights made both signals Vandermonde.

That construction explained why a tensor-product Jacobian should exist, but splitting the outside indices discarded a con-
stant fraction of the available rank. A stronger all-ones specialization retains all m? outside entries.

The bridge explains how this separation was first recognized. We split both the marked and outside indices into left and
right halves, killed all cross edges, and retained one reverse bridge by — ao. Differentiating in a forward edge leaves one
side with an extra unmatched column and the other with an extra unmatched row. A surviving matching must use exactly
one reverse edge and no additional forward edge, hence must use the unique bridge. The remaining permanent factors into
independent left and right minors. The final all-ones witness retains that conceptual separation without physically dividing
the outside variables.

6.4 The final Jacobian uses two binary encodings and all outside entries
The smallest illustration is

Ye 0 p1 p2 p3
yr 1 1 1

0

1 q1 win wip wis
1 g wa1 wa w3
1 ¢q3 w31 w32 w33

After differentiating the four y., y; coefficients in w,; and then setting every w,, = 1, the resulting rows are
27 2Gb7 2Ha7 GbHa7

where
Gv=>_pj» Hi=) a
j#b i#a
On two outside rows and columns, the Jacobian is a diagonal scaling of a tensor product of two Vandermonde matrices. It is
invertible when the p’s and ¢’s are distinct.

These four rows follow by direct matching counts. With both marked diagonals chosen, fixing one outside edge leaves two
possible outside matchings. With exactly one marked diagonal chosen, the unmatched partner must either select an external
column or receive an external row, producing 2G}, or 2H,,. With no marked diagonal chosen, those choices are independent
and contribute G, H,,. The corresponding four-by-four determinant contains (p; — p2)?(q1 — ¢2)?. Thus the tensor product is
visible before any large binary-index bookkeeping appears.

For the general argument, split the marked indices into

E:{e()a"'aeé—l}a FZ{fO?"'?fZ—l}'

Set the unmarked internal block to zero and the outside m x m block W to all ones. For independently distinct p1, ..., pm,
and q1, . . ., gm, choose

Ueu,b = pgu7 va,b =1, Va,eu =1, Va,fv = qiv-
Subsets P(a) C E and Q(S) C F encode the binary digits of 0 < «, 3 < m. Select the m? coefficient indices
S(e, B) = [F]\ (P(a) UQ(S)).

Differentiating in w,,, fixes one external matching edge. The remaining internal rows inject into the external columns, and
the internal columns independently receive external rows. Consequently

9cs(a,p)

=L, h a)y L, 0.
was ¢ B9P(a) (Pp)ho()(da) B 7

The avoidance polynomial gp satisfies
9o(2) =1,  gp(x)=Hp— > 2° gp\(e,}(2),
e, EP

where Hp is the unrestricted injection sum. Hence

deggpi) =@,  [2%]gp() = (=1)"WI|P(a)| £ 0.



Chapter 6. Permanent Formulas: Matching Coefficients and the Division Barrier 26

The same facts hold for hq(g). Each evaluation matrix is therefore an invertible triangular change of basis times an m-point
Vandermonde matrix. Their tensor product proves

dy (per,) > m?.

The characteristic-zero Jacobian criterion validates independence before specialization [45].
The coefficient L, s is also meaningful. Once the remaining distinguished rows inject into outside columns and outside
rows inject into distinguished columns, the unused all-ones block has

(m =1 —1P(a)| = [Q(B)])!

matchings. Additional falling factorials count weight-one completions of the two injections. The condition & < m — 1 ensures
that all these factors exist and remain nonzero. We therefore need the numeric assumption n > 32, not merely the informal
asymptotic statement that & is logarithmic.

6.5 Packing entry-disjoint matchings gives the division-free bound

The n cyclic perfect matchings partition the n? matrix entries. Divide each into blocks of k entries, producing
525

V=mn|— -

k1 = 2k

pairwise entry-disjoint matchings. They may share rows or columns; only disjointness of the actual variables matters.

Every selected block satisfies
2

m? < dy(per,) < 4ly, Iy > mT.
A variable-labeled leaf can belong to at most one selected block, so the charges add within the same formula:
2 4
Lvar((b) > vm > n n > 32

~— 4 T 128log,n’ -

Since a binary formula with L leaves has L — 1 internal gates, the resulting bound also gives
4

n
¢)> ————.
¢®) = 256 log, n

The resulting n*/ logn rate exceeds n7/2, so it certainly supplies a fixed supercubic exponent.

Different matching blocks need not share one numerical witness specialization. Algebraic independence is a separate
identity for each coefficient family of the same permanent, whereas leaf charging concerns the original fixed formula. The
selected blocks have disjoint matrix entries but may meet the same row or column. Requiring disjoint row or column sets
would shrink the packing and lose the desired power of n.

6.6 Division is handled by projective rather than affine wrappers

The initial objection to division was real but incomplete:
ur— h(Z)/u

is not an affine transformation. Instead, put R = C(Z) and observes that every unary marked chain acts by

—y auth (a b) € R**2,

cu+d’ c d

Chains compose by multiplying their matrices. The matrix need not be invertible: multiplication by an unmarked zero may
produce a singular, nonzero matrix. Validity of every actual denominator does ensure that the composite matrix is not iden-
tically zero. Normalizing one nonzero entry leaves at most three field parameters.

It would be incorrect to require the representing matrix to be invertible. Multiplication by an unmarked zero is a legal
formula operation even though its matrix is singular. Validity only says that the denominator of the actual rational value is
nonzero in R(Y'). Under composition that denominator remains a product of prior valid denominators, so the composite
matrix is nonzero and still permits normalization. Allowing singular wrappers is indispensable for fully unrestricted valid-
division formulas.

Two marked children therefore cost at most six parameters at a branching point. An induction supplies a field K C R
generated by at most 6/y — 3 elements, with the formula output in K (Y"). Because the output is also a polynomial in Y, the
crucial intersection identity

K(Y)NR[Y] = K[Y]
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shows that all its coefficient polynomials already belong to K. Thus
dy (per,)) < 6ly —3 < 6ly.

The same m? Jacobian and disjoint matching blocks then give

nt n?

> P) >
~ 192log,n’ (@)

Lyar (P > —
ar(®) 384 log, n

even for formulas with valid divisions. The Jacobian witness is evaluated only on polynomial coefficients, so formula denom-
inators need not remain nonzero at the witness specialization.

We can verify the field-intersection step without pretending that a projection preserves arbitrary products. If f € K(Y) N
R[Y], choose P,Q € K[Y]with @ # 0 and Qf = P. Extend a K -basis to obtain a K -linear projection 7 : R — K, and apply
it coefficientwise. Because () has coefficients in K,

Qm(f) =7(Qf) =P =Qf.

The domain property gives f = 7(f) € K[Y]. This modest algebraic observation is what allows the marked-skeleton argu-
ment to survive rational intermediate cancellations.

6.7 Why the determinant comparison matters

For a determinant with £ < n marked diagonal entries, the Schur complement gives
det X = det(W) det(diag(Y') + Dy — UW~'V).
All Y-coefficients are therefore generated by det W and the k? Schur-complement entries:
dy (det X) < k? 4 1.

A logarithmic matching cannot contribute ©(n?) independent determinant coefficients. More generally, entry-disjoint deter-
minant blocks have an O(n?) total coefficient-transcendence ceiling. The improvement is therefore specific to the permanent,
not a hidden claim about determinant formulas.

This determinant ceiling is meaningful rather than an artifact of a poor specialization. For a full diagonal matching, all
coefficients are principal minors of a zero-diagonal matrix. Diagonal conjugation preserves those minors and removes n — 1
parameters, leaving (n — 1)? independent generic degrees of freedom. The two- and three-element principal minors recover
the remaining normalized entries up to algebraic ambiguity. Packing the n cyclic full matchings therefore reproduces the
classical cubic formula bound, including valid division, up to constants. What fails for the determinant is specifically the
permanent’s quadratically rich logarithmic-size matching block.

The permanent circuit theorem must also be distinguished from the formula theorem. Its circuit counterpart proceeds by
simultaneous differentiation and critical-locus degree; that argument explicitly exploits shared subcomputations. Here every
charging step instead relies on a marked binary tree with only ly — 1 branching vertices. Neither proof transfers to the other
computational model by simply renaming gates.

Both the division-free and valid-division bounds follow from the same coefficient-transcendence argument, with the pro-
jection lemma ensuring that rational intermediate cancellations do not weaken the conclusion.



Chapter 7

Quantum Parallel Repetition: From Holonomy to Resolvent
Purification

7.1 Why an obvious reduction could not possibly work
Consider a finite entangled two-player game
G=(X,Y,A B uV), e=1-w"(G) >0,
and ask whether the unchanged repeated game satisfies an exponential upper bound. Playing independent strategies gives
WH(GEE) 2 W (G (GO,

which points in exactly the wrong direction. Subadditivity of — logw* (G®™) permits, for instance, growth like /n; it does not
force a positive linear rate.

Every coordinate marginal wins with probability at most w*(G), so a repeated strategy has at least en expected failures.
But expectation does not control the probability of no failures: the losses may be correlated across all coordinates. Raz and
Holenstein resolve this issue classically [46, 47]; Yuen’s established general quantum theorem provides polynomial rather
than exponential decay [48].

The available exponential quantum results impose additional structure. Perturbing . to have full support invokes [49], but
if u,, = (1 — n)p + nv, comparison yields only

w*(G®™) < exp {— (c(n) —log . 177) n] .

The known rate ¢(n) deteriorates as the artificial support mass vanishes. Projection-game tensorization needs unique wit-
nesses, and anchoring changes the game itself [50, 51]. None of these substitutions proves an exponential bound for the
original arbitrary game.

Another sustained approach was to ask whether the question-support graph itself supplies the missing rigidity. If its
components are rectangles, both players can recognize their component and reduce to smaller games. On a connected non-
rectangular component, the classical conditional-expectation operator has a spectral gap. Tensor powers damp high-degree
scalar functions of the questions, but the desired obstruction is an operator-valued rotation inside an unconstrained Schmidt
space. Conditional states can have identical question statistics and different purification frames, so the classical spectral gap
did not control the relevant quantum information.

Oracularization suggests another reduction: let one player see both questions, then ask the other to check one reported
answer. But a prover who sees both questions can implement measurements unavailable to either original player. A repeated
strategy also does not provide two simultaneously consistent copies of incompatible answer measurements. Thus the obstacle
is not merely a quantitative loss; changing the question structure changes the physical strategy class.

The same implementability defect appears in sequential entropy accumulation, symmetric de Finetti decompositions, and
detectability-lemma analogues. Each controls a classical marginal, an abstract extension, or formally local reject operators,
but none constructs the tensor-product strategy the players must actually execute. These repeated failures shift the search
away from another ordinary information bound and toward a purification gauge whose entropy control survives conditioning
without a spectral cutoff.

7.2 Conditioning exposed both a probability loss and a quantum phase
We next condition on winning a small coordinate set C'. Writing
p=Pr(We), m=mn—|C|,
the classical question-information budget is
> D(L(X:, Y | We) || ) < log(1/p).
igC

Hence a typical remaining question pair has total-variation error O(y/log(1/p)/m).
The tempting quantum analogue is invalid. An estimate before conditioning controls the successful branch only with its
probability attached:

pD(pwellowe) S D(pllo) + h(p).

28
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Dividing by p ruins the argument precisely when success is rare. Dimension-dependent de Finetti estimates are no substitute:
entangled strategies may use arbitrarily large local dimension, and a commuting- or no-signaling relaxation may have value
one even when w*(G) < 1.

There is also a genuinely geometric obstruction. Represent a conditional edge state as

@,y = (Ore @ Try)l0)
PV (S @ Ty )|V

Uhlmann’s theorem can compare neighboring purifications, but their local unitaries need not factor simultaneously as
Przy) & (Ure @ Viy)| 7).
On a four-cycle, such a factorization would require

MZoyoM_l MﬂﬂlylM_l =1

1Yo ZoY1

Equal reduced density matrices do not enforce that identity. Thus classical question information alone cannot control purifi-
cation holonomy.

The holonomy obstruction also suggests a possible counterexample. A perfect commuting-operator strategy might be com-
pressed and teleported, with one favorable teleportation outcome selected afterward. The favorable outcome has probability
proportional to the inverse square of the teleported dimension. However, one compressed state generally cannot implement
all repeated rounds because the same player’s measurements need not commute; using one independent copy per round
restores an exponential dimension cost. This exhibited a real obstruction to naive proofs without producing a finite game
contradicting exponential repetition.

7.3 The exploratory breakthrough was to preserve the Born weight

The first promising idea was to change purification gauge without changing probabilities. For a positive effect F,

F1/2+’Lt *F1/2+it — F

Averaging the imaginary exponent against
o =—7>-r
~ 2cosh?(rt)
cancels the Stieltjes prefactor for the complex square root. The resulting Mellin—Plancherel calculation suggested
Et(Al/int _ D1/27it)(A1/2+it _ D1/2+it) < f(A) _ f(D) _ de(A _ D), f(u) _ ulogu.

When D = EA, averaging cancels the derivative, leaving an operator-entropy Jensen gap.
The crucial detail is noncommutativity. With R4 (s) = (A+sI)~!, the squared resolvent integrand has the ordered product

Rp(s)(A— D)RA(s)*(A— D)Rp(s).

The inequality sR4(s)? < Ra(s) converts it into the ordered Bregman integrand. Replacing these products by scalar com-
muting expressions would reproduce the invalid square-root argument.

The phase construction identifies the decisive principle: preserve the Born weight while spreading the troublesome eigen-
value scales. A later pivot implements that same principle through a simpler finite purification.

The reason ordinary square roots fail deserves emphasis. In an eigenbasis of a mean effect D, the derivative of the square
root has coefficients

__ Hy

VR
Attempting to compare this directly to an entropy Hessian introduces integrals of order log(1/Amin(D)). A repeated strategy
can have arbitrarily small Schmidt coefficients, so this is not a harmless dimension-dependent constant. Imaginary-power

averaging was the first way to avoid coherently accumulating all eigenvalue scales; resolvent purification makes the same
discovery more economical.

(aV-p(H))

7.4 From oscillatory gauges to finite resolvent purification

The oscillatory gauge suggests replacing one coherent square root by a scale-resolved isometry. For a positive contraction F',
define

L(F)v](u) = F(F+ul) v,  u>0.

0o 2
/ ( ? ) du = o,
0 U+u

Since
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spectral calculus gives the exact probability identity
[(F)*T(F) = F.

For any fixed finite strategy, only finitely many distinct positive eigenvalues occur. The span of the corresponding functions
u +— o/(c+u), with a zero-eigenvalue flag, is finite-dimensional. Thus the integral does not introduce an infinite-dimensional
strategy.

Set F =EF,J =F — F,and Rp(u) = (F + uI)~!. The resolvent identity gives

F(F+ul) ™ — F(F+ul)™" = uRp(u)JRp(u).

Using uRr(u)? < Rp(u), averaging, and integrating proves

E[(T(F) — T(F))*(I(F) - T(F))] = Hi(F) — EH,(F), Hy(v) = —vlogw.
This is a singular-safe version of the operator Bregman principle [52, 53]. Its key advantage over ordinary square roots is
dimension-independent control with no smallest-eigenvalue loss.

7.5 A live-coordinate martingale makes the rare branch pay for itself

We next need a reveal process that keeps the opposite player’s effect fixed. The key organizational pivot is a size-biased oriented
partition, a uniformly random order, and a uniform live cut. In one orientation, Alice’s successive conditional effects form a
martingale

Fy, Fy, ..., Fyn, E[Fj1 | Fo,. .., F;] = Fj,
while Bob’s effect K remains unchanged. The resolvent inequality telescopes to

B, | (C(Fy) - D) @ TEOW|* < T gy = iy @ Ky,

The reverse orientation supplies the analogous Bob-side bound.
This estimate is deliberately probability weighted. On a successful branch the posterior includes the factor || ¢, ., ||?/p.
Meanwhile
‘ Aflu— v
=

The branch weight cancels the dangerous denominator before averaging. Thus the accepted-event mass contributes log(1/p),
not 1/p.
There are two locally describable parents:

I:Ir,y = Zu(x/ ‘ y)Hr,x’, Kﬁx = ZM(yI | x)Kny’«
z’ y/

2
u v

lal ]l

Bob can describe the first from y; Alice can describe the second from z. Neither player is asked to apply the other player’s
operator. This distinction is what bypasses the earlier holonomy obstruction.

7.6 Classical and quantum sampling close the quantitative argument
Let

n— log(1/p) + [C|log(|A[|BI)
n—|C]

The resulting state-alignment estimate is
EH\IJTJ,.U - \IJ?@”Q S 8777 E’H\I/R%y - W§y||2 S 877

Classical correlated sampling synchronizes the locally generated histories with mismatch O(,/7). Quantum correlated sam-
pling then prepares the desired state using a finite embezzlement catalyst [50]. For every accuracy parameter « > 0, this
produces an actual finite-dimensional strategy for the original game satisfying

win(S,) > q — Bgsn'/? — 2Kgsa'/12,

where ¢ is the conditioned coordinate-winning probability.

We must distinguish the two samplers carefully. Classical correlated sampling uses Alice’s history law conditioned on z
and Bob’s history law conditioned on y. If both joint laws are within total variation x of the same ideal law, one finite shared
random seed gives

3
Pr(ra # rp) < 4k, K< 3"
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Quantum correlated sampling applies only on matching histories. Its embezzlement state is prepared before either question
arrives, and the local unitaries depend only on the corresponding locally described parent states. The catalyst dimension may
depend on the chosen finite strategy and accuracy; no argument requires or permits a uniform dimension bound.

No assumption is made that every question pair has positive probability. Conditionals are used only on positive-u edges;
defaults elsewhere do not change the experiment. The final estimate consequently contains no inverse minimum-support
probability, precisely the loss that defeated full-support perturbation.

Set

12
_ 1 _ €
T §UBg) 2 T (16qu> :

Greedy conditioning shows that any repeated strategy exceeding

13

* Qn < _ €
(@ )e"p< Cqse+log<|A|B|>”>

would yield a one-game strategy winning more than 1 — ¢ = w*(G), a contradiction. The prefactor is one, the constant is
universal, and no minimum question probability, support connectivity, question-alphabet size, or strategy-dimension bound
is required. The exponent 13 reflects the twelfth-root correlated-sampling loss.

The prefactor-one statement is part of the theorem, not cosmetic bookkeeping: it applies separately to every finite n, without
discarding a small-n regime or inserting a game-dependent constant. The greedy argument starts from whichever particular
n violates that bound.

The greedy conditioning must be performed for an actual finite strategy rather than an assumed optimizer. If the supremum
defining the repeated value exceeds the exponential threshold, some finite-dimensional strategy already exceeds that same
threshold. Greedy selection then produces a proper tested set C, with

Cl< 2, Pr(We) = Pr(Wp),  g=1--

e/4’
12
(¢
< ()

Substitution into the rounding inequality yields a legal one-game strategy winning more than 1 — 5¢/8, which contradicts
the definition of w*(G). Thus we do not require the repeated supremum to be attained, a uniformly bounded catalyst, or a
positive lower bound on support probabilities.

The historical distinction matters. Anchored-game amplification can prove excellent decay for a deliberately modified
game, while projection-game theorems exploit a uniqueness property absent here. The advance concerns specifically the un-
changed game, arbitrary finite question support, finite-dimensional tensor-product strategies, and an explicit answer-alphabet-
dependent rate. Confusing these settings would make the result sound like an immediate corollary of established work when
its difficult new ingredient is precisely the postselection-stable state alignment.

The resulting exponential theorem applies to the unchanged game itself; postselection-stable state alignment is the mech-
anism that closes the argument.

The rate choice makes |C| < n/2 and




Chapter 8

Fixed-Polynomial GapCVP: From Signed Histograms to Binary
Reconstruction

8.1 The obstacle was not merely a weak approximation gap

We seek a deterministic reduction distinguishing
dista (¢, A) <r from dista(¢,A) > n‘r

for an absolute constant ¢ > 0, with n the lattice rank. The established almost-polynomial hardness factor nf2(1/1°glogn) does
not provide a fixed exponent [54]. Conversely, the known lattice protocols and the NPNcoNP result near the square-root scale
explain why arbitrarily large exponents are not expected [55, 56].

A binary coding gap G becomes only /G after translation to Euclidean distance:

lu = I3 = du(u, v).

Existing fixed-gap gadgets and conjectural projection-game inputs either provide too little soundness or conceal the sought
hardness assumption. Tensoring a constant-gap instance multiplies its dimension together with its gap, so the necessary log-
arithmic number of levels destroys polynomial reduction size. Direct quadratic SAT penalties permit intermediate integral
coefficients to neutralize clause violations, while locally consistent signed pseudodistributions can telescope around the con-
straint graph. The common obstacle is cancellation: a short global object must be forced to encode at least one consistent
satisfying assignment.

8.2 The first long detour: signed multivariate moment histograms

The initial candidate encoded an assignment by an interpolation polynomial g over a large prime field and introduced signed
histograms

Sx(a), X:(Xl,...,X4), a:(al,...,a4).
For a genuine assignment,

Sx(a) = Ha = (g9(X1),...,9(X4))}.
Its moments

4
P.(X) =) Sx(a) H ag’

have degree at most de; in coordinate X,;. Degree constraints, diagonal consistency, and forbidden clause patterns are linear
in the histogram entries, so they can be embedded into integer congruence rows.

A heavy block M = ¢?° forces those congruences to hold exactly for any sufficiently short lattice vector. Its squared norm
bounds ) X.aOX (a)?, so Markov’s inequality makes most fibers sparse. Hankel determinants reconstruct algebraic branches
from their moments; quantitative finite-field point estimates distinguish genuine assignment graphs from moving algebraic
covers [57].

The prime-field route also admits a complete construction. Four position coordinates make Frobenius-stable factor count-
ing effective; valuations force the resulting rational branches to be low-degree polynomials, and Vandermonde inversion in
the spare coordinate synchronizes their clause assignments. A different characteristic-two construction streamlines this ge-
ometry by replacing signed histograms with binary evaluation tables and cancellation with parity.

To see why either route needs more than bare moment reconstruction, consider a fiber represented schematically by

h
Pi(X) =) we(X)an(X).

A vanishing Hankel minor supplies an algebraic recurrence, but it does not say that the roots «,. are polynomial assignment
graphs or that their weights remain constant. The prime-field proof closes exactly these gaps: explicit height bounds and point
counts eliminate nonlinear covers, infinity valuations control moving branches, and the fourth coordinate separates all surviv-
ing assignments. In the binary version, parity, separability, and anchor valuations provide the corresponding synchronization
directly.

32
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8.3 Characteristic-two tables encode assignments and clauses
Let
K = Foe, aiy. .. 0y, €K, P=K\{a1,...,an}.

Characteristic two is crucial because addition of indicator tables then records precisely the parity cancellations needed by the
clause equations. A Boolean assignment ¢ has a unique interpolation polynomial

Qa(ai) = 0y, deg Qs <m.

This is the Reed—Solomon viewpoint [58].
Forp € P, w € K, and a table type 7, introduce a binary indicator x ; ,,. Type 0 is global; each remaining type is a clause
C together with a satisfying local Boolean tuple 5. The intended global and selected clause tables each have the single value

w = Qs (p).

The central constraints are

E Zo,pw = ].7 Zo,pw = E T(c,B),pw in ]FQ.
w 3 satisfies C'

The first makes each global fiber odd; the second refines it into clause fibers by parity, without assuming disjointness or
positivity.
For each table impose ordinary moment conditions

Hri0) = D g, degy pirg < mj
w

For r = (C, 8) and i € C, impose also
w — f; J .
nT,i,j (p) = ZxT,p,’w (p—CLZ) ) degX 777-7i7j S (m - 1)]

The denominator never vanishes on P. For an honest assignment,

Qo(X) - B
T X_—a € K[X],

explaining the one-degree improvement. Every unknown is binary; field powers and Reed-Solomon parity checks are fixed
linear coefficients. Expanding in an F,-basis yields one explicit binary affine system

Hx =0b.

Importantly, these apparently nonlinear moment conditions remain genuinely linear in the reduction. The unknown is
only z p ,; both w? and ((w— ;) /(p—a;))” are already fixed field elements. Membership of the resulting evaluation vector in
a Reed-Solomon code is another linear parity-check condition. Neither an unknown assignment polynomial nor an unknown
algebraic root is introduced as a nonlinear variable.

A satisfying assignment activates one global table and one table per clause, giving binary weight

R=({+1)|P|,

where ¢ is the number of clauses.

8.4 Hankel reconstruction survives characteristic two
Suppose a solution has small Hamming weight. For each type define
Sr(p) ={w:zrpw =1}

Markov’s inequality discards the small set of points with |S,(p)| > K. Crucially, the good evaluation set may depend on 7;
requiring one common set would waste the parameter budget.
The ordinary moments of each remaining family determine a Hankel matrix

Hp(X) = (pri(X))o<ij<hs Ap(X) = det Hp(X).

At a fiber with h distinct selected values, this determinant is the Vandermonde square

An(p) = [T we —w,)* £0.

r<s
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Consequently, the Hankel recurrence reconstructs a monic separable polynomial
G- (V) € K(X)[Y]

whose distinct roots, in one common finite separable splitting field, form R and satisfy

N’TJ(X): Z ol

aER,
Its discriminant has controlled degree
deg A, < mh(h —1).

The proof does not divide by Newton coefficients that vanish in characteristic two: separability comes directly from the distinct
fiber values and the nonzero Vandermonde determinant.
Reconstruction is needed throughout the entire moment budget, not merely on its initial Hankel window. Solving

h—1
D ier(X)er = —pipa(X)  (0<j <h)
r=0

defines the coefficients of G over K(X). At every maximum-size nonsingular fiber, the resulting polynomial specializes to
[Tes, () (Y —w). Bounding the discriminant degree leaves sufficiently many such fibers to extend the root-power identities
across all prescribed moments. This is why the argument carefully tracks evaluation-set slack instead of assuming that an
unlabeled pointwise fiber already comes with globally consistent labels.

The global zeroth moment gives

[Ro| =1 (mod 2),

so at least one global root exists. This turns the characteristic from a potential obstruction into the mechanism selecting a
nonempty root set.

A further issue is preventing an exceptional-fiber union bound from silently destroying the reduction. For each table type
separately,
wt

o) 4

K 20

We choose T = N39, K = N4, and ¢ < N2%, leaving enough points to satisfy both the Hankel-degree bound and the higher

moment identities. Since the retained sets P, may differ, the argument does not multiply this loss by the number of clauses.
That small organizational choice is essential for keeping the field size and output dimension polynomial.

P\ Py <

8.5 Shifted moments make one root satisfy every clause

Fix a clause type (C, ) and extend the valuation at X = a; to the common splitting field. The shifted moments force, for
every a € R(c,p)s

Conceptually, if (o — 8;)/(X — a;) had negative valuation, its high powers would eventually dominate all cancellations. A
controlled inverse Vandermonde matrix and the available moment budget make that valuation argument quantitative.

It would be invalid to claim informally that an algebraic root simply evaluates to 3;. Such a root can live in a separable
extension, and the anchor valuation may extend in several inequivalent ways. We therefore put all table roots into one common
splitting field and use the same extended valuation for every clause involving i. If

_a- Bi
X — a;

had negative valuation, integrality and the root equation would quantize that value in steps of at least 1/h. The inverse root-
Vandermonde matrix has bounded valuation, whereas a sufficiently long block of shifted moments has nonnegative valuation.
Taking a high enough power of y contradicts the inverse bound. This turns each recovered clause bit into a property of the
same global algebraic root.

For each clause, the binary refinement identity implies

> a4+ ) > ol =0.
aERo B satisfies C a€R (¢, )

If a nonempty set of roots occurred an odd number of times, its initial power sums would give an invertible Vandermonde
matrix applied to the all-ones vector. Therefore every a € Ry lies in at least one satisfying subtype root set for each clause.
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Choose one such global «a. If two selected clause tuples disagreed about variable 4, their valuations would give
vila=B) =1,  wila=8)>1  Bi-p=1

The ultrametric inequality would imply v;(1) > 1, impossible. Hence all selected local tuples agree and form one satisfying
global assignment. The decisive synthesis is separable reconstruction, parity matching, and valuation compatibility, not the
original four-coordinate signed synchronization.

8.6 A parity-lift lattice gives the exact exponent
Let M be the number of binary coordinates and suppose Hx = b is consistent. Choose a binary solution u, define
C=kery, H, Ay ={2€2ZM:H(2mod?2) =0},

and use a systematic generator of C to obtain the explicit square basis

I, 0
By=|[x" .
" (Psys 21ng>

The standard nearest-codeword relationship [59] becomes the exact identity

min |[u — z||) = min{wt(z) : Hr = b}, p>1.
zEAH

An odd coordinate costs at least one; conversely, every binary solution lifts to a lattice-coset representative attaining its weight.
Thus the square-root loss is precisely quantified, not hidden.
With V denoting original input size, the eventual parameter choice is

g =2° =< N2 K = N*%, T = N3, M < 40N40L,
Its soundness statement is
wt(z) <4MY?OR  —  yis satisfiable.
Taking r = [V/R], so 72 < 4R, gives

GapCVP?) ... is NP-hard

M1/400

under the deterministic polynomial-time reduction. An integer radius is used rather than writing v/R into the promise in-
stance: this guarantees an exact polynomial-size rational encoding, and the factor four in the soundness inequality absorbs
its rounding. For an unsatisfiable formula the required NO condition is strict, not merely a weak lower bound on distance.
The same construction gives factor 1/'/2%° for binary nearest codeword and syndrome decoding, and M/ (290P) for each fixed
rational £, norm. Inconsistent systems map to a fixed one-dimensional strict NO instance.

The two dimension parameters must remain separate. The original formula has size NV, whereas M is the output coding
dimension and exact lattice rank. The field extension degree is e = O(log IV ), so even a deterministic search for an irreducible
binary polynomial of degree e is polynomial in V. There are at most 1 + 8¢ table types, and therefore

M < (1+8¢)|P|g < 40N*%

The dense affine system and its square integral basis use at most O(N8%?) encoded bits. These exponents are enormous, but
they are fixed; the claim is polynomial-time computability, not practical efficiency.

The same exact polynomial-time encoding establishes all four hardness statements at their respective approximation fac-
tors.



Chapter 9
The Sharp Ehrhart Inequality

9.1 The extremal simplex and the missing factorial

We begin with an apparently elementary question. Suppose that K C R™ is a convex body satisfying
b(K) =0, int(K)NzZ" = {0}.

How large can its volume be? Ehrhart’s conjectured answer is

vol(K) <G, = D"
n.

with equality at the centered lattice simplex

T,=n+1A,-1= {xiz—l, in§1}~
i=1

Ehrhart’s original simplex result and the equality analysis of Nill and Paffenholz make it clear that this is not merely a question

of estimating a volume: one must explain why the lattice, centroid, and simplex recognize the same sharp constant [60, 61].

The sharp volume inequality is established in every dimension; classification of all equality cases remains a separate question.
The first warning was the factorial. The centroid condition implies —K C nk, hence

K—KcC (n+1)K.

Combining this with symmetric-body arguments and Brunn-Minkowski gives at best vol(K) < (n 4 1)™. The missing n! is
not a minor loss that a sharper estimate should automatically restore. It is the volume of a simplex, and its disappearance
signals that symmetrization has forgotten how the n independent directions fit together.

Halfspace and polar reductions briefly promised to recover the factorial, but required independent integral polar directions
or large inscribed simplexes that lattice-freeness does not guarantee. We therefore need a mechanism respecting the actual
extremizer.

9.2 A long and useful failed route: harmonic symmetrization

The first construction that really respected the extremizer was the harmonic symmetral. Write

[ =pK = hq, M=<Q_Q>O={m:f($)+f(_m)§1}.

2 2
At least one of f(x) and f(—=x) is at most one whenever x € M, so
M c KU (-K).

Consequently M is centrally symmetric and contains no nonzero interior lattice point; Minkowski therefore gives vol(M) <
2",

What made this construction compelling is that it does exactly the right thing for 7,,. The ordinary intersection 7,, N (—T},)
loses too much volume, already in dimension two, whereas its harmonic symmetral has volume exactly 2". Thus the whole
conjecture would follow from the purely convex-geometric inequality

vol((Q - Q)°) > —vol(Q°) .1

n!
(n+1)
whenever 0 is the Santal6 point of Q).
For A= [e~fand B = [ e f@~=f(=2) radial integration gives
B

=B+ F-U) T,

where U has boundary cone measure. The centroid bound f(—U) < n recovers only (n + 1)~™; the missing n! depends
on the entire distribution of the simplex coordinates, not their maximum or average. An equivalent layer-cake argument
rewrites the numerator as (n + 1)! fol vol(sK N —(1 — s)K) ds, but the centroid does not control these intersections sharply.
Thus harmonic symmetrization identifies the extremizer without explaining its factorial. We need a genuinely n-dimensional
counting mechanism.

36
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9.3 Where the jet-counting idea first appeared

For lattice polytopes, toric geometry identifies interior lattice points with adjoint holomorphic sections. A finite torus cover
first suggested why a unique interior point ought to produce a one-dimensional invariant section space, and why vanishing

to order j costs at most
n+j7—1
n

Taylor conditions. The missing n! is therefore the leading coefficient of the n-variable jet count, not a lost symmetrization
factor. The cover, however, required rational polytopes and delicate boundary arguments, while our convex body might be
irrational. We retain the jet-filtration idea and discard the compactification, guided by the earlier toric volume arguments of
Berman and Berndtsson [62].

9.4 The decisive change of setting: an arbitrary body has a toric potential

The real breakthrough was to realize that rationality is unnecessary before passing to a potential. The real Monge-Ampére
theorem of Berman and Berndtsson applies directly to an arbitrary centered convex body [63]. In the normalization relevant
here, it supplies a smooth strictly convex function ¢ such that

det D?¢ = e~ 2, Vo(R™) = int(K), ¢ — hi| < C. (9.2)

Translation in the logarithmic coordinate lets us assume V¢(0) = 0. Change of variables then gives
/ e @) gy = det D*¢(x) dx = vol(K) = V.
-

We now work on the open complex torus
X = (C*)n, T = 10g|2i|27

with normalized angular measure. There is no fan, no boundary divisor, no denominator-clearing cover, and no hidden
assumption that K is a lattice polytope. The price is that all analytic arguments must genuinely work on a noncompact space.

The support-function estimate in (9.2) translates the lattice hypothesis exactly into a statement about weighted holomor-
phic functions. A Laurent monomial 2" belongs to the level-k Hilbert space precisely when

/ exp(m -z — k¢(z)) dv < oo, equivalently % € int(K).

For an interior frequency, the support-function gap is uniformly positive in every direction. For a boundary frequency, one
must be more careful: divergence on a single supporting ray proves nothing because that ray has measure zero. Thickening
the ray into a cylinder of fixed transverse radius gives the required genuine divergence. Angular Fourier orthogonality then
identifies the entire holomorphic space:

Hy = span{z™ :m € kint(K)NZ"}, di, = dimH;, ~ VE™.
In particular, the original lattice assumption becomes the striking identity
H, =C.

That one-dimensionality is exactly what the finite-cover argument had been trying to manufacture.

9.5 How the lattice count became a sharp lower slope
Fixp=(1,...,1) € X, and filter the actual section space by its order of vanishing at p:
F] = {s € Hy : ord,(s) > j}.

The vector space of Taylor coefficients of total degree less than j has dimension (”+i _1)

dim F > (dk - ("Jri_ 1)) . (9.3)
+

This estimate needs no interpolation theorem: failure of surjectivity can only make the kernel larger.
Choose an orthonormal basis (s,) adapted to this filtration and write j, = ord,(s,). The basic identity

> ja=) dimF}

Jj=1

. Consequently,
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counts each basis vector once for every vanishing condition it satisfies. Only orders up to the sharp jet-count scale matter.
With
c= (nV)"", Ny, = [ck], o = min{j,, Ny},
define the truncated pointwise initial slope
gu(2) = 1 2zaGelsa dalsa(2)”
ko 2alsa(2)?

and the normalized Bergman probability

2)e—ke(2)
dyy, = % dv(z),  Bi(2) = lsa(2)].

a

Orthonormality yields the exact mean identity

1 1 &
dig = —> go=—3 dimFj.
/ng o kdkza:q kdk;m i

Since dj, ~ V k™, the positive part in (9.3) persists until j ~ ck. Its Riemann sum therefore gives

1 n
- (e
imint [ > [[(V= ) a

n
= v)tm,
1)
This was the numerical heart of the whole investigation. The factor 1/n!, invisible in the early symmetric-body arguments,
appears naturally as the leading asymptotic of the jet codimension.

Passing to the correct limiting probability requires a separate analytic idea. For u = m/k, write

Ny (u) = / ehlwa=0(@)) gy

On compact subsets of int(K'), Laplace asymptotics give
n/2 kg™ (u)
27 e
k \/det D2¢(x.,)

Only frequencies within O(k~'/2) of V¢(x) contribute appreciably to the Bergman density. The Gaussian lattice sum, together
with the Monge-Ampére equation, yields

k™" By (x)e *@) s det D2¢(z) = e *(®).

Vo(x,) = u.

The normalization dy/k™ — V prevents mass from escaping along the noncompact torus. Scheffé’s argument therefore
upgrades the local density limit to total-variation convergence:
-9
€

uk—>u=7du

The truncation gives the exact uniform bound 0 < g, < ¢ without any additional control of the largest vanishing order. Thus
the jet estimate genuinely concerns the limiting Monge-Ampére probability, not an artificial discrete surrogate.

9.6 The level-one Bergman kernel closes the convexity gap
The filtered basis naturally defines the finite Bergman ray

. 1
ub() = 1 log 3 ette[sq (=)

It is convex in ¢, and after introducing 7 with |7]? = ¢!, its summands become |79 s,(z)|?. Hence the associated space-time
function is plurisubharmonic. This remains true even though the filtration is imposed at one torus point and therefore breaks
torus invariance. The regularized tail envelope

1
U= 1li —1 a Ga |2 =T t/2
M, uscz,) sup 7 log Ea sa(2)79 %, u(z) = W(z,e?),

preserves joint plurisubharmonicity. Local Bergman asymptotics and the truncation yield the actual bounds

o = ¢, ¢ <Py < P+ ct, g = Oy o.
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Pointwise convexity, reverse Fatou, and total-variation convergence transfer the sharp jet-counting bound to this envelope:

n
/ gdp > - 1(n!V)1/”. 94)
X

The desired scalar functional is the genuine normalized negative-log partition

L(t) = —log (‘1//)<ewt du), L(0) = 0.

The bounds on ¢, — ¢ and dominated convergence give L', (0) = [ g dp.
At first it is very tempting to integrate the pointwise convex rays and declare the resulting scalar function convex. Indeed,

A0 = [ (uk =)

is genuinely convex, and its initial derivative is exactly the jet-rank sum. But Ay, is not the required logarithmic partition. The
correct finite object is

Pult) = ~log [ exp(~(uk - u)) du.
X
It has the same initial derivative as Ay, but Jensen gives
Pp(t) < Ag(2),

with strict inequality unless the potential increment is almost everywhere constant. Confusing these two functions would
manufacture a proof out of an invalid identification.
Differentiating the actual partition exposes the exact missing statement. For its tilted probability py, ¢,

Plé/(t) = ]Epk,‘t [a?u?] - Varﬂk,t (atuf) (9-5)

Pointwise convexity controls the first term, but it says nothing about whether that term dominates the variance. Even the two
affine pointwise rays 0 and 2¢ have the nonconvex logarithmic partition

log (1 + 6%)
5 .

Thus neither nonnegative slopes nor restricting to ¢ > 0 repairs the problem.
A sustained attempted repair used a noncompact weighted Brascamp-Lieb inequality. The cofactor identity

e”?(D*¢)"" = cof(D?¢)

and divergence-free Newton tensors suggest integrating the Hessian against Monge—Ampére measure. Yet cutoffs on the non-
compact torus, closure of the weighted gradient, and control of the tilted variance must all be justified simultaneously. Even
success for one averaged ray would not prove scalar partition convexity for arbitrary filtrations. The decisive simplification is
that the unique interior lattice point itself provides a rank-one Bergman kernel at the final level.
Indeed, ¥, — ¢ is bounded for every fixed ¢, so its weighted holomorphic space has the same Laurent-monomial criterion
as ¢:
H(v:) = span{z™ : m € int(K)N2Z"} = C.

Its Bergman kernel is therefore independent of z and equals

-1 L(t)
By, (z) = (/Xe_% du) = eV .

Berndtsson’s positivity theorem makes the logarithm of this Bergman kernel plurisubharmonic whenever its weight is jointly
plurisubharmonic [64]. Passing to Euclidean measure adds only the pluriharmonic correction , log|z;|?. Thus

(2,7) — L(log|7|*) —logV/

is plurisubharmonic. Radial subharmonicity is exactly convexity in ¢ = log |7|2, so L is convex.

This closes the gap that had defeated the finite-level variance approach. For a multidimensional section space, positivity of
log(v*G(t)~v) need not control the particular Gram-matrix entry — log Goo(t). When the section space is one-dimensional,
however, the Bergman kernel and the inverse partition are the same object. The lattice hypothesis supplies precisely that one-
dimensionality, while the regularized higher-level jet envelope supplies the plurisubharmonic variation to which the positivity
theorem applies. Filtered-ray and Okounkov-body ideas help explain the envelope construction conceptually [65, 66].
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9.7 The upper slope comes from a shrinking complex ball

The second side of the slope comparison has an unexpectedly simple geometric origin. A section vanishing to order j, at p
satisfies a Schwarz-type estimate

kg2 1€] Jo
saf@)l 5 etz (K1)

in a fixed logarithmic coordinate ball about p. In the Bergman ray, the factor e, with q, < j,, is therefore canceled by
restricting to

¢ S re”/2.

On this shrinking ball the limiting potential stays uniformly bounded above. Its real dimension is 2n, so the ball has volume
comparable to e~". Consequently,

/ e Vrdy > e ™, L(t) < nt+ O(1).
p's

Convexity of L now implies that its initial right derivative satisfies

L' (0) <n.
Putting this together with (9.4) gives the sharp volume argument in one line:
n n+1)"
WY < I/ (0) < <t D"
S )< L0 <n = V<D

The provenance of the two constants explains why the argument works. The lower slope sees the n-dimensional simplex
of Taylor multi-indices; the upper slope sees the real 2n-dimensional volume of a shrinking complex ball. The conjectured
numerical constant is the point at which these two geometries meet.

The essential distinction is that convexity comes from the genuine rank-one Bergman kernel of the limiting envelope, not
from the easier averaged ray and not from a conjectured variance estimate for arbitrary finite partitions. This distinction
establishes the sharp volume inequality in all dimensions.

9.8 What equality would have to mean

If V = C,, the slope argument forces L(t) = nt. Classifying equality requires a further saturation argument: a holomorphic
gradient W = (D?$)~'0g should produce a Hamiltonian Killing field. Jet sublevel bounds u{g < s} < s™ would force that
field to have full complex rank at its fixed point.

The angular torus would then decompose the Killing algebra into integral root spaces. The affine slack relations imply that
the root components are paths, hence only Dynkin types Ay, , . .., Ax, can occur. Their moment images are centered simplices,
giving V. = T[], (ka + 1)*« /k,! with " k, = n. Because C,C}, < Cyy, for a,b > 0, equality allows only one simplex; the
lattice condition would make its change of basis unimodular. This root-system route is mathematically suggestive [67], but
constructing and saturating the global Killing field is separate from the established volume inequality. The global equality
classification does not follow from that inequality alone.



Chapter 10
Multicolor Ramsey Theory

10.1 Why fixed products could never settle the problem

Write b, = Ry (3) — 1, the largest order of a complete graph admitting a triangle-free k-edge-coloring. Lexicographically
multiplying two such colorings gives by+¢ > bibe, so Fekete’s lemma yields

L = lim Ry(3)"* = sup b,lc/k. (10.1)

k—o0 k>1
Erdés asked whether L is finite [68]. Known small-color constructions provide fixed exponential bases [69, 70], but tensoring
any one construction can never make the base diverge.
An equivalent covering formulation clarifies the target. Let gq(n) be the fewest triangle-free graphs whose union covers
E(K,). Assigning each edge to one covering graph gives

gn) <k <= n<b.

Thus L = oo means that along arbitrarily large constructions, covering the complete graph takes o(log n) triangle-free colors.
A single fixed product keeps ¢(n)/log n bounded away from zero, however many times it is iterated.

An initial upper-bound attempt partitions the neighbors of a vertex by their edge colors. Each color-i neighborhood avoids
color ¢ internally, giving b, — 1 < kby_; and only a factorial upper bound [71, 72]. Conversely, first-difference colorings,
random codes, and fixed products all spend a constant number of colors per logarithmic increase in vertices. Cayley-graph
constructions would need unexpectedly efficient product-free partitions; reformulating in terms of Shannon capacity merely
transfers the difficulty to another hard problem [73]. None explains how to coordinate many colors while their effective
exponential base grows.

Two seemingly plausible shortcuts consumed substantial attention. Coloring permutations by their first displaced symbol
promises k! vertices from k colors, but three permutations can move the same earliest symbol to three distinct positions,
producing precisely the monochromatic triangle the construction was meant to forbid. Refining the color by the displaced
pair avoids that defect only by spending quadratically many colors. Likewise, a Cayley coloring would require partitioning
a large group into inverse-closed product-free sets; for abelian groups this recovers the equally difficult Schur-type problem
rather than bypassing it.

The Shannon reformulation is exact enough to show why it is not a shortcut. If F is triangle-free and J = F, an independent
set in the strong power J*" produces an r-coloring of its pairs: choose a coordinate where the two words form an edge of F.
A monochromatic triangle would project to a triangle of /'. Hence

a(J¥) <b,, O(J)<L.

Finding complements with unbounded Shannon capacity would therefore solve the original question, rather than reduce it
to an easier known estimate. A tempting stronger argument assigns each triangle-free color graph a bounded-rank positive-
semidefinite certificate and multiplies those certificates entrywise. It would give an exponential upper bound, but its essential
premise is false: triangle-free graphs can have unbounded chromatic and orthogonal-representation complexity. At this point,
attempts to prove L < oo and attempts to achieve factorial growth had exposed the same missing ingredient: controlled reuse
of colors across different blocks.

10.2 The missing invariant behind palette gluing

We therefore index recursive blocks by their palettes P of missing colors. Coloring an edge between blocks P, @ from PAQ
excludes a monochromatic triangle meeting three blocks: three binary membership bits cannot differ pairwise. It does not
exclude a triangle meeting two blocks. Two edges from the same outside vertex can still select a color that also occurs between
their internal endpoints.

The remedy is stronger than triangle-freeness. At stage j, require

xTj(e) <j+1 for every edge color c, (10.2)

whereI';(c) is the color-c graph. If all cross edges of color ¢ from one outside vertex land in one proper internal label class, their
internal endpoints cannot form a color-c edge. The problem becomes finding a globally fixed rule that forces this agreement
without spending new colors.

Requiring every color graph to remain bipartite appears natural, but it would demand a globally compatible two-part
labeling across every block. Reusing a color then becomes almost as expensive as introducing a fresh one. Allowing j + 1
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labels at stage j is the crucial relaxation: every active block retains its existing labels, while all blocks missing a given color
share one additional label. A palette records both absent edge colors and which endpoint of a cross edge is allowed to invoke
an existing label.

10.3 A saturated matrix and its exceptional words

The useful ingredient originates in bipartite hat-guessing constructions of Alon, Ben-Eliezer, Shangguan, and Tamo [74],
whose saturated matrices in turn build on zero-error list decoding [ 75]. Their ingredients are not new; the new step is attaching
their exceptional-set control to a triangle-free, palette-separated recursion.

For H > 3, set

m = [2H log H], s=m(m+1)+1. (10.3)

Choose an s x H™ matrix D with entries in [H] independently and uniformly. For a fixed set of m + 1 columns, a particular
row fails to contain every alphabet symbol with probability

1 m+1
H (1 — H) < He ™H < g1,

All s rows therefore fail with probability at most F/—*. There are at most H™("+1) column sets, so the total failure probability
is H™(m+1)=s — F=1 < 1. Thus one fixed matrix works simultaneously for every column set.

These two union bounds have different roles. The first puts one row at the coupon-collector scale m =< H log H; the second
pays for every possible column set simultaneously with s < H?2 log> H independent rows. Merely choosing a useful row after
a particular cross edge is revealed would leave the desired agreement tautological. The successful matrix must be fixed first
and remain valid for every word pair at every recursive stage.

For x € [H]®, let Z denote its first m coordinates and put g, (z) = D, z. Fory € [H]?, define

E,={z € [H|™: D, . #y, forevery r € [s]}.

The matrix property forces |E,| < m: otherwise m + 1 exceptional columns contain y, in some row. Enumerate E, as
2, ..., 2P and prescribe

Ja) == A<d<p)  Jay)=1 (@d>p).
Ifz ¢ E,, some d satisfies y; = gq(x). Otherwise z = 2(9) for some d < m, so 24 = f4(y). Consequently the same two
deterministic maps satisfy

Vae,y € [H]? 3de[s]: xq= fa(y)oryqg = ga(z). (10.4)

Crucially, the maps are fixed before any block pair or cross edge is chosen.

The apparent asymmetry is what makes this economical. The m initial coordinates index the H™ matrix columns, while
all s row coordinates are available to the map g. If a column is exceptional, its enumeration index d never exceeds m, so
the diagonal coordinate ng) exists. The backward map handles all ordinary columns; the forward map spends one distinct
coordinate on each exceptional column. Using all s coordinates as column indices instead would enlarge the matrix and break

the union bound.

10.4 Packing enough separated palettes
Sett = s[log H| and M; = jt. At stage j, choose a maximal family P; C ([7:]) whose distinct palettes satisfy
[P\QI=|Q\ P[=s.

A radius-(s — 1) Johnson ball has size ), _, (;) ((j _dl)t). Maximality and the elementary binomial estimates therefore give,
for B; = |P;/,

@) jt
By = 0 = 5(e2] , Bzl (10.5)
TS (VDY) T s(e?iflog HT?)® 7

Each stage thus supplies roughly ;j? blocks while preserving s usable colors in each directed difference.
The denominator has a concrete interpretation: to obtain a palette at difference d from P, remove d of its ¢ colors and insert
d of the (j — 1)t colors outside it. Because t/s = [log H] > 2,

()= 2 @) =00)

Applying (JX ) < (eN/r)" gives the displayed bound. At j = 1 the analytic expression may be less than one, but maximality
still supplies a palette, so there is no missing initial stage.
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10.5 The recursive cross-edge rule

At stage j, make one block Vp for each P € P;. Since |[j¢] \ P| = (j — 1)t, put a relabeled copy of the preceding coloring
inside Vp, using exactly its nonmissing colors. For each active ¢ ¢ P, the inductive invariant supplies a proper labeling
For ordered palettes P < @, select distinct colors

ai,...,as € Q\ P, bi,...,bs € P\ Q.

The a4 are active on Vp and missing on Vi; the by have the reverse status. For v € Vp, v € Vj, form

w(u) = (Cr, (W)i=1, () = (G (0))5=1-

If z4(u) = fa(y(v)) for some d, give uv the first corresponding color a4; otherwise (10.4) supplies d with y4(v) = ga(x(u)),
and use by. Every cross-edge color lies in PAQ. More importantly, its active endpoint has proper label determined entirely
by the opposite endpoint.

Here actual colors and proper labels live in different alphabets: a4, by € [jt], whereas x4, yq € [j] C [H]. The coordinate-
cover maps operate only on labels; the successful coordinate selects an already chosen edge color. Distinctness of the a; and
bs means that one given cross-edge color identifies a unique forcing coordinate. This prevents the same outside endpoint
from accidentally invoking different internal label classes for the same active color.

We now check a possible monochromatic triangle. One block is handled by induction. For two blocks, if the repeated
cross-edge color is missing from the block containing two vertices, it cannot occur on their internal edge; if active, the forcing
rule places both vertices in the same proper label class, again excluding that internal color. For three blocks, membership in
the three palettes would have to alternate on every edge, which is impossible.

Explicitly, if u, v’ € Vp, v € Vi, and both uv, u'v have the same active color a4, then

ley (u) = faly(v)) = 3, ().

The internal edge uu’ cannot have that color because its label classes are proper. If the palette order is reversed, the analogous
argument uses by and g4; both orientations must be checked. For three blocks, ¢ € PAQ, ¢ € QAR, and ¢ € PAR would
require three pairwise distinct binary membership values.

The stronger invariant also propagates: give vertices in active blocks their old label and vertices in blocks missing c the
new label j + 1. A color-c cross edge always joins an active block to a missing block, so this is a proper (j + 1)-labeling of its
entire color graph. The recursion can therefore continue through all H stages.

10.6 From palette gains to a growing Ramsey base
The resulting coloring uses

kg = Ht = Hs[log H] =< Hlog® H
colors and has ny = Hle Bj vertices. Multiplying (10.5) and using log(H!) > Hlog H — H yields ny > (coH)*#. Con-
secutive stage counts obey kx41/kg = 1+ O(1/log H); monotonicity interpolates between them with only a constant loss.
Since H >> k'/3/log k, we obtain
Ckl/?)
log k

k
Ry (3) > < ) 7 k(l/?)fo(l))k < Rk(g) < k(1+0(1))k.
Thus Ry (3) = £°*) and (10.1) gives L = co.

The optimization explains the exponent 1/3. One saturated row needs m =< H log H symbols; simultaneous coverage
requires s =< H?log” H rows; palette separation enlarges this to ¢ = s[log H] colors per stage. Across H stages this totals
ky = H?log® H. Meanwhile the product of the leading ;' palette counts contributes approximately (H!)!, whose logarithm
is kg log H + O(kpy); all packing losses total only O (kg ). Solving for H therefore produces the growing base k}f /logkpy,
rather than a fixed exponential base.

Interpolation is genuinely necessary: a lower bound only at stage counts k£ would not prove the statement for every color
count. If kg < k < kg1, monotonicity gives Ry (3) > (coH)*#. Since ky/k = 1 — O(1/log H), transferring ky into the
exponent costs only an absolute multiplicative constant in the base. The finitely many smaller k£ can then be absorbed into
one universal constant.

Keeping the interpolation constants gives the explicit all-color bound

k

k1/3
> — >
Ri(3) 2 (6638 logk> (k22),
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At exact palette stages the sharper construction gives Ry, (3) > (H/e*)*#. The neighboring-stage estimate absorbs the
interpolation loss into €3, and the cube-root comparison

kY/? < 6H logk

produces the remaining factor six. For H = 3, the exact parameters are m = 7, s = 57, [log3] = 2, and consequently
ks = 342. For 2 < k < 342, the stated right-hand side is below one, so the trivial Ramsey lower bound covers the initial range.
This distinguishes a genuinely all-k numerical assertion from an eventual asymptotic estimate.



Chapter 11
A Counterexample to the Erdds-Simonovits Compactness Conjecture

11.1 The separation required for cyclic forbidden families
For a finite family F of graphs, write

ex(n, F) = max{e(G) : |V(G)| =n, H € G forevery H € F}.

The compactness question of Erdds and Simonovits asks whether some single forbidden graph controls the entire family up
to a constant factor [76]. Its genuinely open-looking version requires every member of the family to contain a cycle: do there
necessarily exist H € F and C' > 0 for which

ex(n, H) < Cex(n,F)

for all sufficiently large n?
Without the cycle restriction the answer is immediately negative. The family

{K1,2,2K5}

has joint extremal number one: a graph avoiding K » is a matching, and avoiding 2K, leaves at most one edge. Separately
the two extremal numbers are linear. But these are forests, and merely rediscovering their incompatibility does not address
the strengthened question [77, 78].

The required goal is a stronger, polynomial separation:

ex(n, F) = O(n?Y/16), ex(n,H) = Q(n*?) (H e F).

Since
4 21 1

3716 1
every individual graph then exceeds the family extremal number by a factor at least of order n'/*8. The construction would
have to use connected, bipartite, cyclic forbidden graphs and supply the individual lower bound for every sufficiently large n.

11.2 Why the natural reductions and rooted-tree ideas stalled

A maximum cut reduces the difficult case to bipartite cyclic forbidden graphs. Familiar even cycles do not suffice:
ex(n, {C4,Cs}) = O(n*/?) already matches the Cj scale. Coning or subdividing the forest counterexample introduces a
common biclique, again giving a simultaneous dense construction.

A related construction forbids Cy, Cs, and the one-subdivisions K7% , and J'. In characteristic two, symplectic generalized
quadrangles avoid .J’ on both sides: Pliicker duality identifies their line graph with another alternating polar space. Bukh-
Conlon rooted trees supply the K3, witnesses [79], while an almost-regular shadow argument gives a joint o(n*/?) bound.
The sharper construction below replaces that simpler family by admissible quotients to obtain the explicit exponent 21/16.
Host-relative even-cycle counterexamples address a different question 80, 81].

There was a second, more persistent temptation: to prove compactness positively by combining the many copies supplied
by supersaturation. Yet those copies can share a tiny set of roots, and a dense common extension need not exist. Hypergraph
nonprincipality gives examples of incompatible forbidden configurations, but its positive-density phenomena do not transfer
automatically to sparse graph extremal numbers. Rooted-tree powers recover prescribed family exponents, while their single
members often inherit the same obstruction. Each route confused abundance of copies with the ability to coordinate their
overlaps.

We therefore need one pattern controlling concentrated extensions, another converting the remaining concentration into
an edge-cover obstruction, and separate dense witnesses avoiding each pattern individually. Ordinary projective planes re-
member field characteristic but have six-cycles and the wrong n%/2 scale. Generalized quadrangles preserve the characteristic
distinction while imposing girth eight and yielding exactly n*/3 edges.

11.3 The decisive geometric setting: girth eight and the half-square

Fix C4 and Cs as two members of the forbidden family. A bipartite host avoiding them has girth at least eight. On either
bipartition class S, define the common-neighbor relation

x~y < xFyand N(z)NN(y) #£ 2.
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Equivalently, this is the half-square of the incidence graph on S. The absence of a four-cycle implies that related vertices have
a unique common neighbor. The absence of a six-cycle implies that if three vertices are pairwise related, all three relations
come from the same common neighbor.

These two facts supply the necessary local geometry. If y, z are unrelated, define

Zy.={zx €S x~y, x~z}

Then Z, . is independent for the common-neighbor relation. More generally, for an independent triple 7' C S, define its
common centers by

L{T)={ceS:c~tforallte T}, r(T) = |L(T)].

The centers in L(T') are themselves independent. If »(T") > k, the unique common neighbors between the three bases and &
centers realize an injective one-subdivision of K3 j.
Denote this subdivision by Sj. The cases

V(S2)l =11, [V(Ss)| =15

are the two basic building blocks. Informally, S detects a triple with two centers, while S5 detects a triple with three centers.
The new idea was to make these two thresholds interact across both sides of the same bipartite graph.

11.4 Why the forbidden family must contain admissible quotients

The first template J; consists of two copies of S,, with base triples

{r.y,2} and {a’,y,2},
sharing their two bases y, z. Add a two-edge path
z—A—2

between the remaining bases. The template has 21 vertices. It forbids two related third bases extending the same pair y, z to
two-center triples.

The second template K, takes two copies of S5 with opposite bipartition orientations and connects one designated center
of the first to one designated center of the second. It has 30 vertices. It forbids an edge whose two endpoints are both centers
of three-center configurations.

A tempting simplification would be to forbid just these two literal templates. That does not work: two copies appearing in
an arbitrary host may overlap outside their distinguished subdivisions. Such an overlap is not necessarily an injective copy
of the full disjoint template. The remedy is to include all admissible color-preserving quotients. An identification is admissible
when it identifies only vertices of the same bipartition color and remains injective on each of the two designated subdivisions.
For Jy, also require

x# 7
in the quotient.
Let 7 and K be the resulting finite quotient families, and put
F ={C4,Cs} UT UK.

Finiteness follows because each template has finitely many vertices. Every quotient remains connected and bipartite, and the
injective subdivision retained inside it contains a cycle.

The quotient convention makes the forcing argument robust. Given a homomorphism from a template into a bipartite host
that is injective on each marked subdivision, identify exactly those template vertices having the same image. The resulting
image is an injective copy of one of the allowed quotients. Thus arbitrary incidental overlaps are accounted for without silently
assuming the two subdivision witnesses are disjoint.

11.5 The first template controls concentrated extension sets

Let G be an n-vertex F-free graph with m edges. A maximum cut followed by minimum-degree pruning gives a nonempty
bipartite subgraph B with NV < n vertices and minimum degree d satisfying

m < COnd

for an absolute constant C'. Because B has girth at least eight, the radius-three neighborhood of a maximum-degree vertex is
a tree. Therefore

A(B)(d—-1)> < N.

This maximum-degree estimate later converts a small exceptional vertex set into a small edge cover.
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Fix one bipartition class S and v € S. Every non-backtracking walk
u—a—w—b—v
of length four has v # u, v % u, and w € Z,,. Conversely, uniqueness of common neighbors makes the walk determined by
(v, w). Hence
Y 1 Zwl=p,  p=d(d-1)"
vobu
Set the heavy-fiber threshold

2N’
Fibers of size less than R, contribute less than p/2, so at least half of the four-path mass lies in the heavy fibers.

Write
|Zuv|
C=Y ( wl).
vobu
The cubic moment counts independent base triples for which « is one of at least two common centers. For sufficiently large

Ry, the estimate
t 3
>
3) — 27

12

N2

This is where the long four-path count becomes useful: it forces every vertex to participate in many two-center configurations.
For an unrelated pair v, z, let

Ry

on heavy fibers yields

Cy > Rip>

Ay, ={xz : {z,y,z} isindependent and r({z, y, z}) > 2}.

If two distinct elements =, 2’ € A,. were related, their two S, witnesses together with the common neighbor of z and z’
would give an admissible quotient of Jy. Thus A, is independent. Its neighborhoods are disjoint, and minimum degree
therefore gives
N
Ayl < —.
Consequently, the total number 7g of independent base triples having at least two centers satisfies
1/N\N _N3
< - — < —.
[7s] < 3(2) d — 6d

The first template has converted a local overlap prohibition into a global bound on the number of eligible triples.

11.6 The second template turns bad vertices into an edge cover

Call a vertex good if it is a center of some S5 configuration, and bad otherwise. When w is bad, every triple counted in C,, has
exactly two centers: it already has v and at least one other center, while three centers would make u good. Each such triple is
therefore counted by at most two bad vertices.

The preceding lower and upper counts now combine into

d12 NS
|Bad(B)| 55 < g Tsl < —-

Hence

5

| Bad(B)| < IR

This is the concentration-control role of 7.

The second family /C supplies the complementary global step. An edge joining two good vertices would join the designated
centers of two oppositely oriented S3 configurations. The admissible-quotient lemma would then produce a member of K.
Therefore every edge of B meets a bad vertex:

Bad(B) is a vertex cover of B.
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Using the maximum-degree estimate,
Nd < 2(B) < 2| Bad(B)|A(B) < fiv—lz%.
Thus
d'® < N5, d < N°/16
and the original minimum-degree reduction gives
m < ’I’LN5/16 S n21/16.

The exponent is not a guess from heuristic density balancing. The four-path count contributes the twelfth power of d
after heavy-fiber cubing, the first template contributes one more power through its independent extension bound, and the
maximum-degree estimate contributes the remaining two. Together they force the exact sixteenth-power inequality and the
explicit saving 1/48.

11.7 Why generalized quadrangles provide the individual witnesses

The upper bound matters only if every forbidden member separately admits a dense avoiding graph. We use the incidence
graph I, of the symplectic generalized quadrangle W (gq), whose parameters are

ng=2(q+1)(¢*+1),  eg=(¢+1)*¢+1),

with girth eight and e, > 2-%/3n;/® [82].

For noncollinear points y, z, point regularity places every third base having two centers with y, z on the independent hyper-
bolic line {y, z}**. Thus two such bases cannot be collinear, excluding the .J pattern on the point side. In even characteristic
W (q) is self-dual, so the same exclusion holds on the line side:

I, avoids J (g even).
In odd characteristic the dual quadrangle has type Q(4, q), whose triads have zero or two centers, never three. Therefore its
line side has no S5, and
I, avoids £ (g odd).
These standard finite-geometric facts are recorded in [83, 82].
The odd-characteristic distinction is visible directly: after writing the symplectic space as U @& U*, a transverse isotropic
line is the graph of an invertible symmetric map A : U — U*. Its common-center directions satisfy (Au)(u) = 0. In odd

characteristic this nonzero binary quadratic has at most two projective roots, excluding three centers. Even characteristic
instead supplies the complementary self-dual exclusion.

11.8 The essential quantifier: different members use different fields

The lower bounds use the following table:

forbidden member H \ chosen witness
C4, C(;, orHeJ ,[2]‘
Hek 133' .

For every fixed H € F, its designated incidence graph is H-free and has
e(ly) > |V(Iq)|4/3-

It is emphatically not asserted that any single incidence graph avoids the entire family. In fact, such a graph at this density
would contradict the upper bound just proved. The even and odd constructions are separate witnesses for separate singleton
extremal problems.

A prime-power subsequence alone would not prove

ex(n, H) = Q(n*/?)
for every large n. Use the bounded spacing of powers of 2 or 3. For a € {2,3},
Nag = 2(ag + 1)(a*¢* + 1) < a’ny.
Given a sufficiently large host order n, choose the largest admissible power ¢ = a’ with

ng < n.
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Then

.
Ngq

5 .
Add n — n, isolated vertices to I,. Every member of F is connected and has an edge, so isolated padding cannot create a new
forbidden copy. Consequently,

ex(n,H) > e, > 274/3713/3 > 9274/3q= 443,

This yields a uniform positive lower-bound constant, independent of n, for every individual family member.

11.9 What distinguishes this from the older compactness obstructions

Avoiding 7 makes two-center extensions sparse, while avoiding K turns exceptional vertices into an edge cover. Neither family
alone gives the simultaneous upper bound; opposite field characteristics give the separate lower bounds. Every forbidden

graph is connected, bipartite, and cyclic, with polynomial separation
ex(n, H) 1
VB ) Qnl/48 H )
ex(n, F) () (H € )

Thus the finite-family rational-exponent theorem [79] cannot automatically transfer to one graph. The complete coun-
terexample retains all required family properties and a uniform positive individual lower-bound constant; we obtain the exact
host inequality

e(G)* < V(G
for every family-free graph G.



Chapter 12
A Two-Degenerate Graph Beyond the Conjectured Exponent

12.1 The difference between degeneracy and a bounded bipartition
Erdds and Simonovits conjectured that if a fixed bipartite graph H is r-degenerate, then
ex(n,H) =Og (nQil/T).

The first unsettled case is = 2, where the predicted upper bound is n3/2 [84, 85, 86]. The alternatives are a uniform embed-
ding theorem or one fixed counterexample with

ex(n, H) > en®/?+¢

for every sufficiently large n.

A related but logically different Erd6s—Simonovits conjecture: that a bipartite graph H is 2-degenerate if and only if
ex(n, H) = O(n3/?) [87]. Janzer had already disproved the reverse implication by constructing, for every n > 0, a 3-regular
bipartite graph with extremal number O(n*/3+7) [88]. A 3-regular graph has minimum degree three and therefore cannot
be 2-degenerate, so that counterexample does not address the forward implication. The problem here is precisely that still-
distinct forward direction.

The basic trap is to confuse two different hypotheses. If every vertex in one bipartition class has degree at most two,
existing results give the anticipated 73/2 bound [89, 85]. Positive results also cover degenerate blow-ups of trees [90]. But
2-degeneracy only says that in every subgraph some vertex has degree at most two. The vertices removed by a degeneracy
ordering can alternate between the two bipartition classes. The counterexample exploits exactly that alternation.

We initially sought a proof. In a graph with average degree about n'/2, convexity forces many pairs to have common
neighbors. A greedy degeneracy embedding therefore appears plausible: whenever a new vertex has two earlier neighbors,
place it in their common neighborhood. The obstruction is that the useful pairs for one stage need not overlap with the useful
pairs needed at the next stage. Ordinary edge density gives no simultaneous control of these alternating codegree constraints.

12.2 Why dependent random choice and incidence geometries did not settle it

Dependent random choice controls useful pairs on one bipartition side, but later degeneracy steps can demand incompatible
pairs on the other. Size-biasing a deferred witness does not fix this: conditioning on earlier overlapping parent lists changes the
witness law and destroys the proposed sequential estimate. At the critical density p =< n~'/2, two neighborhood constraints
leave only p?n = O(1) candidates, so the reservoir cannot survive another alternating step. A one-subdivision still has a
bounded-degree bipartition class.

Several more global perspectives fail for distinct reasons. Sidorenko-type homomorphism counts permit many vertices to
collapse onto a single high-codegree pair, so plentiful homomorphisms need not yield an injective copy. Tensoring the host
amplifies a putative extremal advantage but still projects an embedding to potentially noninjective homomorphisms in every
coordinate. Spectral expansion or a large walk count controls aggregate correlations without making the particular successive
parent pairs compatible. Projective-plane and norm-graph incidence structures are either too sparse or sufficiently regular to
admit the desired embeddings.

This sustained failure changes the question. Rather than force every degeneracy pattern into an arbitrary dense graph, we
construct one fixed alternating pattern and a dense host where every embedded layer increases a bounded entropy potential.
Enough layers make an embedding impossible.

12.3 Why a Hamming host has the right kind of geometry

Take two disjoint copies of the binary cube U = {0, 1}"™, of size ) = 2™, and join opposite-side words whenever dist(u, z) <
|7m|, where 0 < 7 < 1/2. Each side has degree

b= 3 () -t

i<trm) N

with h(z) = —zlog, z — (1 — z) log, (1 — x). Thus the unsampled host has exponentially many vertices and an exponentially
large Hamming-ball degree.
We retain each vertex independently with probability p = 2~7™. The sampled graph has roughly n = pQ = 2(1=F)m
vertices and
pQQDm — 2(1+h(7’)72ﬁ+o(1))7n

50
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3/2

edges. To beat n°/“ requires

1+h(r)=28>3(1-8) <= B<2h(r)-1

This is the density side of the optimization.

The avoidance side runs in the opposite direction. A large family of distinct words survives thinning only if it has sufficiently
many coordinatewise possibilities. If every potential child layer of a particular embedded graph has conditional entropy less
than §, a first-moment argument eliminates that layer. The right forbidden graph should force every successful layer to
have entropy above /3, while the Hamming distance constraint bounds that entropy from above unless a bounded potential
increases.

12.4 The entropy inequality that turns geometry into a potential

Let X,Y be independent Bernoulli variables with parameter ¢, and let Z be an arbitrary binary child. Write v = P(Z = 1)
andd = [P(X # Z) + P(Y # Z)]/2. The decisive estimate is

h(v) — h(q)
2 b

where k = % — % log, 3. The first terms measure closeness to both parents; the entropy difference telescopes between layers.
A log-sum inequality with weights \/P(Z = z) 3=¢(*:2), followed by the sharp binary optimization, gives the constant .
Unlike merely intersecting two Hamming balls, this estimate charges extra child freedom to increased marginal entropy.

Actual parents in a complete pair layer are selected without replacement. If a layer has L words, couple a uniformly chosen
ordered pair of distinct indices to two independent indices; the coupling fails with probability only 1/L. Applying the same
conditional child law and controlling the change in binary entropy gives the corrected inequality

h(v) — h(q)
2

where n(L) = (1+1log, 3)/L + 2h(1/L) — 0. The correction is essential: ignoring parent dependence would erase the small
positive exponent window.

H(Z|X,Y)<k+ (log, 3)d +

H(Z | X,Y) < r + (log, 3)d +

12.5 The small but decisive entropy window
The density and avoidance conditions require
A=r+71log,3 < <C:=2h(r)—1.

Optimizing this difference gives

1 V3-1
T: f—
1+3 2

~ 0.3660254.
The gap is small, but rigorously positive:

1
w=C-A4=log, <97+19526*/§> ~ 0.00372800177 > 0.

Choose 5 = (A + C)/2 ~ 0.8932787 and set

0=— €= 75 ~ 0.0043665.

The narrowness of this window matters conceptually. A cruder entropy bound, a missing mixed-parent type, or an un-
controlled dependence correction would erase the entire separation. Conversely, once the gap is positive, its size is not an
obstruction: choose an extremely large but fixed forbidden graph with enough layers to accumulate it.

12.6 The fixed pair-generated forbidden graph

Choose a sufficiently large fixed integer Ly, and build layers

Vi1
%aV17"'7V97 ‘V0|:L07 ‘/7,:(12 )
Each vertex in V; is an unordered pair of vertices in V;_; and is joined to its two parents. This construction is related to
complete degenerate graphs [90], but here sustains an alternating entropy obstruction. Choose the fixed depth s so that
sw/2 > 1. The smallest permissible depth is already at least 537; the construction is huge but finite, and neither s nor L
depends on the eventual host dimension m.
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Let H denote this layered graph. It is connected because its first two layers form the one-subdivision of a complete graph
and each later vertex has two parents. Layer parity gives a bipartition. In any nonempty subgraph, a vertex from the highest
occupied layer has at most its two parents as neighbors, so H is 2-degenerate.

It is important that H does not fall into the known bounded-one-side case. A base-layer vertex has many children, while
a first-layer vertex has two parents and many later children. These high-degree vertices lie on opposite bipartition sides. The
graph is designed to alternate the obstruction indefinitely rather than hide it in one degree-two class. In fact the graph has
the stronger invariant that for every proper two-coloring of H, each color class contains a vertex of degree greater than two.
Thus no choice of bipartition orientation reduces the example to the previously known one-sided bounded-degree theorem.

Choose Lg large enough that, for every later layer size L > L, and M = (g), both inequalities

n(L) < 0, L+ 3logy,(M +1) —0M < -1

hold. The first controls parent dependence; the second makes the later first-moment argument exponentially small in the
cube dimension.

12.7 Why thinning excludes every low-entropy child array

Fix an arbitrary array of L parent words and M = (g) child words, each indexed by its unordered parent pair. At each
coordinate there are exactly three parent-bit types, 00, 11, and 01. The mixed type includes both orientations of the same
unordered pair; treating 01 and 10 as independent types would insert a spurious entropy penalty.

Let N, ; count parent pairs of type g at coordinate j, and let b, ; count those whose associated child bit is one. The
conditional entropy at that coordinate is

Ny ;i by

g€{00,11,01} 9,3

There are at most (M + 1)3™ complete count profiles. For one fixed profile the number of labeled child arrays, allowing
repeated child words in the counting upper bound, is

I <Ng,j) < QM XL, H(Z,1X,.Y))
L9 < .

7,9 9,J
Consequently, the number of arrays whose average conditional entropy is at most 8 — ¢ is at most

Now restrict to arrays of pairwise distinct child words. Exactly those could arise from an injective copy of H, and their
retention probability is pM = 27#™M_ There are at most 2™/ possible parent arrays; the parents need not themselves have
been retained for this union bound. Thus the failure probability at one side and one layer is at most

gm[L+3log,(M+1)—3M]  g—m

The bound holds simultaneously for all s layers and both sides with failure probability at most 2s 27",

The order of these steps matters. Repetitions may be allowed while counting possibilities, but the probability p* can only
be applied after restricting to M distinct retained children. The argument does not pretend that repeated words generate
independent retention events.

12.8 Every hypothetical embedding would increase a bounded potential

Suppose, for contradiction, that the sampled Hamming graph contains an injective copy of H. Connectedness ensures that
the image of each layer lies entirely on one host side, with sides alternating. All children are distinct and retained, so the low-
entropy exclusion implies £; > 8 — ¢ for 1 <14 < s, where E; is the mean conditional entropy of layer ¢ given its parent-pair
bits.

Define the layer entropy potential

1 «— 1 ,
Si=o 2 gy 2 )
m ="\ il __
J= z€image(V;)
Each coordinate contributes a binary entropy, so 0 < .5; < 1.
Every child is within Hamming distance at most 7m of both parents. Averaging over all pairs and all coordinates gives an
average parent-child disagreement at most 7. The corrected conditional-entropy inequality therefore yields

Si — Si—1
2

E; <A+ + n(|Viz1)-
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Since n(|V;—1|) < d and 8 — A = w/2, comparison with the lower bound gives
S — Si_1 >2(6—A—25) = %

Summing over the fixed s layers forces
So=S0> 5 >1,

contradicting the fact that both potentials lie in [0, 1].

Thus, with probability tending to one, the sampled graph is H-free. This is the central structural argument: thinning rules
out low-entropy layers, the Hamming metric bounds the entropy of high-entropy layers, and degeneracy lets one arrange
enough alternating pair layers to exhaust a bounded potential.

12.9 Keeping enough edges despite their dependence

The original Hamming graph has QD,,, edges, and the expected surviving count is y,, = p*QD,,. Two edges sharing an
endpoint have covariance p® — p*. Accounting for all overlapping pairs on both host sides gives

Var(e(Gpm)) < pim + 2p°QD},,
and hence
\Y Gm 2
Hom Hm  PQ

The retained vertex count likewise satisfies |V (G,,)| < 3pQ with probability tending to one. Therefore an H-free realization
exists with at most

Ny = |3-2079m]

vertices and at least ., /2 edges.
The Hamming-ball lower bound

2mh(‘r)
m-+1
accounts for the floor in the radius and the polynomial binomial loss. The choice of midpoint /3 gives the exact identity

D, >

1+h(7—)—2,8:g(1—5)+%.

Consequently,
eX(Nm, H) quwm/4
3/2 > )
N2 m—+1

and, with e = w/[8(1 — j3)], we obtain

ex(N,,, H) S qum/8 .
Q.
Ni/2+5 m+1

The gain is a fixed positive power, not merely a logarithmic improvement over the conjectured threshold.

12.10 Obtaining every host size and interpreting the conclusion

A construction on the subsequence N,,, would not establish the correct extremal statement. Since 1 < 217% < 2, eventually
Npt1 < 2N,,. For large n, choose m with N,;, < n < N,,+1. Add n — N, isolated vertices to the H-free realization. The
forbidden graph H is connected and has no isolated vertices, so padding cannot create a copy. Therefore

ex(n,H) > 273/278,”3/2#»6

for every sufficiently large integer n.

The decisive reversal is not an improved universal embedding theorem. The fixed alternating pattern instead turns the
absence of low-entropy child arrays into a monotone potential increase, while thinning leaves more than n3/? edges and
contradicts the conjectured threshold [86].
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